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Preface 
 

 

Department of Statistics, University of Rajshahi is proud of organizing and hosting the International 
Conference on Statistical Data Mining for Bioinformatics, Health, Agriculture and Environment during 
21-24 December 2012, the 5th international gathering of this type in the Department. We have started 
working for the conference two year back and received responses from renowned statisticians round the 
world. 

Closing time of papers had to extend twice at the request of contributors. Finally, we have received 105 
contributory papers for the conference. It is a very difficult job to maintain strictly the theme of the 
conference in selecting papers. Papers were peer reviewed by the international reviewers under the 
supervision of international scientific committee and finally 84 papers are selected for presentation at the 
conference of which 75 are included in this proceeding, 4 for oral presentation 5 for poster display. My 
sincere thanks are due to all the contributors and referees who have been serious in their respective 
business throughout the tidy and lengthy editorial process. A part from the contributed papers, there will 
be a keynote speech, 8 plenary talks and 24 invited papers by distinguished scientists covering diversified 
areas of the conference.  

I have the pleasure in being associated with the members of international scientific committee. It has been 
a truly rewarding experience for me to work with them. Some other persons deserve special mention: 
Professor M.M. Ali, Professor B. K. Sinha, Professor S.A. Khan, Professor Jesmin and Professor M. 
Monzur Hossain. We are thankful to all of them for complying with are requests as and when necessary in 
materializing this conference and the proceedings.  

My special thanks are due to Professor M. R. Karim, Professor M. Nasser, Professor M. S. Rahman and 
Dr. Nasim for their untried labor to make this project successful. I must acknowledge the financial 
contribution of World Bank through the HEQEP executing by the department and the British Council in 
materializing this conference into reality. Nonetheless, Mr. Khalek and Mr. Ayub are worthy to mention 
for their supervision of printing this volume.  

Expecting that the plenary talks, invited and contributory articles published in the proceedings will 
enhance the knowledge and skill of the interested statisticians working in the diverse areas of statistical 
applications. With these words, I like to place this proceedings to the delegates of the conference.  

 

 

 

Dr. M. Abul Basher Mian 
Convener 

Publication Committee 
and 

International Scientific Committee 
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Abstract. In the semi arid Barind region, episodes of agricultural droughts of varying severity occur. The 
occurrence of these agricultural droughts is associated with rainfall variability and can be reflected by soil moisture 
deficit that significantly affect crop performance and yield. In the present study analysis of long term (1971-2010) 
rainfall data of 12 rain monitoring stations of Barind region is carried out using Markov chain model drought index 
to identify the spatial and temporal extent of agricultural drought. Inverse distance interpolation is also used to map 
the spatial extent of drought in a GIS environment. Analysis of rainfall data and interpretation of maps evaluate that 
in Pre-Kharif season drought occurs almost every year in some discrete pockets and it is also supported by the 
calculation of the probability of wet spell. Though occurrence of drought is less frequent in Kharif season the 
minimum probability of wet weeks leads to reduction in crop yield.  

Key Words:  Markov chain model, GIS, Barind region, Agricultural Drought, probability 

1 Introduction 

Drought is a reoccurring phenomenon in the northwestern part of Bangladesh. Though the drought has attracted less 
scientific attraction than flood or cyclone, several authors found that the impact of drought can be more defenseless 
than flood and cyclone (e.g. Brammer, 1987; Shahid and Behrawan, 2008; Shahid, 2008).  This is also evident by 
the statistics that, in the loss of 1978/79 drought was greater than the loss of flood in 1974 (Paul, 1998). Moreover, 
Rice production losses in the drought of 1982 were 50 percent more than the losses occur due to the flood in the 
same year (Ramsey et al., 2007). Furthermore, in the 1997 drought the country reduced 1 million tons of food grains 
of which 0.6 million tons were T. aman (Ramsey et al., 2007).  

On the global level, impact of natural hazards and disasters are staggering. In Bangladesh, the major natural hazards 
are also in line with global patterns. In the context of global warming, most of the climatic models project a decrease 
in precipitation in dry season and an increase during monsoon in south Asia (Christensen et al., 2007; Shahid and 
Behrawan, 2008). This will cause a cruel combination of more extreme floods and droughts in the region. Due to the 
land use changes within the country and in neighboring country, Bangladesh has already showed an increased 
frequency of droughts in recent years (Shahid and Behrawan, 2008). Concern among scientists has grown on 
changes of precipitation and frequent occurrence of droughts in Bangladesh. Moreover, agriculture is the single most 
and largest producing sector of Bangladesh’s economy and it has an overwhelming impact on major macro 
economic activity like employment generation, poverty alleviation, human resource development and food security 
(Shahid, 2010). So, the impact of agricultural drought ultimately affects the overall social status of the people of 
Bangladesh. Therefore, it has been necessary to analysis the agricultural drought severity, their occurrence time, 
probability of occurrence and major area of occurrence.   
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Let X0,X1,X2,……………,Xn, be random variables distributed identically and taking only two values, namely 0 and 
1, with probability one, i.e., 






 wet isnth week   theif 1

dry  isnth week   theif 0
nX  

Firstly, it may be assume that, 

P ( Xn+1 = xn+1Xn = xn,Xn-1 = xn-1,………,X0 = x0) = P( Xn+1 = xn+1Xn = xn) 

where x0,x1,………….,xn+1{ 0,1 }. 

In other words, it is assumed that probability of wetness of any week depends only on whether the previous week 
was wet or dry. Given the event on previous week, the probability of wetness is assumed independent of further 
preceding weeks. So, the stochastic process {Xn, n = 0, 1, 2…….} is a Markov chain. Considering the transition 
matrix as; 
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PP
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where  Pij = P(X1 = jX0 = i) i,j = 0,1. Note P00+P01 = 1 and P10+P11 = 1 

Let p = P(X0 = 1). Here p is the absolute probability of a week being wet during the monsoon period. Clearly,  

P (X0= 0) = 1-p. 

For a stationary distribution  

   PP
PP

PP
PP 












 11

1110

0100  

which gives 
 0111

01

1 PP

P
p


                                                            (1) 

It is further assumed that Pij  are the remaining constant over the years. The maximum likelihood estimates of P01 and 
P11 are appropriate relative functions.  

A wet spell of length k is defined as sequences of k  wet weeks preceded and following by weeks. Dry spells are 

defined correspondingly. By ‘‘probability of wet spell of length k ” means that the probability of a wet spell of 
length k given that this week is wet,  

i. e.    P (W = k) = (1-P11) P11
k-1 

and probability of wet sequences with length greater than k is;  

P (W>k) = 





1

)(
kt

tWP = P11
k.                                        (2) 

Similarly, probability of a dry spell of length m is 

P (D = m) = (1-P01) P01
m-1 

And probability of dry sequences with length greater than m is 

P (D>m) = (1-P01)
m                                     (3) 

P11 gives the probability of a week to be wet given that previous week was wet also. When P11 is large, the chance of 
wet weeks is also large. But only a small value of P11 may not indicate high drought proneness. In this case, large 
value of P01 implies a large number of short wet spells which can prevent occurrence of drought. 
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Hence, an index of drought proneness may be defined as 

DI = P11P01                                       (4) 

This index of drought proneness is bounded by zero and one. Higher the value of DI, lower will be the degree of 
drought proneness.  

Table 1. Index of Drought Proneness 

Drought Classes Markov Chain Model 

Extreme Drought >.125 

Severe Drought >.185 

Moderate Drought >.235 

Mild Drought >.310 

No drought >1.000 

2.3 Mapping the spatial extent of agricultural drought 

For mapping of spatial extent of agricultural droughts from point data, a geostatistical interpolation method is used. 
Inverse distance weighting (IDW) of Geostatistics tools has been used for mapping the spatial extent of agricultural 
droughts because it is a quick deterministic interpolator that is accurate. Moreover there is a very diminutive 
decision to make regarding model parameter. Furthermore, Geostatistics is based on the theory of regionalized 
variables are increasingly preferred because it allows the capitalization of spatial correlation between neighboring 
observations to predict attribute values at not sampled locations (Goovaerts, 2000).  The general formulae of Inverse 
distance weighting is  

s 	∑ λ Z s                                            (5) 

Where, 

Z s   The value we are trying to predict for location . 

N= the number of measured sample points surrounding the prediction location that will be used in the 
prediction. 

λ = are the weights assigned to each measured point that we are going to use. These weights will decrease 
with distance. 

Z s = is the observed value at the location . 

3. Results and Discussion 

The daily rainfall data of 12 rainfall stations of Bangladesh Water Development Board were available during 1971-
2010. The location of rainfall stations in the study area is given in figure 1.The daily data were converted to weekly 
data because week may be the optimum period for agriculture (Banik et al., 2002).  As Markov chain model is a 
threshold based model weekly 20 mm rainfall is considered as threshold value on the basis of the findings of Alam 
et al., (2012). Moreover, 13 and 21 standard weeks have been considered for Pre-Kharif and Kharif season 
respectively. 

The time series of agricultural drought occurrence is given in the figure 2. Figure 2(a) explained that during Pre-
Kharif growing season almost all the year affected by chronic to moderate agricultural drought. Severity of drought 
varies from year to year and place to place. However, the occurrence of Kharif agricultural drought is quite lower.  
During 1971-2010 around 5 to 6 time’s Kharif agricultural drought affect the area (figure 2b). As this drought index 
are prepared on the basis of average data of rainfall stations, this not representing the actual situation in the discrete 
pockets. In real time Kharif drought also occur every year in some places of Barind region. 

The study also tried to understand the spatial distribution of major drought events in all two Pre-Kharif and Kharif 
seasons. The spatial allocations of most important 12 Pre-Kharif drought events have given in figure 3. During this 



38 
 

growing season chronic drought occur almost every year in some parts of the study area. From the figure 3 it is 
evident that during 1971-2010 there were at least 5 years (1972, 1979, 1995, 2005 and 2008) when the entire study 
area have been affected by the chronic drought.   This significance of chronic drought resulted from very low 
rainfall (almost zero) and the high temperature which influence the moisture holding capacity of the soil (Alam, 
2010). The chronic agricultural drought during Pre-Kharif growing season increase the groundwater irrigation 
demand in Boro rice field which shares almost 70% of the total rice production of Bangladesh. But in case of Barind 
region lack of rain or chronic drought compel the farmers to not to seed their Boro rice and around 85% of the rain 
remain fallow during this season in Barind region (Alam et al., 2011; Sadaat el al., 2009).  

During Kharif growing season 6 major droughts year were identified during time period 1971-2010. Among these 
four droughts years were identified during the last decay of twenty century (figure 4).  A large variation is also 
observed in the spatial extent of these drought events.  In the year of 1982 around 32% of the area under studied 
affected by moderate drought and the drought severity was higher in the central part compare to other parts of the 
study area (figure 4). However, in the year 1994 the percentage is reduced to around 4% and most severe drought 
events shifted from central part to central eastern part (figure 4). Among the Kharif drought events most devastating 
nature was identified in the year 2010 where around 6% and 30% of the area is affected by chronic and severe 
drought respectively (Figure 4). And the drought was most severe in northern part. Along with these the severely 
affected agricultural drought area in the year of 1997 and 1999 were in the western corner of Barind region. These 
discussions also conclude that kharif agricultural drought may affect the area in any corner in any year.  The results 
of these drought events are also in line with global patterns (Shahihd and Behrawan, 2008). It is well known that the 
last decade of twentieth century was the driest among last hundred years. The agricultural drought of 1994 also 
supported the statement of Shahid (2008) and Shahid and Behrawan (2008) where they stated in the drought of 
1994–1995 led to a decrease in rice and wheat production of 3.5910 X6 ton.  Moreover, Dey et al., (2011) marked 
1994 as the driest year in the contemporary periods which lead to devastating impact on the northwestern part of 
Bangladesh. The drought events of 1997 support the declaration of Ramsey et al., (2007) which states the drought of 
1997 has lead to short fall of1 million tons of food grains of which 0.6 million tons were T. aman. Ramsey et al., 
(2007) confirmed that around 2.32 million hectare of T. aman rice crops damages due to agricultural drought every 
year in Bangladesh. On the other hand Alam et al., (2011) and Rahman (2000) indicate this amount is 0.574 to 1.748 
millions of hectares. Therefore it can be concluding that the results of these drought indices are in line with 
historical drought events of the country. These results also indicate that the drought index can also express the loss 
of crop yield.  

(a) (b) 

 

Fig. 2. Time series of average agricultural drought index (a) Pre-Kharif season (b) Kharif season 
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Abstract: Farming dwellers have turned to fill the gap between food demand and supply. We observed farming like 
economic activities, is the issue of efficiency. In these papers, we employed the stochastic frontier production 
function to analyse the resource use efficiency of farmers in Bangladesh. The result shows that 76% of farmers were 
70% technology efficient; maximum efficiency is 0.92, while minimum efficiency in farm is 0.45. 
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1 Introduction 

Agriculture is primarily based activity in Bangladesh. But, because of the increasing demand for food and jobs for 
many dwellers, it became necessary for households to embark on agriculture as a means of filling the food demand 
and supply gap and providing income for other household requirements. In addition, the practice of agriculture has 
continued to increase in recent years with the structural adjustment of the Bangladeshi economy. The rise in food 
prices, un-employment and inflation brought by the structural adjustment (World Bank, 1990) and the decline in the 
average real income of both rural and urban households have completed many in to farming areas. The farmer, like 
any other farmer, will typically produce to satisfy household food needs or make profit or both. If the interest were 
in producing for home consumption, the farmer would want to obtain the optimum from his / her effort. If on the 
other hand, the farmer produces for the market, then the cost of production and the returns accruable to the farmer’s 
effort becomes important measure of performance. Either of the two objectives of production requires efficient use 
of farm resources. 

The question of efficiency in resources allocation in traditional agricultural is not trivial. It is widely held that 
efficiency at the heart of agricultural production. This is because the scope of agricultural production can be 
expanded and sustained by farmers through efficient use of resources (Ali, 1996 & Udoh, 2000). For these reasons, 
efficiency has remained an important subject of empirical investigation particularly in developing economies where 
majority of the farmers are resources-poor. 

Studies relating to efficiency in Bangladeshi agriculture can classified into two categories depending on weather a 
direct (primal) or indirect (dual) method is used. In the primal approach, the production function, in most cases 
Cobb-Douglas, is directly estimated by OLS technique. After obtaining the parameter estimates, marginal product 
(MP) of each endogenous input is calculated. The presence of allocative efficiency is then tested by equating the 
value of MP of inputs with their respective prices. Examples of works along this line are Alam, M. S. and M. 
Hossain (1998), OFRD (2001),. The approach involves estimating the profit function along with the input share (in 
profit) equation derived from Hotteling Lemma. Since the profit function accommodates allocative efficiency, the 
hypothesis of (exact) profit maximization is tested by imposing parametric restrictions or the profit function. Some 
studies along this line are Rahman (1999) and Elias (2003). Recent literature search reveal that, inspite of the 
increase in agricultural activities in rural areas, empirical studies of Bangladesh agriculture have concentrated on the 
traditional rural based farming. 
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2 Objective of the study 

The purpose of the study is to analyse empirically, the technical efficiency of resource use in farming. The specific 
objectives are to: 

i. Examine  the socioeconomic characteristics of farmers 
ii. Estimate the cost and return to rural farming and  
iii. Determining the technical efficiency of resource use in farming. 

3 Theoretical framework 

Three types of efficiency are identified in the literature. These are technical efficiency, allocative efficiency and over all 
or economic efficiency (Farrell, 1957; Olayide & Heady, 1982). Technical efficiency is the ability of a firm to produce 
a given level of output with minimum quality of inputs under a given technology. Allocative efficiency is a measure of 
the degree of sources in achieving the best combination of different inputs in producing a specific level of output 
considering the relative prices of these inputs. Economic efficiency is a product of technical and allocative efficiency 
(Olayide & Heady, 1982). In one sense, the efficiency of a farm is its success in producing as large and amount of 
output as possible from given sets of inputs. Maximum efficiency of a farm is attained when it becomes possible to 
reshuffle a given resource combination without decreasing the total output. 

Since the seminal work of Farrell in 1957, several empirical studies have been conducted on farm efficiency. These 
papers have employed several measures of efficiency.  These measures classified broadly into three namely: 
deterministic parametric estimation, non-parametric mathematical programming and the stochastic parametric 
estimation. There are two non-parametric measures of efficiency. The first, based on the work of Chava and Aliber 
(1983) and Chava and Cox (1988) evaluate efficiency based on the neoclassical theories of consistency, restriction 
of production form, recoverability and extrapolation without maintaining any hypothesis of functional form. The 
second, first used by Farrell (1957) decomposed efficiency into technical and allocative. Fare et al. (1985) extended 
Farrell’s method by relating the restrictive assumption of constant return to scale and of strong disposability of 
inputs (Liewelyn & Williams, 1996). 

Several approaches, which fall under the two broad groups of parametric and non-parametric methods, have been used 
in empirical studies of farm efficiency. These include the production functions, programming techniques and recently, 
the efficiency frontier. The frontier is concerned with the concept of maximality in which the function sets a limit to the 
range of possible observations (Forsund et al. 1980). Thus, it is possible to observe points below the production frontier 
for firms producing less than the maximum possible output but no point can lie above the production frontier, given the 
technology available. The frontier represents an efficient technology and deviation from the frontier is regarded as 
inefficient. The literature emphasizes two broad approaches to production frontier estimation and technical efficiency 
measurement: (a) The non-parametric programming approach, and (b) the statistical approach. The programming 
approach requires the construction of a free disposal convex hull in the input-output space from a given sample of 
observations of inputs and outputs (Farrell, 1957).  The convex hull (generated from a subset of the given sample) 
serves as an estimate of the production frontier, depicting the maximum possible output. Production efficiency of an 
economic unit is thus measured as the ratio of the actual output to the maximum output possible on the convex hull 
corresponding to the given set of inputs. 

The statistical approach of production frontier estimation can be sub-divided into two, namely, the neutral-shift 
frontier and the non-neutral shift frontiers. The former approach measures the maximum possible output and then 
production efficiencies by specifying a composed error formulation to the conventional production function (Aigner 
et al., 1977 & Meeusen & van den Broeck, 1977). The non-neutral approach uses a varying coefficients production 
function formulation (Kalirajan and Obwona, 1994). The main feature of the stochastic production frontier is that 
the disturbance term is composed of two parts-a symmetric and a one sided component. The symmetric (normal) 
component, vi capture the random effects due to the measurement error, statistical noise and other non-symmetrical 
influences outside the control of the firm. It is assumed to have a normal distribution. The one-sided (non-positive) 
component, ui with ui≥0, captures technical inefficiency relative to the stochastic frontier. This is the randomness 
under the control of the firm. It’s assumed to be half normal or exponential. The random errors, viare assumed to be 
independently and identically distributed as N (0, σv

2) random variables, independent of ui’s. The ui’s are also 
assumed to be independently and identically distributed as, for example, exponential (Meeusen & van den Broeck, 
1977), half normal (Aigner et al., 1977), truncated normal and gamma (Greene, 1990). The stochastic frontier 
function is typically specified as:  
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Yi = f (Xij, β) + vi – ui (i= 1,2,3, …., n)                                                  (1) 

where Yi is the wheat output of the i-th farm; Xijrepresents a (1×K) vector that values are functions of the jth 
inputs by the  i-th farm; βi are (K×1) vector of production coefficient to be estimated, vi = Random variability in the 
production that cannot be influenced by the farm and; ui= Deviation from maximum potential output attributable to 
the technical efficiency. The model is such that the possible production Yi, is bounded above by the stochastic 
quality, f (Xi, β) exp(vi) (that is when ui = 0) hence, the term stochastic frontier. 

Given suitable distributional assumptions for the error terms, direct estimates of the parameters can be obtained by 
either the Maximum Likelihood Method (MLM) or the Corrected Ordinary Least Squares Methods (COLS). 
However, the MLM estimator has been found to be asymmetrically more efficient than the COLS (Coelli, 1995) 
Thus, the MLM has been preferred in empirical analysis.  

In the context of the stochastic frontier production function, the technical efficiency of an individual farm is defined 
as the ratio of the observed output to the corresponding frontier output, conditional on the levels of inputs used by 
the farm. Thus, the technical efficiency of farm i is: 

TEI = exp (-ui) that is                                                                                (2) 

TEI = Yi/Yi*                                                                                                (3) 

= f (Xi, β) exp(vi – ui) / f (Xi, β) exp(vi) exp (-ui) 

TEI = Technical efficiency of farmer i; Yi = observed output and; Yi*= frontier output. The technical efficiency of a 
farm ranges from 0 to 1. Maximum efficiency in production has a value of 1.0. Lower values represent less than 
maximum efficiency in production. 

The first application of the stochastic frontier level to farm level data was by Battses and Corra (1977) who estimated 
deterministic and stochastic Cobb-Douglas production frontiers for the grazing industry in Australia. The variance of 
the farm effects was found to be a highly significant proportion of the total variability of the logarithm of the value of 
sheep production in all states. Their study did not however, directly address the technical efficiency of farms. Kalirajan 
(1981) estimated a stochastic frontier Cobb-Douglas production function using data from rice farmers in India and 
found the variance of farm effects to be highly significant component in explaining the variability of rice yields. The 
study found that the variability of farm effect was highly significant. The mean technical efficiency of mixed enterprise 
farms was found to be smaller (0.75) than for crop farms (0.85). 

The use of the stochastic frontier analysis in studies in agriculture in Bangladesh is a recent development. Such 
studies include that of Rahman (2000) and Bokh (2008). Rahman used the Maximum Likelihood Estimation of the 
stochastic production function to examine the land management and resource use efficiency in north region of 
Bangladesh. The study found a mean output-oriented technical efficiency of 0.77 for the farmers, 0.98 for the most 
efficient farmers and 0.01 for the least efficient farmers. Bokh (2008) study investigated crop-livestock interaction 
and economic efficiency of farmers in the north region of Bangladesh. The study found average economic efficiency 
of farmers was highest in the low-Population-low Market domain; Northern regions are ecological Zones; Crop-
based Mixed Farmers farming system. Available literature indicates that agriculture in Bangladesh is yet to benefit 
significantly from application of the stochastic frontier model. 

4. Research Methodology 

4.1 The study area 

The three great regions represent two different Agro-Ecological Zone (AEZ) such as AEZ-1 (Takurgaon and 
Panchagarh) and AEZ-3 (Dinajpur), which cover (4.78 and 3.56 %) and (5.66%), respectively, of total area of the 
country. The selection of these areas will be uniform on the spatial context of the crop growing areas of the country. In 
the second stage, five upazilas are selected; these are Bochaganj, Birganj, Pirganj, Ranisankail and Boda from three 
districts consisting of 23 upazilas. One union from each upuzila was selected randomly.  

4.2 Data collection procedure 

The stratified random sampling method was used in collecting data for the study. Crop production was based on 
stratified into three farming systems. This was based on crop types. Several crops were cultivated in a variety of 
combinations in the farms in the study area. These were rice wheat and rabi crops. The farming population was 
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stratified into three dominant farming systems. These were vegetable growers (market-driven farming system), 
arable crops growers (consumption-driven system) and vegetable/arable crops growers (market/consumption-driven 
system). Farming system is a collection of distinct units, such as crop, livestock, processing and marketing activities, 
which interact because of the joint use of inputs they receive from the environment, which deliver their output to the 
environment and which have the common objective of satisfying the farmers’ aims. Its predominant functional unit 
therefore, identified any cropping system. Thus, in our classification, a vegetable-based farming cropping system is 
a system in which vegetable is the predominant activity among several other crops, etc. This satisfaction was 
informed by the homogeneous characteristics of each farming system in terms of the input requirements, output 
produced and marketing niche, among others. 

Finally, from these five selected areas we collected 600 farmers, using information by purposive sampling method 
for primary data collection. These farm holdings were stratified into small, medium and large based on land holdings 
as per criterion adopted for many of the farming systems and crop based research in Bangladesh (Elias and Hossain 
1983; Murshed and Rahman 1988; Sabur 1988; Rahman et al.1993; Hasan et al.1993 et al.1993; Quasem 1994; Islam 
1995; Karim 1996; Hasan et al.2002; Uddin and Hasan 2003). The major instruments used for data collection was 
structural questionnaire. The questions were structured as to elicit answers on the objectives of the study. Data were 
collected on number and size of plots, types of crop cultivated, inputs used including their quantities and unit prices, 
quantities of output produced and their unit prices. Quantities of outputs of these crops were obtained in their local 
measures and converted to kilogramme. 

4.3 Methods of data analysis 

Three methods of were used to analyse the data collected. These were: (i) Descriptive statistics consisting of simple 
percentages and proportions. These were used to examine the socio-economic characteristics of the farmers. (ii) 
Gross Margin Analysis: This was used to estimate the cost and return in farming. It is given as: 

GM = TR-TVC,  

where GM = gross margin; TR = total revenue, and TVC = total variable cost (The cost incurred in the used of 
variable inputs). The Stochastic Frontier Production Function: This was used to estimate the resource use efficiency 
in farming. It is given by: 

lnYi = β0 + 


4

1

Xijln  
j

 + vi-ui;                                                                       (4) 

where   ln = Natural logarithm; Yi= Farm output (in grain equivalent) of the i-th farm (kg/ha); Xi= Vector of farm 
inputs used (kg/ha); X1= Labour (in man-days);  X2= Farm size (in hectares); X3= Fertiliser [Dummy; 1 = use 
fertilizer, 0 = not used fertilizer(kg/ha)]; X4= Planting materials  (kg/ha); vi = random variability in the production 
that cannot be influenced by the farmer, ui = Deviation from maximum potential output attributable to technical 
inefficiency. β0= intercept; β= vector of production function parameter to be estimated; i = 1,2,3, …., n farms; j = 
1,2,3, ……., m inputs. The inefficiency model is  

ui = δ0 + δ1Z1 + δ2Z2+ δ3Z3+ δ4Z4                                                              (5) 

where, ui = technical efficiency effect of the i-th farm; Z1 = education level of farmers (in year of formal education 
completed);  Z2 = household size;  Z3 = sex of farmer (dummy; 1 = male, 0 = female); Z4 = age of farmers (in years); 
δ’s are parameters to be estimated; Zi ‘s were unobserved random variables or classical disturbance term which are 
assumed to be independently distributed, obtained by truncation of the normal distribution with mean zero and 
unknown variance, σ2, such that uiis non-negative. The β, and δ co-efficient are unknown parameters to be estimated, 
together with the variance parameters, which are expressed in terms of σ2 = σu

2 + σv
2; and  = σu

2/ σv
2;  is the ratio 

of variance of farm specific technical efficiency to the total variance of output and has a value between zero and 
one.The estimates for all parameters of the stochastic frontier (4) and technical inefficiency effects model (5) will be 
estimated by the maximum likelihood (ML) method using the. The econometric computer software package 
FRONTIER 4.1 (Coelli 1996). 
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5. Results and Discussion 

Socio-economic characteristics of farmers 

The purpose of this study is to present on socioeconomic characteristics of the sample farmers activities, possible 
development opportunities and potentials for more efficient farming. The characteristics considered were land use 
pattern for farming, age, sex, household size, education, income level. The result is presented in Table 1.  

One age classification, more than half of the farmers (67%) were found to be within the age bracket of 31 to 50 
years. The least number of respondents were found in the 20 years age and less than 20 years age bracket. Only 12% 
of the respondents are older than 50 years. Contrary to findings of past studies which reported the farming 
population to be ageing (Idowu, 1988), the present study shows a young farming population. This may be attributed 
to the location of the study site being an area. It is well documented that those who migrate from rural to urban areas 
always go in search of white collar jobs. Ina case where the white collar job often sought by rural-urban migrants are 
not readily available, or the white collar jobs do not provide enough income, some city dwellers may take to farming 
either on full time or part time basis. This conclusion is premised on the assumption that the young rural farming 
population would be productive. 

From gender perspective, the female were found 73.33% in this study area. (BBS, 1995) “evident that women 
workforce is increased in northern region of Bangladesh which contribute 65% of total food production through out 
the continent. The farming women undertake is mostly for subsistence, i.e., providing urgent needs of families”. As 
home-makers, more women than men may be involved in rural farming in order to supplement the food needs of 
their households from market purchases. 

In this study, household size has been identified as total number of persons living together under the administration 
of the single head of the family. The average household size in the study areas was 4.82 persons per household, 
which is significant between the groups of farmer and national average of 5.6 persons per household in 2008. The 
highest average household size was found (5-7 persons/hh). It was observed that household increased with the 
increase in farm size (Table 1).  

The education level of farmers is known to affect their farming activities. Agricultural extension experts point out 
that farmers with higher educational qualification are wont to adopt agricultural technological innovations more than 
those without or with lower educational qualification. Many studies (e.g. Azhar 1991 and Phillips 1994) found 
positive relationship between education and productivity. Phillips and Marble (1986) observed that farmers with 
four or more years of schooling caused an increase in productivity. It is evident for (Table 1) that the highest 34.67% 
were educated in all farmers. 

Table1. Socioeconomic Characteristics of Farmers 

Years Number of farmersAge % 
≤ 20 42 7 

21-30 84 14 

31-40 179 29.83 

41-50 223 37.17 

> 50 72 12 

All farms 600 100 

Sex 
Male 160 26.67 

Female 440 73.33 

All farms 600 100 

Household size (persons//hh) 
≤ 4 (persons/hh) 252  42 

5-7 (persons/hh) 284  47.34 

> 7 (persons/hh) 64  10.66 

All farms 600  100 



47 
 

Years Number of farmersAge % 
   

Educational Level 
No formal education 192 32 

Primary school 208 34.67 

Secondary school 115 19.17 

Post secondary school 85 14.16 

All farms   

Income level 
Low income (≤ Tk. 25,000) 252  42 

Middle income (Tk. 25,000) 284  47.34 

Low income (≥Tk. 25,000) 64  10.66 

All farms 600  100 

Source: Field survey 2008 (PhD thesis) 

It was hitherto assumed that they poor account for the majority of farmers, and that the engage in this activity 
essentially on a subsistence basis. Recent empirical evidence suggests that those are not necessarily the case. 
According to Tacoli (1997), some studies have shown that high and middle-income households constitute a 
significant and growing proportion of farmers, who often engage in this activity for commercial purpose. The results 
from our study, to some extent, support this position. About 42% of the respondents are of the high-income (Tk. 
45,000) in the study area while 10.66% belong to the low-income group. This shows that the farming population 
straddles both the high as well as low-income households. This implies that farming in the study area may be driven 
by other factors more than subsistence needs. 

Cost and return to farming 

Output, net return and the benefit-cost ratio expressed per unit of a single input category are partial measures of 
productivity. As revealed in the previous section, farming may not be purpose of only satisfying the household food 
need or subsistence. The farmers may be interested in selling their outputs to raise income. Thus, the farmers like 
any other entrepreneur would be interested in the probability of the farm enterprise. For this reason, efforts were 
made to determine the cost associated with farming and also revenue that accrues to the farmers’ efforts. Only the 
variable cost of production was considered while the probability was measured as the gross margin. (Table 2). Of all 
labour-related activity, planting constitute about 20.18% of the total variable cost. This is followed by land 
preparation, which makes up about 17.66% of the cost. Fertilizer application scores the lowest percentage point of 
all labor-related activities. 

This may imply that fertilizer is not commonly applied by farmers or not applied in reasonably large quantity. 
Generally labor-related activities put together take the lion share of the short-run cost of production. The cost of 
planting materials is 29.26% of the production cost. On the average, it costs Tk.79, 263.05 to cultivate one hectare of 
farm in this regions. An average of Tk.1, 41,067.69 accurse to a farmer as revenue and Tk.61, 804.64 is left as the 
gross margin (in Table 2). This level of profit translates to about Tk.5, 000 per month as income to the farmers. This 
amount is lower than the national minimum wage of Tk.7,500 in Bangladesh as well as the national poverty line 
$350 per annum (Tk. 54,500 at exchange rate of Tk. 130 to $1 during the period of study). It is, thus, clear that even 
in the areas, farming is not profitable enough to sustain an average farmer. 
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Table 2. Cost and return in farming 

Cost Items Average Cost (Tk.) Percentage (%) 
Land preparation 14,000.00 17.66 

Planting 16,000.00 20.18 

Fertilizer application 7.200.00 9.08 

Weeding 6,500.00 8.20 

Harvesting 10,056.60 12.68 

Seeds/Cuttings 25,506.45 32.18 

Total variable cost (TVC) 79,263.05 100 

Total Revenue (TR) 1, 41,067.69  

Gross margin (TR-TVC) 61,804.64  

Source: Field survey 2008 (PhD thesis) 

Technical efficiency and associated inefficiency factors 

The results of the estimates of the parameters of the stochastic frontier and the inefficiency model are presented in Table 3. 
The variance parameters for δ2 and γ are 0.2500 and 0.6349. They are significant at the 1 percent level. The sigma squared 
δ2 indicates the goodness of fit and correctness of the distributional form assumed for the composite error term while the 
gamma γ indicates that the systematic influences that are un-explained by the production.  Function and the dominant 
sources of random errors this means that the inefficiency effects make significant contribution to the technical 
inefficiencies of farmers. Thus, the hypothesis that the coefficient of β = 0 is rejected. The result shows that inefficiency 
effects were present and significant. 

Table3. Maximum Likelihood Estimates of the Stochastic Frontier Function and Technical Inefficiency 

Variable Parameter  Coefficients Standard error t-statistics 
Stochastic frontier 
Constant term β0 7.3571*** 0.9933 7.5560 
Labour β1 0.6774** 0.5543 1.9944 
Farm size β2 0.3948*** 0.6797 0.5957 
Fertilizer β3 0.4123*** 0.1628 2.7215 
Planting material β4 0.0468*** 0.2086 2.7791 
Educational level of farmers Z1 -0.0762 0.7725 -1.0677 
Household size Z2 -0.0925 0.9433 -0.9820 
Farmer’s age Z3 -0.2156 0.1825 -0.6588 
Farmer’s sex Z4 0.0588 0.1004 0.6038 
Variance parameters 
Sigma squared (δ2)  0.2500   
Gamma (γ)  0.6349 0.13357  
Chi-squares (χ2)  0.1622 0.4051  
Log likelihood function  -0.0049185 0.1138  
LR test  0.4959   

Source: Own estimates field survey 2008 (PhD thesis), ** = Significant at 5% level, *** = significant at 1% level. 

Labour (β1): The coefficient of labour was significant and had a positive sign. This shows the importance of labour in 
farming in the study area. Several other studies (Rahma, 2000, 2004 and Bokh, M.E (2008) have shown the importance 
of labour in farming, particularly in developing countries where mechanization is only common in big commercial 
farms. In the study area, farming is still at the subsistence level generally. This involves the use of traditional farming 
implements. Human power plays crucial role in virtually all farming activities.  
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Farm size (β2): The coefficient of farm size was found to be positive and significant at 1% level. This result is in 
line with the findings from Bokh, M.E (2008) study of farmers in the north region of Bangladesh reported farm size 
to be significant and positive for the low-population-high-market domain. The result could mean that it is possible to 
expand farming activity in the study area. It may be possible that competition between infrastructure development 
and crops for land is not yet keen enough to jeopardize the expansion of crop production. Statistically, the 
magnitude of the coefficient of farm size shows that output in elastic to land or farm size. If the farm size is 
increased by 10% output level will improve by less than proportionate (by a margin of 3.781%). This means that 
there is still some scope for increasing output per plot by expanding farm land. 

Fertilization (β3):  The production elasticity of output with respect to quality of fertilizer is 0.4123. By increasing the 
quantity of fertilizer by 10%, level will improve by a margin of 4.183%. The estimated coefficient is highly statistically 
significant at 1% level. The finding is at variant with the report by BARI (1992), which shows insignificant 
contribution of livestock manure and crops residues in semi-arid sub Saharan. Though not ascertained, it may be 
possible that none separation of fertilizer into their different forms (e.g. crop residue, livestock manure, inorganic 
fertilizer, etc) account for the differences in the findings of the study and that reported by BARI. 

Planting materials (β4): The coefficient of planting materials was positive and significantly different from zero. 
This implies that planting materials are important in crop production in farms in the study area. 

Inefficiency effects (Z1-Z2): Thecontribution of farmers’ personal characteristics-level of education, age and sex, and 
household size to farm efficiency was also studied. The coefficients of all the variables are negative, except sex. In 
addition, none of the variables is significant. This implies that these characteristics do not contribute to farm 
inefficiency. Since these variables were not significant, they do not deserve further discussion.  

Individual farm technical efficiency scores: Along with the parameters already presented and discussed, the 
technical efficiency scores of each respondent were also estimated. This is presented in Table IV. More than 76% of 
the respondents were found to be more than 70% technically efficient. About 5% of the respondents were found to 
be less than 50%. The most efficient farmer operated at 92% efficiency while the least efficient farmers were found 
to operate at 43% efficiency level. Farmers performed at an average technical efficiency occurring efficiency score 
was 71%. From the results obtained, although farmers were generally relatively efficient, they still have room to 
increase the efficiency in their farming activities as about 30% efficiency gap from the optimum (100%) remains yet 
to be attained by all farmers. 

Table 4. Farm specific resource efficiency indices among farms 

Class interval of efficiency indices Frequency Percentage 
0.40-0.49 4 4.3 

0.50-0.59 87 13.5 

0.60-0.69 141 16.9 

0.70-0.79 256 42.2 

0.80-0.89 111 22.6 

0.90-1.00 1 1.2 

Total 600 100 

Source: Field survey 2008 (PhD thesis); Mean efficiency 0.75; Mode = 0.76; Minimum value = 0.45; Maximum value = 0.92 

6 Conclusion and Recommendations 

In these papers, we employed the stochastic frontier production function to estimate technical efficiency in farming. 
We also characterized farmers into social and economic classes and estimated the cost and returns to farming. The 
results show that fertilizer and planting materials (seeds, seedlings & cuttings) are significant determinants of farm 
outputs. Analysis of inefficiency effects reveal that farmers’ personal characteristics do not contribute to farm 
inefficiency. Individual farm technical efficiency scores show that 76% of farmers are more than 70% technically 
efficient. 
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Overall, farmers performed at an average technical efficiency of 75%, only one farmer was between 90 and 100 
efficient. In addition, a farmer realizes an average gross margin of Tk.61,804.64 from cultivating one hectare of land. 
Generally, women were found to dominate farming in the study area. 

The findings of the study have implications for increased food production in the study area. Attainment of 75% 
efficiency means that farmers still have room to increase their efficiency to the optimum (100%). This will require 
addressing those factors, which are constraints to efficiency. Such include the availability of planting materials, and 
other inputs. Bridging the gap between the demand and supply of the important inputs in a farming will increase 
efficiency and, ultimately, agricultural production in the environment. 
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Climate Change Impact on Crop Productivity: A Bio-Economic Analysis 
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Abstract. Bangladesh, being an agriculture based country, is highly vulnerable to climate change. This study, on 
aupazilla of Narshingdi named Manahardi, aims at understanding the effects of climate change on agricultural 
productivity and gross margin on six major staple and cash crops of Bangladesh. The analyses combines three levels 
of increasing temperature (1°C, 2°C, and 3°C) with two levels of decreasing precipitation (10 and 20 percent). 
Secondary data source reveals the present climate, soil and production condition of the specific area. The production 
system is replicated through a bio-economic model; that combines a biophysical and an economic model 
sequentially. The study reveals that simultaneous changes of precipitation and temperature have an effect on crop 
productivity and gross margin. Productivity falls by 13 to 15 percent and income 8 to 17 percent when the 
temperature increases moderately (1°C). As the climate warms up (2°C and 3°C), land productivity and income are 
severely affected, by 27 to 37 percent and 30 to 43 percent, respectively. It also shows that, in case of near-term 
climate change, potato is more affected than any other crops, whereas, wheat is severely affected in the long run. 

Keywords: Climate change, temperature, precipitation, CropSyst, Bio-economic model. 

1 Introduction 

Climate change is anticipated to have far reaching effects on the sustainable development of developing countries 
including their ability to attain the United Nations Millennium Development Goals by 2015 (UN 2007). Agriculture 
is extremely vulnerable to climate change (IPCC, 1990). Changes in temperature and precipitation directly affect 
crop production and can even alter the distribution of agro-ecological zones (Stern, 2006). Poverty in South Asia is 
still largely rural. About 70% of South Asia’s population lives in rural areas, and it accounts for about 75% of the 
poor. Most of the rural poor depend on agriculture for their livelihood. Agriculture employs about 60% of the labor 
force in South Asia and contributes 22% of regional GDP (World Bank). Bangladesh is primarily an agriculture-
based country and its economy largely depends upon agriculture. Agriculture sector accounts for about 20% of the 
country’s Gross Domestic Product (GDP) and provides more than 60% of the national employment (WDI, 2010). 

Mendelshon (1994) has examined the impacts of the climate change on agriculture for all countries in the world 
between 1960 and 2000. According to him, temperature and precipitation has the effect from a loss of 0.05% to a 
gain of 0.9% of global agricultural GDP. Finger et al. (2007) in their paper have described that the biophysical 
model simulates future plant-management-climate relationships and the economic model simulates farmers' 
adaptation actions to climate change using a nonlinear programming approach. Integrated bio-economic models 
attempt to capture the interaction between the agro-ecological and socio-economic processes. Rivington et al. (2006) 
have shown that crop simulation models often require climate data as input variables. Different models predict 
different level of impacts for yield reduction under different climate change scenarios. The Geophysical Fluid 
Dynamics Laboratory(GFDL) model predicted about 17 % decline in overall rice production for Bangladesh and as 
high as 61% decline in wheat production under 4 degree changes in temperature. The highest impact would be on 
wheat followed by rice (Aus variety). Basak (2009) has analyzed climate change impacts on rice production in 
Bangladesh by using simulation model which focused on Boroi rice production which accounts for 58% of the total 
rice production during 2008 in Bangladesh to estimate the effects of future climate change.  

This study focuses on the most important climate variables - temperature and precipitation - as they are shown to 
have a significant impact on crop yields. The basic objectives of this study can be pointed as- (a) to understand the 
impact of climate change on agricultural and food production in Manahardi, Bangladesh, (b) to estimate crop yields 
using a biophysical model for the year 2005 to 2010, (c) to check the appropriateness of the model by comparing the 
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Crop Harvest 
Year Actual Yield Estimated 

Yield 

 
-10% change in 
precipitation 

 
-20% change in 
precipitation 

+1° C +2° C +3° C +1° C +2° C +3° C 
 Year kg/ha kg/ha Kg/ha Kg/ha Kg/ha Kg/ha Kg/ha Kg/ha 
Wheat 2006 3796.45 3598.75 3302.91 2923.27 2353.79 3189.02 2809.37 2239.91 

2007 2861.00 2952.78 2489.07 2202.97 1773.82 2403.24 2117.14 1687.99 

2008 3277.28 3230.73 2851.23 2523.51 2031.91 2752.92 2425.19 1933.59 

2009 3296.29 3314.59 2867.77 2538.14 2043.70 2768.88 2439.26 1944.81 

2010 3500.00 3561.84 3045.41 2695.31 2170.00 2940.72 2590.63 2065.78 
Potato 2006 27440.64 28089.58 22775.73 19482.85 17562.01 21952.51 18659.64 16738.79

2007 23516.63 24320.97 19518.80 16696.81 15050.64 18813.30 15991.31 14345.14

2008 30258.85 31522.35 25114.85 21483.78 19365.66 24207.08 20576.02 18457.90

2009 36537.57 37000.00 30326.18 25941.67 23384.04 29230.06 24845.55 22287.92

2010 55000.00 49819.82 45650.18 39050.62 35200.43 44000.73 37400.81 33550.00

Jute 2006 3483.49 3300.17 3065.47 2751.96 2438.44 2995.81 2647.45 2333.94 

2007 3987.55 3896.34 3509.04 3150.17 2791.29 3429.29 3030.54 2671.66 

2008 3773.82 3814.58 3320.96 2981.32 2641.67 3245.49 2868.10 2528.46 

2009 3819.11 3782.85 3360.82 3017.09 2673.38 3284.44 2902.52 2558.80 

2010 6300 6459.98 5544.07 4977.81 4410.81 5418.87 4788.41 4221.00 

 

In extension of this calibration, the simulations are performed for five succeeding years considering the six 
additional climate scenarios. The output reveals that, boro yield is expected to fall from 13 to 15 percent for just 1°C 
increase in temperature, 34 to 37 percent of yield decrease is happened when the temperature increase is 3°C with 
the two levels of precipitation decrease   (-10% and -20%). Figure 1 shows the calibration results for boro paddy. 
Figure 2 show that, precipitation affects productivity of boro less than the effect of temperature fluctuation. As the 
climate changes in respect to temperature and precipitation, productivity of boro changes substantially. It may be 
more clear from figure 3 which shows that if precipitation is considered  fixed, then changes in temperature cause up 
to 30% reduction of productivity of boro, whereas, figure 4 depicts that if temperature is held  fixed, productivity 
change of boro due to   -10% and  -20% precipitation change causes only 8% and 13.5% decline respectively. 



 

Figure 1: C

Figure 3: C
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decline in precipitation (-10 percent and below) or both will seriously affect most of the crop activities. Land 
productivity is most likely to fall by 13 to 15% in the near-term and income declines from 8 to 17%, depending on 
the magnitude of changes in precipitation. In the long run, the declines are expected to be much higher: 34 to 37% 
for productivity and 40 to 43 percent for income. The effects of climate change on crops are driven by temperature 
in a noticeable level, although crops face the effects of both temperature and precipitation. Consequently, crops are 
less affected by precipitation then of temperature with about 5%  points of productivity gap in the nearer term and 6 
percentage points in the long run. Crops are affected differently by climate change. Among all crops, potato is 
mostly affected than any other crops in the near-term. In the long run, wheat experience a higher loss of yields than 
any other crops do.  

In the study of Tubiello et al (2002), it showed that crop productivity largely depends upon precipitation, since this 
study shows effect of temperature to reduce productivity and gross margin more than precipitation. Fofana (2011) 
showed,  farm productivity in Tunisia decreased from 17 to 56% and gross margin 5 to 69% for  various climate 
change scenarios, in our study which decreased from 13 to 37% and gross margin from 8 to 43%. Basak(2009) used 
DSSAT (Decision Support System for Agro technology Transfer) model which indicates that rice production 
decreases drastically from 2.6 % to 13.5 % and from 0.11% to 28.7% when the maximum temperature was increased 
by 2°C and 4°C that conflicts with this study as it did not consider the effect of CO2 

Concentration. Agronomic models of climate sensitivity indicate that higher temperatures are likely to be harmful in 
many developing countries and a further increase in temperatures will make many agricultural areas less 
productive—and some completely unsuitable (Rosenzweig, 1992). This in fact has the similar concluding issue as 
this study. 

Simple adaptation strategies may be stated as more irrigation and nitrogen fertilization and delay in sowing dates—
contribute to coping with the adverse impact of climate change on land productivity and income. But as the climate 
gets warmer, their mitigation effects are lessened. However, the success of adaptation strategies highly depends on 
the availability of water. General policies that emphasize on promoting growth and diversification; strengthening 
institutions; improving safety nets and weather risks. 
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iBoro :Boro is the most important crop in Bangladesh for its huge production. For years, at the sowing period, 
favorable weather condition, electricity management and stable market position helps farmers to bring more area 
under boro crop. It is harvested in the month of March-May. Boro is grown to a certain extent in every district, 
especially in the irrigated part of Bangladesh. 
 

iiNear term and Long term: A term is a period of duration, time or occurrence, in relation to an event. The actual 
length of this period, usually numbered in years or decades, varies widely depending on circumstantial context. 
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Abstract. Bioremediation has been proved to be a versitle technique to remedaiate diesel contaminated soil and 
growndwater. Various physicochemical and biological factros governing the sucess during bioremdiation of 
hydrocarbon contaminted soil. In this study, three diferent independent parameters, viz. diesel concentration (DC), 
moisture content (MC) and inoculum dose (ID) were designed by full factorial experiment design to their low and 
high levels. Batch bioremediation experiments were carried out within a period of 35 days reveald that the 
bioremediation efficiency (BE) was found higher in 5,000 mg/kg-soil while the BE decreases as the innitial DC 
increases from its lower to higher value. A statistically significant model was developed by the regression analysis 
which characterizes the BE during bioremediation of diesel contaminated soil. Among the linear effect terms (main 
effects) MC was found to contribute the highest positive effect (t = 29.66 and p = 0.021) and DC showed the highest 
negative effect (t = - 43.99 and p = 0.014) upon BE reveals that an increase of MC from its lower to higher value 
increases the BE while the decrease of BE depicted in increase of the DC from its low to high values. The overall 
interaction effect terms (F = 256.49, P = 0.046) were found lower than the linear effect (F = 946.89 and p = 0.024) 
indicates a poor synergistic and antagonistic relationships among the investigated variables. Maximum BE was 
found (91.75%) at the conditions where the DC, MC and ID were 5,000 mg/kg-soil, 80% of FC and 3.66×106 cfu/g-
soil respectively. The results obtained from the study could provide the characteristics of BE during the 
bioremediation of diesel contaminated soil.  
Keywords: Bioremediation; Diesel; Bioremediation efficiency; Full factorial experiment design; Main and 
interaction effects. 

1 Introduction 

Soil and groundwater contamination by petroleum hydrocarbon has received a serious concern in respect to 
environmental and health issues. Among the petroleum hydrocarbons, diesel are widely used in various industries 
and transportation purposes which are frequently reported to contaminate the soil and groundwater through their 
intrusion by various routes, including leakage from underground storage tanks, pipelines, accidental spills, improper 
waste disposal practices, and leaching of landfills.4,12Among the available decontamination practices, bioremediation 
of hydrocarbon contaminated soil is an emerging, cost effective, and environment-friendly technology.3,17Microbial 
consortia with specialized physiological and metabolic function to obtain energy from hydrocarbons might not exist 
in soil. Therefore, inoculation of high concentrations of specialized microbes (bioaugmentation) in soil is one of the 
promising options in bioremediation. 4,10,20,26 
Various environmental and biological parameters such as concentration of diesel, temperature, moisture content, pH, 
nutrients, inoculum concentration, and enzymatic activity of bacteria governs the success of bioremediation process. 
Soil moisture content influencesthe contaminant solubility, pH, and exchange of oxygen during the bioremediation 
process. Low moisture content inhibits microbial activity21whereas, high moisture content tend to reduce the oxygen 
availability7 and often found to cause prolonged lag phase22.  Numerous studies were conducted to optimize 
moisture content for soil bioremediation and were found 50-75% of its field capacity elsewhere.1,8Initial active 
bioaugmented microorganism concentration involved in a bioremediation process is an important factor that 
influences the pollutant degradation rates. Very small populations of microorganisms are unable to degrade the 
complex hydrocarbons while, the higher concentrations of bacteria do not always increase the biodegradation 
rate2,25. 
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The conventional method of studying the bioremediation process, i.e., by maintaining the factors at an unspecified 
constant level, does not depict the combined effect of all the factors involved. Statistical design of experiments is a 
quick and cost-effective method to understand and optimize any manufacturing processes. The experiments in which 
the effects of more than one variable on response are investigated are known as full factorial experiments. In a full 
factorial experiment, both of the low and high levels of every factor are compared with each other and the effects of 
each of the factor levels on the response are investigated according to the levels of other factors. Doing so with the 
factorial planning of the experiments, it is possible to investigate simultaneously the effect of all the variables16. The 
objective of the present study is to gain insight into the bioremediation behavior through main and interaction effects 
to the bioremediation efficiency (BE) at the selected initial conditions of different independent parameters viz: diesel 
concentration (DC), moisture content (MC), and inoculum dose (ID) through statistical full factorial experiment 
design approach. 
2 Materials and methods                                                                                                        

2.1 Soil sampling and characterization 

Soil was sampled (with no recent hydrocarbon contamination report) from the garden in the University of Ulsan 
campus at depths from 8-10 cm was sieved by 2.0 mm prior to the batch bioremediation experiments. Soil 
physicochemical parameters were investigated immediately after the sampling and showed in Table 1. 

Table 1. Physicochemical properties of sampled soil. 
 

Physicochemical properties value 
Color Dark brown 
Water content§ (%) 14.8 ± 0.09 
Field capacity β (%) 38.95 ± 0.38 
pH 6.97 ± 0.05 
Organic carbon β (% w/w) 2.02 ± 0.16 
Total nitrogen β (% w/w) 0.11 ± 0.08 
Phosphorus β (% w/w) 0.000639 
CEC (meq/100 g) 4.14 

§Field moist soil β Dry weight 
2.2 Microorganism 

Mixed microbial consortium previously acclimatized to total petroleum hydrocarbon (TPH) obtained from Ecophile, 
Korea (stored 4°C before use) were applied directly as bioaugmentated microorganism to the soil, consists of a 
mixture of well identified Pseudomonas sp., Yarroia sp., Acinetobacter sp., Corynebacterium sp., and 
Sphingomonas sp. 

2.3 Full factorial experiment design 

The factorial design helps to develop a statistical model of a reaction by performing the minimum number of well 
chosen experiments and to determine the optimal values of process parameters. Factorial design is an empirical 
modeling technique used to evaluate the relationship between experimental variables and corresponding responses18. 
To observe the effect of three independent variables (viz. DC, MC and ID) on BE experiments were designed by full 
factorial design to their high and low level including their centre point value (Table 2.).  
Table 2. Different levels of the independent parameter of the full factorial (23) design. 

FC: field capacity; cfu: colony forming unit 

Independent parameters Low level High level Centre point 

DC (mg/kg-soil), X1 5,000 15,000 10,000 

MC (% FC), X2 40 80 60 

ID (cfu/g-soil), X3 3.66×106 8.54×106 6.1×106 
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2.4 Batch bioremediation experiment 

Batch bioremediation experiments were conducted in a 160 ml glass serum vials (Wheaton, New Jersy, USA). For 
each of the experimental runs, four vials were prepared in parallel and taken out for the diesel analysis after each 6, 
14, 24, 35 days of the intervals. Consortium microorganisms and water (distilled) added to the soil according to the 
experimental design (Table 3.). Nitrogen (NH4Cl) and phosphorus (K2HPO4) added to the soil with a ratio Oil: N: P 
of 100: 1: 0.2. To become the diesel available to the microorganism surfactant (Tween 80) was applied 0.2% (w/w). 
After mixing the soil by Pasteur pipette, vials closed properly by aluminum cap and rubber seal and were kept in an 
incubator at 25±2°C. For abiotic loss of diesel through physical process, each concentration of diesel in soil was 
autoclaved by sterilizing at 121°C for 1 h for three consecutive days. 

2.5 Analytical 

Total heterotrophic bacteria (THB) enumeration was done by plate counting method. After diluting the soil by 0.85% 
NaCl solution 0.1 ml of each of the diluted soil was spread over an agar plate. Plates were then incubated at 30°C under 
dark condition for 48 hours. THB enumeration in soil was expressed by colony forming unit (cfu/g-soil) dry weight. 
Diesel was extracted from the soil by n-hexane and acetone (1:1 v/v). 1 μl of the extracted solution injected to a Gas 
Chromatography DS6200 (Donam Instruments Inc, Korea) equipped with a capillary column (HP-5MS, crosslinked 5% 
PH ME Siloxane, 30 m×0.250 mm×0.5 μm) and a flame ionization detector (FID). The operating conditions were as 
follows: oven temperature 45°C ramped to 100°C with a rate 5°C/min then to 300°C with a rate of 8°C/min, 5 min of 
holding time, injector and detector temperature were 280°C and 250°C respectively.  

3. Results and discussion 
3.1 Bioremediation of diesel in batch experiments 

Residual DC was measured after 35 days of incubation and the BE was calculated by the following equation (1). 

BE % = 
	

100(1) 

Table 3. depicted the results of the BE to different experimental conditions. Overall the BE was found high in the lower 
concentration of diesel in soil (5,000 mg/kg) than higher concentration (15000 mg/kg). The phenomenon of the inhibitory 
effect to the microorganism through toxic response at higher initial concentration during bioremediation of an artificially 
contaminated soil could be the possible reason to such decrease.11,13 High MC (80% FC) depicted higher BE compared to 
the lower (40% FC) during lower (5,000 mg/kg) contaminated soil, but such phenomenon are not observed in the higher 
contamination of soil (15,000 mg/kg). Perhaps the dominancy of toxic effect through high concentration of diesel in the 
soil was prominent than that of others i.e. MC and ID. A typical bacterial growth pattern including a very short lag phase 
followed by an exponential growth phase and the degradation of diesel was found hand in hand with the increase of 
bacterial population (Fig 1.). Abiotic loss of diesel was found 32.15%, 23.81% and 26.10 % for the 5,000 mg/kg, 10,000 
mg/kg and 15,000 mg/kg of soil respectively. In artificially contaminated soil volatilization, transformation and adsorption 
of diesel onto clay and humus particles play the role of such loss of diesel.14 

Table 3. Full factorial design matrix and the BE during batch bioremediation experiments. 
Run no. DC in soil (mg/kg) MC in soil (%) FC ID in soil (cfu/g) soil BE (%) 

01 5,000 40 3.66×106 48.84 

02 5,000 40 8.54×106 52.30 

03 5,000 80 3.66×106 91.75 

04 5,000 80 8.54×106 91.49 

05 15,000 40 3.66×106 34.06 

06 15,000 40 8.54×106 43.13 

07 15,000 80 3.66×106 39.02 

08 15,000 80 8.54×106 41.19 

09 10,000 60 6.1×106 64.46 

10 10,000 60 6.1×106 64.46 
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Fig 1.Diesel degradation and THB populations during bioremediation of diesel oil contaminated soil (a) Initial DC 
5,000 mg/kg, MC 80% (FC) and bioaugmented by 3.66×106 cfu/g soil (dry wt.) (b) Initial DC 15,000 mg/kg, MC 
40% (FC) and bioaugmented by 8.54×106 cfu/g soil (dry wt.) 
 
3.2 Regression analysis and analysis of variance (ANOVA) 

Table 4. shows the significance of the regression coefficients by applying the student’s t-test using Minitab 
statistical software (Version 16.0). BE with respect to the independent variables was expressed by the following 
regression equation. 
BE (%) = 55.26-15.83X1+10.68X2+1.84X3-9.85X1X2+1.04X1X3-1.29X2X3…… (2) 
This function derives the influence of experimental variables and their interactions upon the BE. Positive values of 
these effects reveal that the increase of these parameters values from its low to high increased the BE and negative 
effects happened when the reverse phenomenon happened. From the equation (2) increase of the DC had the negative 
effect upon the BE whereas an increase of MC and ID reveals a positive effect. Such phenomenon could be depicted by 
the inhibitory effect of the soil indigenous microbial population of artificially contaminated soil could substantially 
reduce the synergetic effects with the bioaugmented population, whereas an optimized applied microorganism 
concentration dipicted an increase in hydrocarbon removal.22,25 In order to ensure appropriate model the test for the 
regression was performed by the analysis of variance (ANOVA) (Table 5.). A lowest level of P value leading to reject 
the null hypothesis.16 High F values for the main effect (946.89) and low P value (0.024) indicates that individual 
effects were more significant than the interaction effects (F=256.49, P=0.046) depicted that a poor synergistic and 
antagonistic effect were found among the investigated variables.  
Table 4.Estimated effects and coefficients for BE 

Term Effect Coef SE Coef ‘t’ P 

Constant  55.26 0.3600 153.50 0.004 

X1 -31.67 -15.83 0.3600 -43.99 0.014 

X2 21.35 10.68 0.3600 29.66 0.021 

X3 3.68 1.84 0.3600 5.12 0.123 

X1*X2 -19.70 -9.85 0.3600 -27.35 0.023 

X1*X3 2.08 1.04 0.3600 2.90 0.212 

X2*X3 -2.58 -1.29 0.3600 -3.58 0.173 

Center point  9.20 1.0800 8.52 0.074 

S=1.01823 R-sq=99.97% R-sq (adj) = 99.78% 
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Table 5. Analysis of variance for BE 
Source DF Seq SS Adj SS Adj MS F P 

Main effects 3 2945.21 2945.21 981.74 946.89 0.024 

2-way interactions 3 797.79 797.79 265.93 256.49 0.046 

Curvature 1 75.24 75.24 75.24 72.57 0.074 

Residual error 1 1.04 1.04 1.04   

Total 8 3819.27     

DF: degrees of freedom; Seq SS: sequential sum of squares; Adj SS: adjusted sum of squares; F: Fischer's variance 
ratio; p: probability value 
3.3 Main and interaction effects  
Main effects represent deviations of the average between the high land low levels for each independent parameter. 
Main and interaction effects of each independent parameter on BE are shown in (Fig 2.). The effects of DC were 
negative which reveals that the BE decreases when the concentration of diesel increases from its lower to higher 
levels. Main effects of MC and ID were found positive when the factor changes from its low to high. Upto a certain 
limit (depends of the physicochemical properties of the soil) soil moisture provides enough oxygen and 
bioavailability of the pollutants to the microorganism, while soil aggregates when it reach the plastic limit which 
substantially impairs the availability of oxygen.7,21Interaction effects are expressed when the change in the response 
from low to high levels of a factor is dependent on the level of a second factor (i.e. when the lines do not parallel). 
The interaction between the DC-MC and MC-ID depicted negative (antagonistic) to the BE whereas, the interaction 
between the DC-ID poses a positive (synergistic) effect towards the BE.The prime reasons for the antagonistic 
response are contaminant solubility,21 toxic response,11 and inhibition of microbial activity through soil moisture and 
competition between the soil indigenous and augmented population.9,23 
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Fig 2. Main and interaction effect for BE. 
 

 
4  Conclusions 
Statistical analysis of the experiment results showed that all of the three parameters possess both positive (MC and 
ID) and negative (DC) linear impact upon the BE. Antagonistic effect was observed from the interaction between 
the DC-MC and MC-ID while a synergistic effect was found from the interaction between DC-ID. Analysis of 
variance (ANOVA) table demonstrates that the overall linear effect was higher than the interaction terms. Maximum 
BE was observed at the lower initial DC and the BE decreases as the concentration increases. The findings of this 
study could be applied to design the pilot and field-scale bioremediation experiment which primarily focuses on the 
effects of the DC, MC and ID on BE.  
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Abstract. This paper describes the development of a computer program which can estimate parameters of several 
distributions (Wakeby, several Kappas, Generalized extreme value and Gumbel distributions) useful for 
hydrology(Hosking, JRM,Wallis J.R.,1997). Some main points for developing the program are as follows. Firstly, 
maximum likelihood estimation, method of moment estimation and L-moment estimation are used to compute 
parameters. Secondly, Fortran's DLL(Dynamic Link Library) is used for improving the calculation time. Thirdly, we 
adapt a GUI(Graphical User Interface) program for the use of convenience based on visual basic language. Finally, 
the main functions are combined with the estimation of parameters, goodness of fit test, calculation of P-value and 
quantile and graph of probability density function(pdf). 

Keywords: Extreme Value Distribution, Hydrologic risk, L-Moment Estimation, Maximum Likelihood Estimation, 
hydrology, Statistical distributions 

1.Introduction  

1.1 Background 

Frequency analysis is the estimation of how often a specific event will occur. Various distributions, methods of 
estimation of parameters, problems related to regionalization, and other related topics are being investigated in 
statistical hydrology. Estimation of the frequency of extreme events is often of particular importance. Because there 
are numerous sources of uncertainty about the physical processes that give rise to observed events, statistical 
approaches to the analysis of data is desirable. 

1.2 Purpose 

This paper describes the development of a computer program which can estimate parameters of several distributions 
(Wakeby, several Kappas, Generalized extreme value and Gumbel distributions) useful for frequency analysis (in 
hydrology) and forhydrology. For each of the distributions considered, three parameter estimation methods - 
maximum likelihood estimation, method of moment estimation and L-moment estimation (or probability weighted 
moments method) – are implemented 

Fortran's DLL(Dynamic Link Library) is used for improving the calculation time. In addition, we adapt a 
GUI(Graphical User Interface) program for the use of convenience based on visual basic language. 

2. Distribution and estimation of parameters 

2.1 Estimation of parameters 

Flood frequency analysis, using recorded events, provides information on how often a given event is likely to occur. 
Therefore, estimation of the frequency of extreme events is become of particular interest recently in hydrology. 
Common distributions that traditionally have been fitted to historical rainfall data are the gamma and log-normal 
distributions. According to Mielke and Johnson (1973), the gamma and log normal distributions exhibit light and 
intermediate tails respectively, whereas the tail behavior of either the beta-kappa or the beta-p distribution may be 
heavy. With few exceptions the cumulative distribution functions of the gamma and log normal distributions are not 
in closed form. As a consequence, computations involving quantiles and the distribution of order statistic from the 
gamma and log normal distributions are generally quite cumbersome. Recently, many statistical packages are used 
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to solve these computational hassles but having closed form of cumulative distribution and quantile functions makes 
the distribution more easy.  

We used LMOMENTS Fortran subroutines developed by Hosking (2000) to compute the L-moment estimates for 
some distributions. 

2.2 4-parameter kappa distribution 

Parameters(4) :  (location),  (scale), k , h . 

Range of x : upper bound  is   +  /k  if k > 0,   if 0k ; lower bound is  

kh k /)1(  ifk > 0,   +  /k  if  0k , and -  if 0k and 0k . 
hk xFxkxf   11/11 )}({}/)91{)(  (1) 

hkxkhxF /1/1 ]}/)(1{1[)(   (2) 

})
1
(1{)( k

h

h

F

k
Fx





  (3) 

The cases 0h  and 0k  are included implicitly as the continuous limits of (1)-(3) 

   Special cases: 1h  is the generalized logistic distribution; 0h  is the generalized extreme-value 

distribution; 1h  is the generalized Pareto distribution the three-parameter kappa distribution of Mielke and 
Johnson(1973) is a special case of the kappa distribution defined here. Its cumulative distribution function 

,})/({)/()( /1 aabxabxxF   0x ,     0,, ba (4) 

is obtained from Eq.(2) by taking b , ),/( ab )/(1 ak  , and ah  . 

   The kappa distribution is a four-parameter distribution that includes as special cases the generalized logistic, 
generalized extreme-value, and generalized Pareto distributions. The most useful range of parameter values is 

1h . Subject to this restriction, the L-moments of distribution cover a large area of the( 43, )plane. For these 

reasons it is useful as a general distribution with which to compare the fit of two- and three-parameter distributions 
and for use in simulating artificial data in order to assess the a accuracy of statistical methods(Hosking, JRM,Wallis 
J.R.,1997). 

2.3 Return value  

Flood peaks do not occur with any fixed pattern in time or magnitude. Time intervals between floods vary. The 
definition of return period is the average of these inter-event times between flood events. Large floods naturally 
have large return periods and vice versa. The definition of the return period may not involve any reference to 
probability. However, a relationship between the probability of occurance of a flood and its return period can be 
justified. A given flood q with a return period T may be exceeded once in T years. Hence the probability of 

exceedenceis TqQP T /1)(  . The cumulative probability of non-exceedence, )( TQF  is given by the 

following equation: 

T
qQPqQPQF TTT

1
1)(1)()(  (5) 

The above equation is the basis for estimating the magnitude of a flood, TQ , given its return period T. Substituting 

TQF T /11)(   in a known statistical distribution function, one can solve for the magnitude of TQ  Often, the 

data are plotted on probability paper to check whether they follow a particular distribution, to detect errors, and to 
check for outliers. Probability plots require an initial estimate of the probability of non-exceedence 
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Stochastic Analysis of a Time-Stationary Fish Harvesting Policy 
M. A. Shah 

Department of Statistics, University of Rajshahi, Rajshahi-6205, Bangladesh 

Abstract. A non-linear deterministic model has been proposed that encompasses Gordon-Schaefer and Pella-
Tomlinson models and have studied the stochastic version of the model for fish harvesting policy. It has been 
established thatδexceeds 2 and increases gradually, the location of the peak of the yield effort curve moves 
backward, and when δ decreases below 2, the peak moves forward, where δ is the general index of the model. The 
characteristic return time that increases steadily with increases effort and decreases markedly as exploitation exceeds 
maximum sustainable yield level. 

Key Words: Optimal Harvesting and Maximum Sustainable Yield, Asymptotic Stability, Characteristic Return 
Time, Fokker-Planck Equation, Long-Term Average Yield, Long-Term Proportion of Time. 

1 Introduction  

During the last three decades, the management of natural resources in general and that of renewable resources, in 
particular fishery has invited the attention of a large segment of researchers in various field [1-4].The Schaefer 
model which shows relatively extreme forward-peaked curve and the Schaefer & Tomlinson model represents 
relatively extreme backward-peaked curve. The problems are largely concerned with the static behavior of the 
population in the sense that they involve the estimation of average yield or average revenue as a function of the level 
of exploitation [5]. This difficulty could arise even if the intrinsic growth curve and the consequent maximum 
sustainable yield (MSY) points were known exactly. Thus, the two kinds of difficulty are interwoven.  Sissenwine, 
Beddington and May [6-7] all describe the populations intrinsic growth curve by a logistic model. Beddington and 
May argue that the characteristic return time, which describes the rate at which the effects of small perturbations die 
away, gives qualitative insight into the dynamics of the system under exploitation. Holt [8] showing that these 
recruitment curves would in practice be hard to tell apart, but their MSY, harvesting rate and MSY values could be 
different.  

On the other hand, uncertainties crop out in several ways in the biological growth of these resources and arise in the 
management due to involvement of unpredictable human behavior and consequently these problems become 
stochastic in nature. These effects become alarmingly sever if harvesting inadvertently exceeds the MSY level. 
Higher efforts may result into low average yield with high variance [9-11]. In the following section, we have 
proposed deterministic modified logistic law for the fish harvesting and its plausible stochastic extension with 
multiplicative fluctuations arising from the reservoir. Our model encompasses Gordon-Schaefer model, and Pella-
Tomlinson models and we have examined deterministic aspects in detail. We have also explored the asymptotic 

stability of the model and then have studied the ‘characteristic return time’ RT  for different indices of modification. 

The long-term yield and long-term proportion of time are also investigated. 

2 The Models 

Let )(tN denote the stock size at time t . Treating )(tN a continuous variable, which is justified in view of the 

largeness of the stock size, the Gordon-Schaefer model for fish harvesting is described by the differential equation 

 EN
K

N
rN

dt

dN




  1     (1a) 

    thNf     (1b) 

where 0r  is the intrinsic growth rate per unit, K is the carrying capacity of the system and E  is the effort per 

unit catch. In equation (1b),  Nf is called the natural growth function and  th  is called the harvest rate. In view 
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of our discussion in the introduction, at first we consider a collection of six growth curves: Fox, Beverton-Holt, 
Ricker, Logistic and Pella-Tomlinsion-I & II. Following Holt, these curves are made roughly compatible by 
choosing the parameters such that all have the same population level in the un-harvested state, and all have the same 
intrinsic population growth rate at half of the virgin population level. Differences are observed among these 
recruitment curves in practice and their maximum sustainable yield (MSY), harvesting rates and maximum 
sustainable yield levels (MSYL) consequently different. The following Table-1 and Figures:1-4 holds the arguments 
and it is hard to tell the relations among the parameters. In such circumstances we have catalogue the last three 
models as a general model. 

Table-1: Equilibrium values of the Six Recruitment Models 

Sl.No. Recruitment 
Models 

Models with Parameters Equilibrium Stock 
Level 

Sustainable Yield 

1 Fox NNbNNR  log.)( , with 

b=1/log(4) 

bEe /  bEeE /.   

2 Beverton-Holt 

Nbb

N
NR

)1(
)(


 , with b=0.33 

 
)1)(1(

1

Eb

bEb




 
 

)1)(1(

1.

Eb

bEbE




 

3 Ricker )(exp.)( bNaNNR  , with a=9/4 

& b=log(a) 







 )1(

log
1

E

a
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 )1(

log
E

a
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4 Logistic NNNNR  )1()(   E1   EE 1.  
5 Pella-

Tomlinsion-I 
NNbNNR  )1()( 2

,  with 

b=0.66 
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Fig-3:Logistic,Plla-Tomlinsion-I & II
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Here we propose a deterministic extension of Gordon-Schaefer (GS) model by setting 

 EN
K

N
rN

dt

dN





















1

1


,      (2) 

where  is a real positive number exceeding 1, i.e., 1 . Our model (2) encompasses the following three models, 
which have been extensively pursued in the management of fisheries [12]. 

(i) Gordon-Schaefer (GS) model with ,2  

(ii) Pella-Tomlinson model with ,3  and 

(iii) Pella-Tomlinson model with .4  

We would like to point out here that as shown by Lett and Doubleday [13], backward-peaked Pella-Tomlinson 
models give better description of the extensive data on Gulf of St. Lawrence Cod than does the GS model. Since 
these models encompassed by our model (2), the proposed models with changing  would not be mere 
mathematical artifacts, but rather they will cover a much larger spectrum of fisheries. 

Further, keeping in view the fluctuations prevailing in the reservoir discussed earlier, we propose the following 
stochastic extension of the model (2). 

  ,1
1

tVNEN
K

N
rN

dt

dN 
























   (3) 
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where  tV  is a white noise process. Expressed as stochastic differential (3) may be written as 

   ,1
1

dWNdtEN
K

N
rNtdN 






































  (4) 

where  tW  is a Wiener process whose formal derivative is the process  tV . 

2.1 Normalization of the Population and Related Functions 

Following Holt [8], all relevant functions have been brought into a comparable dimensionless form. To achieve this, 
we express population density or stock size   as a fraction of the unexploited equilibrium value, the recruitment 

function  R  as a fraction of that in the unexploited stock, and finally constraining the remaining parameters so 

that the recruitment at half the unexploited stock level is three fourth of the unexploited level, and assuming that the 
natural mortality coefficient becomes unity. The non-zero equilibrium value of the unexploited stock for the model 

(4) is given by ,K  and therefore, we define the dimensionless stock level   by setting 

      
K

tN

N

tN
t         (5) 

Consequently Eq.(2) reduces to  

   ,1 1   Er
dt

d
      (6a) 

       =    thf        (6b) 

and Eq.(6a) reduces to the stochastic differentials  

    dWdtErd    11     (7) 

Further, the growth function and the recruitment functions become 

    11   rf       (8) 

       fR       (9a) 

   .1 1    r      (9b) 

Now we can verify the constraints as imposed by Holt [8]: 
.1)1()(,75.0)5.0()(,0)0()(  RiiiandRiiRi    (10) 

Certainly the constraints )()( iiiandi are satisfied by  R  and the constraint )(ii leads to  
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and therefore,  ,rr   as a function of  , is given by 
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2.2 Optimal Harvesting and Maximum Sustainable Yield (MSY)  

Whenever the harvest rate  th  exceeds the natural growth rate  f , Eq.(6b) becomes ,0
dt

d
 and states the 

stock level decline, and conversely implies harvest rate exceeds the natural growth rate.  When  
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      ,.,.,  fEeifth      (13) 

the stock remains at a constant level. In other words, the natural growth function  f  equals the sustainable yield 

Y , that can be harvested while maintaining a fixed population level   and therefore, the sustainable yield 

  ,   fEY       (14) 

where
  is the non-zero equilibrium solution to (6a). That is, ,0  and satisfies equation 
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Eq. (17) holds Y  is a function of E  and for maximization setting ,0
dE

dY
 we find 
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    (18) 

Since ,rE  therefore, the first factor in Eq.(18) does not vanish, and consequently we find 
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1 rrEE 
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The effort level for which the sustainable yield is maximum and it can be easily established that  

   .01
1

)1(

)2(

2

2



















 







r

E

rdE

Yd
EE

   (20) 

Therefore,  EE , the non-zero equilibrium stock level turns out to be, 
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 rEEY    (22) 

2.3 Asymptotic Stability of MSY 

Whenever there are small perturbations in maxY , with the passage of time maxY is restored. We have seen that maxY  

is attained at the exploitation level  EE , with stock level   E , which are given by Eq.(19) and Eq.(21) 

respectively. A little bit of algebraic calculations yield 

      ,01
)(,
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d
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EEE

   (23) 

because 1  and 0r and established the asymptotic stability of maxY . 
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In passing, we would like to remark that for all 1 , our model remains compensatory. This can be ascertained 
from the fact that 

 
    .01 2 







 




r

f

d

d
    (24) 

2.4 Sustainable Yield versus Effort 

In order explore the Lett and Doubleday [13] remark, we consider five special cases with δ=1.5,2.0,2.5,3.0 and 4.0. 
Following Holt [8], these curves are made almost compatible by choosing the parameter r such that all have the 
same population level   in the un-harvested state, and all have same intrinsic population growth rate at half this 

virgin level. It is remarkable to note that when   moves to the right of ,2  the required effort E  decreases 

while the maximum sustainable yield maxY increases. Thus harvesting of that species is more profitable in terms of 

the biomass for which 2 as compared to that for which .2  
 
Table-2: Effort and Maximum Sustainable Yield 

SL.No.   )(r  E  )(  E  maxYMSY   

1 1.50 1.707 0.569 0.444 0.253 

2 2.00 1.000 0.500 0.500 0.250 

3 2.50 0.773 0.464 0.543 0.252 

4 3.00 0.667 0.444 0.577 0.257 

5 4.00 0.571 0.428 0.630 0.270 

For graphical representation of such situation, we have plotted, the recruitment function  R  against stock level 

in Figure-5, the sustainable yield  Y  against effort E  in Figure-6, and sustainable yield per unit effort 
 
E

Y 

against E  in Figure-7 

 

2.5 Characteristic Return Time for Harvested Stock 

In this section, we shall examine the dynamic aspect. The basic question addressed to is how exploitation affects the 
rate at which the stock tends to recover, when perturbed from equilibrium value. For a model described by a system 

of differential equations, it characteristic time RT  is given by the reciprocal of the magnitude (absolute value) of the 

real part of the dominant eigenvalue of its Hessian matrix, provided all the eigenvalues lie in the left half of the 
complex plane. (that is, the real part of the each eigenvalue is negative). In the absence of any delay time, our model 
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Effort 

0

0.2

0.4

0.6

0.8

1

1.2

0 0.5 1  1.5

Effort,E

This image  
cannot 
currently 
be 
displayed.

This image  
cannot 
currently 
be 
displayed.

Y1/E

Y2/E

Y3/E

Y4/E

Y5/E

Fig-6:Estimated Yield vs Effort

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0 0.5 1 1.5

Effort

Yield

Y1

Y2

Y3

Y4

Y5

Fig-5:Recruitmentvs Growth 

0 
0.2

0.4

0.6

0.8

1 
1.2

1.4

0  1  2  3  4 
Growth

Recrui

R3

R4

R5

R6

R7

R8



76 
 

is completely described by a single ordinary differential of order 1, viz, Eq(2). Therefore, the characteristic times 

 0RT  for the virgin population, and  ETR  for the harvested population turn out to be, 
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Here  E  is the equilibrium population   corresponding to effort E . Substituting  the value  f  from Eq.(8) 

and of  E  from Eq.(16), we obtain  

        110   rTR       (27) 

and 

         11  ErETR       (28) 

where  r ,  for any   is given by Eq.(12). 

Therefore, the characteristic return time for a stock subject to constant harvesting ,E  relative to that for a virgin 

population becomes 
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Relation (29) shows that as the effort tends to  r , the ratio 
 
 0R

R

T

ET
 tends to infinity. In other words, if the 

exploitation reaches the intrinsic natural growth constant for a population then return to the equilibrium stock level 

is next to impossible. Fig. 8(a) to Fig.8(e) show 
 
 0R

R

T

ET
 as a function of  ,E  along with the yield-effort curves for 

δ=1.5,2.0,2.5,3.0 and 4.0. 
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Figure 8(a) to 8(e) shows that characteristic return time as a function of effort along with the yield-effort relation for 

different values of δ. For the Gordon-Schaefer model Figure- 8(b), states that RT  increases steadily with the 

increment of E . The characteristic return time ( RT ) increases markedly as exploitation exceeds maximum 

sustainable yield (MSY) levels. These features are relatively more remarkable for the Pella-Tomlinson model as 
depicted in Figure 8(d) and 8(e). However, for 5.1 , less pronounced feature is observed which follows forward-
peaked growth curve. 

3 Stochastic Analysis 

In this section we shall carry out analysis of the harvesting model described by stochastic differential equation (4), 

subject to the proviso: harvest while   ,cNtN   and refrain from harvesting when   cNtN  , where cN  is the 

critical size determined empirically. As shown by Abakuks [14-16], it can be proved even for our model that the 

Fig-8(e):Individual Recruitment Curve

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

0 1 2

Effort, E

Yield, 

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

T R 

(E)/T 
R 

(0) 
T4,?=4

Y4,r=1.25,?=4

Fig-8(d):Individual Recruitment Curve

0

5

10

15

0 0.5 1

Effort, E

Yield

0
0.1
0.2
0.3
0.4
0.5

T
R

(E)/T
R

(0)
T4,?=3

Y4,r=1.25,?=3

Fig-8(c):Individual Recruitment 
Curve

0

5

10 
15 

0 0.5 1

Effort,E 

Yield

0 
0.2 
0.4 
0.6 

T
R

(E)/T
R

(0) 
T3,?=2.5

Y3,r=1.25,?=2
.5 

Fig-8(b):Individual Recruitment 
Curve

0

5

10

15

0 0.5 1

Effort, E

Yield, 

0

0.2

0.4

T
R

(E)/T
R

(0)
T2,?=2 
Y2,r=1.25,?=2 

Fig-8(a): Individual Recruitment
Curve 

0

1

2

3

0 1 2

Effort, E 

Yield

0

0.1 

0.2 

T
R

(E)/T 
R

(0)
T1,?=1.5 

Y1,r=1.25,?=1
.5



78 
 

time-stationary policy leads to the maximum long term yield. Keeping these remarks in mind, and continuing with 

normalized fish stock    
K

tN
t  , our model (4) reduces to  

       tdWdttHErd c    11    (31) 

where  H  is the Heavyside function, defined by  

The relevant Fokker-Planck equation corresponding to the stochastic differential equation (31) would be  
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where the drift and diffusion terms will be given by 
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In the steady-state Eq.(32) becomes 
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Eq. (35a) and Eq.(35b) can be arranged in the following separate forms which lead to direct integration. 
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Integrating Eq.(36a) and Eq.(36b), we obtain 
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where A  and B are constants of integration, and are to be determined from the continuity condition 
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and the normalization condition 
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in Eq.(39), we obtain 
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On simplification, 
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where, 
1

1
  ccu . 

For the existence of a stationary solution A  and B  both should be non-vanishing, because the vanishing of one 
implies the vanishing of the other in view of the continuity condition Eq.(38). Further, the existence of 

 cu,21    requires ,21    or equivalently .Er  This is precisely a necessary condition for the non-

trivial harvesting. The long-term yield for a given critical size c  is given by  
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Finally, substituting the value of B  from Eq.(42) into Eq.(43) and simplifying, we find 
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Finally, the long term proportion of time  cT  , for given c , that is spent in harvesting is given by 
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3.1 Determination of Maximum Expected Long-Term Yield  

The expression Eq.(45) for the expected long-term yield shows that  cY   depends upon the value c . However,  cY   

involves incomplete Gamma functions, the method of calculus seems well nigh impossible, and we have to resort to numerical 

methods. To this end for a given policy,  cY   is plotted against c . For various values of δ, we have already evaluated the 

corresponding r  and 
E and have listed in the Table- 2. Using 05.02   and 

 EE  from the Table-2, we have 

computed  cY  and  cT   for c =0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1 and have presented in Fig.-9(a) & (a’),Fig.-10(a) & 

(a’) and Fig.-11(a) & (a’). The value 

c  for which  cY   becomes maximum are also highlighted as well as  cT   is a non-

increasing function of c  for obvious reasons are shown in Fig.-12(a)-(c). 
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Abstract: Metabolic pathway analysis is increasingly promising for assessing inherent network properties in 
biochemical reaction networks. Metabolic pathways are series of chemical reactions occurring within a cell. 
Pathways are the reaction sets linked by having the product of one reaction be the reactant of the next reaction in the 
chain. Enzymes catalyze these reactions, and often require dietary minerals, vitamins, and other cofactors in order to 
function properly. The collection of pathways is called metabolic network. A challenging task for the future is the 
calculation and study of the complete set of pathways at a genomic scale, and its combination with cellular 
regulation to obtain the whole picture. Metabolic engineering strives to use this knowledge to manipulate metabolic 
reaction networks in order to achieve some objectives of complex biochemical reaction networks. The ultimate goal 
of metabolic engineering is to be able to produce valuable substances on reaction networks in a cost effective 
manner. Various metabolic engineering strategies have been widely applied for the more efficient production of 
desired metabolites and biomolecules. In this paper, we demonstrate some methodologies have been developed to 
describe for systematic organization and to analyze the metabolic behavior (networks) of an organism or a living cell 
depending on the goals of the metabolic pathway analysis to understanding the complex metabolic network. 

Key words: Metabolic Engineering, Metabolic Flux Analysis, Flux Balance Analysis, 13C-Metabolic Flux Analysis, 
Elementary Mode Analysis, Extreme Pathway Analysis. 

1.  Introduction 

A cell is a complex system composed of a large number of molecular components, including nucleic acids, proteins, 
and metabolites (Caspi et al., 2010). Metabolic pathway analysis is the discovery and analysis of meaningful routes 
in metabolic networks. Metabolic pathway is a series of chemical reactions occurring within a cell, catalyzed by 
enzymes, and resulting in either the formation of a metabolic product to be used or stored by the cell or the initiation 
of another metabolic pathway. Intuitively, a pathway should be a set of connected reactions; it is rather more 
complicated to give an exact definition of ‘meaningful’, which should cover physiological as well as 
biotechnological aspects (Klamt and Stelling 2003). Pathway analysis undoubtedly has great potential for 
biotechnology and metabolic engineering. It helps us gain a better understanding of the cellular metabolism and to 
find possible targets for manipulation in complex metabolic networks. First attempts to analyze the pathway 
structure in complex networks, partially by subdividing them, reveal interesting results (e.g. on pathway 
redundancy) that are useful for comparing different networks. Cellular metabolism is most often described and 
interpreted in terms of the biochemical reactions that make up the metabolic network. The underlying pathway 
structure that is determined from the set of extreme pathways now provides us with the ability to analyze, interpret, 
and perhaps predict metabolic function from a pathway-based perspective in addition to the traditional reaction 
based perspective. Metabolism is broadly defined as the complex of physical and chemical processes involved in the 
maintenance of life. It is comprised of a vast repertoire of enzymatic reactions and transport processes used to 
convert thousands of organic compounds into the various molecules necessary to support cellular life. Metabolic 
engineering specifically seeks to mathematically model these networks, calculate a yield of useful products, and pin 
point parts of the network that constrain the production of these products(Yang et al., 1998).  
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In the above reaction network, S is changed into A (this may consider as the intake of substrate from outside of the 
cell), A is converted to B and C through reaction v1 and v2, B is converted to D by reaction v3, and C is converted to 
E through reaction v4. Therefore, the mas balance equation for intracellular metabolites A, B and C can be written as 
a matrix form as follows: 

)1(00

10100

01010

00111

4

3

2

1






























































SV

v

v

v

v

v

C

B

A

dt

d

O

 

Where S is the stoichiometric matrix and V is the reaction rector or flux vector. We illustrate the procedures used for 
the calculation of MFA using the simple example pathway shown in Fig.1. In the case where v0 and v3 are 
measurable (known) in the intracellular metabolites A, B and C, the stoichiometric matrix can be separated into 
known and unknown parts: 
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By moving the known part to the right side of the equation and multiplying by the inverse of the unknown part of 
the stoichiometric matrix on both sides of the equation, the unknown fluxes (v1, v2, and v4) can be expressed as a 
function of the measurable (known) fluxes (v0 and v3): 
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At this stage, the unknown flux vector can, in principle, be solved using the stoichiometry and the known 
measurable fluxes. However, before actually solving for the fluxes, we must consider the degrees of freedom of the 
network (Stephanopoulos et al., 1998).The number of degrees of freedom is the number of independent fluxes and is 
calculated as follows: 

                                          d=n-k-m         (4) 

where d is the degrees of freedom, n is the number of fluxes, k is the number of constraints, and m is the number of 
measurable fluxes. If the number of degrees of freedom is 0 (a “determined system”), the fluxes are determined as a 
unique solution; that is, the solution is the intersection of the lines which represent constraints. Furthermore, if the 
number of degrees of freedom is less than 0 (an “overdetermined system”), then the minimum norm and least-
squares solution can be calculated using the Moore-Penrose pseudo inverse method (Penrose, 1955 and 
Stephanopoulos et al., 1998). However, if the number of degrees of freedom is greater than 0 (an “underdetermined 
system”), then immense solutions exist because of the lack of constraints. Therefore, we can determine the unknown 
fluxes using MFA quite easily when the system is either determined or overdetermined. Underdetermined systems 
require more constraints to reach a particular confined solution. 

The primary challenge in the use of MFA is that many biological networks are underdetermined systems. To 
overcome this problem we can apply Flux Balance Analysis (FBA) and 13C-Metabolic Flux Analysis (13C-MFA), 
both of which are frequently used to solve such underdetermined systems. There are two major approaches to 
applying MFA to such underdetermined systems: (1) prediction of flux distribution based on an objective function 
by flux balance analysis (FBA) and (2) the monitoring of flux distribution by MFA employing a 13C-labeling 
technique, alternatively known as 13C-metabolic flux analysis. 
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4.  Flux Balance Analysis  

Flux Balance Analysis (FBA) is a constraint-based approach used to predict the (quasi-) steady state fluxes by 
applying mass balance constraints and objective functions (Varma and Palsson 1994; Feist and Palsson, 2010). To 
predict fluxes in the exponential growth phase, maximization of the biomass yield orAdenosine-5'-triphosphate 
(ATP) yield is frequently used as the objective function (Van Gulik and Heijnen, 1995). We can evaluate the 
maximum yield of the specific compound using maximization of the target production rate as the objective function. 
Because FBA can be performed from the network information alone and without the enzyme kinetics, many FBA 
studies use genome-scale metabolic pathways rather than a small pathway alone, such as the central carbon 
metabolism pathway. To predict metabolic fluxes using FBA, a stoichiometric model is first constructed, as in 
general MFA. The solution space is then limited by the addition of constraints, such as the upper or lower bounds of 
each flux, and a unique flux distribution is then predicted by applying an objective function. Because a linear 
objective function is generally used, the flux distribution that maximizes or minimizes the objective value can be 
solved by linear programming. 
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Where ck is a weight coefficient for flux vk, and the superscripts lb and ub represent lower and upper boundaries, 
respectively. Although FBA is a powerful method of solving underdetermined systems, the choice of an appropriate 
objective function can be subjective and requires careful consideration. While the maximization of biomass yield is 
frequently used as the objective function in many studies, it is not certain whether a single objective function can be 
universally applicable, especially for gene knockout mutants (Toya et al., 2010). To solve this problem, advanced 
FBA have been proposed. Minimization of metabolic adjustment (MOMA)( Segre et al., 2002) and regulatory on/off 
minimization (ROOM)( Shlomi et al., 2005) are such methods that can be used for gene knockout mutants, building 
from a wild type solution obtained previously by FBA. However, it should be noted that these methods are based on 
some assumptions. How, then, can more reliable fluxes be obtained? In this context, we introduce another method 
that employs a 13C-labeling technique to measure the metabolic fluxes indirectly known as 13C-Metabolic Flux 
Analysis (13C-MFA).  

5.  13C-Metabolic Flux Analysis 
13C-Metabolic Flux Analysis (13C-MFA) is frequently used when the systems of stoichiometric modeling are 
underdetermined (lack of constraints). Carbons atoms are naturally found in 3 forms; 12C with 6 protons and 6 
neutrons, 13C with 7 neutrons and 14C with 8 neutrons exist in trace amounts. 13C is useful in MFA, because it can be 
distinguished from 12C through techniques such as nuclear magnetic resonance (NMR) spectroscopy and mass 
spectrometry (MS) (Shimizu, 2004). A typical 13C-MFA procedure consists of the following steps: (1) determine the 
analytical pathways and the substrate-labeling pattern from the prospective metabolism (2) conduct a 13C-labeling 
experiment under the steady state condition, and measure the labeling patterns of proteinogenic amino acids using 
gas chromatography-mass spectrometry (GC-MS) and/or nuclear magnetic resonance (NMR) spectroscopy 
(Shimizu, 2004); (3) construct a stoichiometric model and the isotopomer balance equations for intracellular 
metabolites based on the network determined in step 1 and (4) optimize the flux distribution by determining the 
labeling patterns of proteinogenic amino acids computed from the assumed fluxes in step 3 as the best fit to the 
experimental data obtained in step 2 (Zhao and Shimizu 2003). Several methods have been proposed to express the 
isotope labeling pattern of compounds, including the isotopomer method (Schmidt et al., 1997) and the elementary 
metabolite units method (Antoniewicz et al., 2007). In this section, we describe the isotopomer method using a 
simple example (Fig.2) pathway (Toya, et al., 2011). The pathway consists of two reactions (v1 and v2), that 
metabolizes two substrates (S1 and S2) to the same product (P) via the same intermediate (X). In this model, the 13C-
labeling pattern of each compound is expressed as an isotopomer distribution vector (IDV). Each IDV contains the 
molar fractions of the 2nisotopomers and the sum of each vector is 1.  
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The i-th column for the P matrix is the i-th EM vector: ei = (e1i, e2i, ... ,eni)
t. The flux distribution can be also 

represented as a superposition of the EM vectors with non-negative 

EMCs as follows: 
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EM analysis is a useful metabolic pathway analysis tool to identify the structure of a metabolic network. The EM 
analysis can decompose the intricate metabolic network comprised of highly interconnected reactions into uniquely 
organized pathways. These pathways, consisting of a minimal set of enzymes that can support steady state operation 
of cellular metabolism, represent independent cellular physiological states (Trinh et al., 2009). However, EM 
analysis does not decompose the reversible reactions into two irreversible reactions in calculating EMs and 
introduces a systematic way of extracting biologically meaningful pathways from an intricate metabolic network. In 
this context, an alternative approach is Extreme pathway analysis (Schilling et al., 2000).   

Extreme pathway analysis concept is closely related to EM analysis because extreme pathways are a subset of 
elementary modes. The extreme pathway analysis can be considered as a hybrid between stoichiometric network 
analysis and EM analysis. In calculating extreme pathways (ExPas), the analysis splits only the internal reversible 
reaction into two irreversible reactions while it does not decompose reversible exchange reaction (Trinh et al., 
2009). Different from EM analysis, extreme pathway analysis contains one additional constraint to make all extreme 
pathways systematically independent (Schilling et al., 2000). The metabolic flux vector can be expressed as a 
nonnegative linear combination of extreme pathways or elementary modes in metabolic reaction networks. The 
extreme pathways are the systematically independent subset of elementary modes; that is, no extreme pathways can 
be represented as a nonnegative linear combination of any other extreme pathways. The two sets extreme pathways 
and elementary modes are identical when all reactions including both internal and exchange reactions are 
irreversible in metabolic networks. Therefore, the identification of extreme pathways depends on the reconfiguration 
of the metabolic network analyzed, while the identification of elementary modes does not. For instance, extreme 
pathways identified in a metabolic network whose reversible exchange reactions split into two irreversible reactions 
may not be extreme pathways to any further extent in the original metabolic networks whose reversible exchange 
reactionsdo not split (Klamt and Stelling 2003). EM analysis used in order to understand regulation of a human red 
blood cell metabolism using singular value decomposition (price et al., 2003). 

7.  Concluding Remarks 

Metabolic engineering provide clear and insightful information regarding the activity of metabolic complex reaction 
networks from an individual reaction based perspective. The metabolic pathway is a collection of step by step 
modification. The initial substance used as substrate by the first enzyme is transformed into a product. This product 
will then be the substrate for the next reaction. MFA is a promising method for quantitative estimation of the flux 
distribution of the enzymatic pathway network and provides important clues for the understanding of metabolism. 
MFA is performed using the stoichiometric model of the pathway network, which is constructed from pathway 
databases and does not require a priori knowledge of detailed enzyme kinetics. Therefore, we can determine the 
unknown fluxes using MFA quite easily when the system is either determined or overdetermined. In biological 
pathways, the majority are underdetermined systems. In this context, there are two approaches; FBA and 13C-MFA 
are commonly applied to such underdetermined systems. FBA is a convenient means for the prediction of the flux 
distribution from network information alone, but it is based on an empirically selected objective function. Although 
13C-MFA requires expensive labeling experiments and complex calculations using an isotopomer model, it provides 
much more reliable results, revealing more realistic intracellular fluxes of enzymatic reactions. Metabolic pathway 
analysis can identify all metabolic flux vectors that exist in a metabolic network without requiring knowledge of any 
fixed flux or imposing any objective function to cellular metabolism. Two most promising concepts for pathway 
analysis, one relies on elementary mode analysis and other on extreme pathway analysis. These concepts are closely 
related but not identical although extreme pathways are a subset of elementary modes. Two are identical when all 
reactions including both internal and exchange reactions are irreversible in a metabolic networks. 
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Abstract. Factor Analysis (FA) is one of the most popular unsupervised statistical technique for reducing 
dimensionality of multivariate data. However, classical factor analyzers are very much sensitive to outliers. There 
are some robust factor analyzers based on Minimum Covariance Determinant (MCD), Minimum Variance Ellipsoid 
(MVE) and OrthogonalizedGnanadesikan-Kettering (OGK) estimators which are not so good for high dimensional 
datasets. To overcome this problem, in this paper, we propose robustification of factor analyzers using minimum β-
divergence estimators. The performance of the proposed method depends on the value of tuning parameter β. The 
proposed method reduces to the classical factor analyzers when β → 0. The performance of the proposed method in 
comparison to the classical FA as well as robust FA based on MCD, MVE and OGK was investigated using 
simulated datasets and simulated gene expression datasets. We utilized factor loading scores for two-way clustering 
of gene expression data. It is observed that the proposed method improves the performance over the traditional as 
well as existing robust factor analyzers in presence of outliers. Otherwise, it keeps equal performance to the classical 
method.  

Keywords: Factor analyzers, Covariance matrix, Minimum β-divergence estimators, Robustness, Gene Expression 
Data, Differentially expressed (DE) genes, and Clustering. 

1 Introduction 

FA is a statistical method used to uncover the latent dimensions of a set of variables. It is widely used in behavioral 
science, social science, marketing, economics and most recently in bioinformatics. In general, the aims of FA is to 
extract the most informative m-dimensional unobservable random vector F = {f1, f2, · · · ,fm}, known as factors from 
observable vector x = {x1, x2, · · · , xp}of dimension p ≥ m. From the definition of FA model (Anderson , 2003; 
Johnson and Wichern , 2007), it can be written in matrix notation as 

	                                                     (1.1) 

where, , 	 , ⋯ , 	  is the mean vector, , 	 , ⋯ , 	 	 is the vector of error and L is the (p × m) 
dimensional factor loading matrix. The entries of the factor loading matrix indicate the strength of the dependence of 
each observed variable on each factor. 

FA model assumes that, the error terms   are independent, and multivariate normally distributed with mean zero 
and covariance matrix , ~ 0, , where, diag , ,⋯ , . Also assume that, E(F) = 0 and Cov	
. Using these assumptions we obtain, 

 

                                                         		 diag                                                    (1.2)    
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The mean vector μ and the covariance matrix V are estimated by 
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 However, we know that the standardization of the data vector avoids the problems having one variable with large 
variance unduly influencing the determination of factor loadings and the sample covariance matrix obtained by the 
standardization of the data vector will be the sample correlation matrix R. Therefore, we use the correlation matrix 
in place of covariance matrix. The correlation matrix can also be computed directly from the covariance matrix as 

(1.4) 

where, rjkis the Pearson’s correlation coefficient between  j-th and k-th variables.  Now we may use R instead of V in 
equation (1.2) and it can be written as, 

diag (1.5) 

However, it is well known that the estimation of the mean vector μ and the covariance matrix V as well as the 
correlation matrix R as defined in equation (1.3) and (1.4) are very much sensitive to outliers. Therefore, traditional 
FA based on (1.4) produces misleading results in presence of outliers and a robust factor analyszers would be better 
than traditional factor analyszers. There exist some robust factor analyzers based on MCD, MVE and OGK 
estimators those are not so good for high dimensional contaminated datasets. To overcome these problems, in this 
paper, we propose a highly robust factor analysis algorithm with the correlation matrix based on the minimum β-
divergence estimators. 

2 Robustification of Factor Analyzers by the Minimum β-Divergence Estimators (Proposed) 

From the previous section we have seen that the factor loading matrix L depends on the covariance matrix V (or 
correlation matrix R). However, classical covariance matrix is not robust against outliers. There exist some robust 
covariance matrix like MCD, MVE and OGK. However, these estimators also show weak performance for high 
dimensional datasets. To overcome this problem we propose the minimum β-divergence estimators for the mean 
vector μ and the covariance matrix V for factor analysis those are obtained iteratively as follows 

∑ ; ,
∑ ; ,

																																																																											 2.1  

and 

∑ ;	 	, 	 	

1 ∑ ;	 	,
																																																				 2.2 	 

where, ; 	 , ′  be the β-weight function. 

The minimum β-divergence estimators for μand computed iteratively by (2.1) and (2.2) are highly robust against 
outliers. If p > n or  does not exist, then Moore-Penrose (M-P) generalized inverse of V instead of regular 
inverse should be used for updating equations (2.1) and (2.2) by the β-weight function. For β → 0, the minimum β-
divergence based covariance matrix as obtained iteratively by equation (2.2) with (2.1) and, reduces to the 
standard covariance matrix as defined in (1.3) . 

Let us assume that, the robust covariance matrix with dimensions p× p is computed by minimum β-
divergence method. Then the β-correlation matrix with dimension p × p is computed which is defined as 

	     (2.3) 

where, is the robustified Pearson’s correlation co-efficient between j-th and k-th variables. 

Let the robustified correlation matrix have eigen-values and eigen-vectors pairs	 , ̂ ,	 , ̂ , …, , ̂ ; 
satisfying 	 ⋯ . Let m< p be the number of common factors. Then the matrix of the estimated 
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robustified factor loadings  ℓ ( j=1, 2, · · ·, p; k =1, 2, · · ·, m) which are extracted by principle factor method can 
be written in matrix notation as 

̂ 			 ⋮ 		 ̂ 			 ⋮ 				⋯ 				 ⋮ ̂      (2.4) 

Using equation (2.4) the factor scores can be estimated as 

     (2.5) 

where, indicates standardization of . For these factor scores, 

∑ 0		and ∑ ′  

These factor scores can be used for various purposes like principal components. 

2.1 Two-way Clustering for Microarray Gene Expression Data by Robustified Factor Loading Scores 

Microarray gene expression data analysis for identification of important genes is one of the most popular research 
field in bioinformatics. In the high dimensional microarray data analysis, it is often seen that most of the researchers 
are interested to detect differentially expressed (DE) genes along with their classification/clustering as well as 
patients or individuals classification/clustering. For this purpose at least two different statistical algorithms are 
widely used in the literature (Pournara and Wernisch, 2007; Wang et al., 2010). In this paper we propose factor 
analyzers as an alternative approach for both purpose mentioned above. To do this, we perform two-way clustering 
on micro-array gene expression data using factor loading scores as discussed below. 

To describe two-way clustering by the proposed robustified factor loading scores, at first we assume as an 
unobservable matrix of two-way original cluster for the expression of n-genes with p-individuals (e.g. patient labels 
or any other phenotypic labels). Also let be the observable matrix whose rows (columns) are obtained by the 
random allocation of the rows (columns) of the original cluster S. Here the main problem is to recover the 
unobservable original cluster from the observable matrix . Table 1 summaries the procedure for two-way 
clustering by the robust factor analyzers. 

Table 1: Summary of Two-way Clustering by the Robustified Factor Loading Scores 

(i)  Select an appropriate β by cross validation (Mollah, et al. , 2007). 
(ii) Compute for  iteratively using equation (2.2) with data matrix . 
(iii) Compute β-correlation matrix based on using equation (2.3). 
(iv) Compute β-loading matrix based on using equation (2.4). 
(v)  Based on high and low absolute value of loading scores of the first factor, separate the DE and EE 

genes respectively. 
(vi)  Cluster the DE genes in two groups based on positive and negative loading scores. 
(vii) Perform (i)-(iv) and (vi) for columns(individuals) clustering. 
(viii) Then the original structure will be recovered from . 

3 Performance Investigations by Simulation Study 

In order to investigate the performance of the proposed method in a comparison of the classical FA and other 
existing robust FA based on MCD, MVE and OGK estimators, we have drawn the unobservable factor variable F 
from a Gaussian distribution with zero mean vector and covariance matrix I. The mean vector μ is generated 
randomly. The loading matrix L is formed with m = 3 factors. Low factor loading scores are used in the interval 
0.004 to 0.06 and high scores are in the interval 0.97 to 0.99. First, second and third factor explain 50%, 30% and 
20% of the total variability respectively. The error term   is added in each dimension p with mean zero and 
variance	 . Then using equation (1.1) we generate the datasets to investigate the performance. In all datasets, 
column represents the variables and row represents the data vectors corresponding to each variable. 

Fig. 1 represent line charts of the mean square error (MSE) of the estimated factor loading score (MSE( )) for the 
classical, MVE, MCD, OGK and the proposed methods with respect to the number of feature variables (10, 20, 30, 
40, 50) in presence of 0% (Fig. 1(a)), 10% (Fig. 1(b)), 20% (Fig. 1(c)) and 50% (Fig. 1(d)) rows and columns 
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Figs. 2(a-d) represents the line charts of the MSE( ) results for all five methods with respect to the data 
contamination rates in the rows 0%, 5%, 10%, 15%, 20%, 25%, 30%, 35%, 40%, 45% and 50% respectively and 
10% columns contamination for each dataset in the cases of 10 variables (Fig. 2(a)), 20 variables (Fig. 2(b)), 40 
variables (Fig. 2(c)) and 50 variables (Fig. 2(d)). From these results we see that the proposed method perform better 
than the classical FA as well as other robust FA based on MCD, MVE and OGK estimators also. So we may 
conclude that, the proposed method perform better than other existing method in case of data contamination, 
otherwise it shows almost same performance.   

3.1 Two-way Clustering for the Simulated Gene Expression Dataset using the Factor Loading Scores 

Let us consider a model for generating both differentially expressed (DE) and equally expressed (EE) genes 
displayed in Fig. 3(a) which is also used in Nowak and Tibshirani (2008). In Fig. 3(a), first column represents the 
gene expression for an individual in group A and the second column represents the gene expression for an individual 
in group B. First row represent the genes from the DE group (G1), second row represent the genes from the another 
DE group (G2) and third row represent the genes from EE group (G3). To randomize the gene expression, Gaussian 
noise is added from		 0, . Thus, we generate a gene expression dataset using the model 3(a) with parameters d 
= 2 and σ2 = 1 which is displayed in Fig. 3(b), where n1 = 9 genes denoted by 11, 12,…		 , 19 ∈ 1, n2 = 9 
genes denoted by 21, 22, . . . , 29 ∈ 2and n3 = 6 genes denoted by 31, 32, . . . , 36 ∈ 3. Here each gene 
is expressed with p1 = 6 individuals in group A and p2 = 6 individuals in group B. This original data structure is 
denoted by (S) which is unobservable. To make the dataset like the real gene expression data, we randomly mix up 
the rows (genes) and columns (individuals) of S which is denoted by X and is displayed in Fig. 3(c). Here the main 
objective is to recover the DE genes structure from the X. Figs. 3(d-e) represent the recovered DE genes structures 
from the mixture data X using the classical factor loading scores and the proposed robust factor loading scores 
respectively. We observe that both procedure show good two-way clustering performance to recover the original DE 
genes structure in absence of outliers. 

It should be noted here that the microarray gene expression data are often contaminated by outliers due to several 
steps involve from data generation to image processing (Gottardo et al., 2006). To investigate the robustness 
performance of the proposed method in a comparison of the classical method for two-way clustering to recover the 
original DE gene structure, we contaminated 15% rows (genes) and 25% columns (individuals) by outliers in the 
dataset which is denoted by ∗and is displayed in Fig. 3(f). Figs. 3(g-h) represent the recovered DE genes structures 
from the contaminated mixture data ∗using the classical factor loading scores and the proposed robust factor 
loading scores respectively as before. We observe that classical procedure cannot recover the original DE gene 
structures, while the proposed method shows the good performance to recover the original DE genes structure as 
before. 

4 Conclusions 

In this paper we have discussed the robustification of factor analyzers by the minimum β-divergence estimators. The 
performance of the proposed method depends on the value of the tuning parameter β. The proposed method reduces 
to the classical factor analyzers for β = 0. We select appropriate β by cross-validation (Mollah, et al., 2007). We 
investigated the performance of the proposed method in a comparison of the classical method as well as other robust 
procedure based on MCD, MVE and OGK using simulated datasets. We also simulated microarray gene-expression 
dataset to investigate the performance of the proposed method for two-way clustering of gene-expression data. We 
observe that the proposed method improves the performance over the other four methods (classical, MVE, MCD, 
OGK) in presence of outliers. Otherwise all 5 methods produce almost similar results. 
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Abstract. Simple interval mapping (SIM) approaches have been playing the significant role for QTL (quantitative 
trait loci) analysis. However, these approaches cannot detect the linked genes. Composite Interval Mapping (CIM) is 
one of the most popular approaches for identification of linked genes even if they are situated so close at the same 
chromosome. However, it is not robust against phenotypic outlier. So in this paper, an attempt was made to robustify 
the CIM approach for backcross population by maximizing β- likelihood function. The performance of the proposed 
method depends on the value of tuning parameter β. It reduces to the traditional CIM when β → 0. In this 
investigation, the performance of the proposed method in comparison of CIM and SIM (IM, HK and eHK) 
approaches for identification of linked genes by simulation study was also employed. It is observed that SIM 
approaches cannot detect the linked genes, whereas CIM can detect linked genes correctly in absence of phenotypic 
outliers only. However, the proposed robust CIM method is able to detect the linked genes in both absence and 
presence of phenotypic outliers. Thus the proposed method improves the performance over the existing interval 
mapping approaches for QTL analysis. Genotypic data are often missing in the real data sets. So in this study, we 
also propose a procedure for estimating the missing genotype using Bayesian classification. Simulation result shows 
that, if we classify 25% missing genotypes than maximum 5% genotypes could be misclassified. And we can also 
identify actual QTL position using estimated genotypes either linked or unlinked. 

Keywords: Composite Interval Mapping, Link genes, QTL analysis, Gaussian Mixture distribution, Maximum β-
likelihood estimation, LRT, Robustness. 

1 Introduction 

The genetic effects associated with marker genotypes are confounded by the position of a functional QTL and its 
actual effect. Simple Interval Mapping (SIM) approaches (e.g., IM, HK, eHK etc.) are widely used for identification 
of unlinked genes. However, these methods cannot detect the linked genes completely. Linked genes are situated 
close to each other in the same chromosome. The CIM approach is a powerful analytical technique which can 
separate the effects of QTL’s from its position as well as increase the reliability and accuracy of QTL mapping, the 
effects of possible multiple linked QTL’s on a chromosome should be adequately separated in testing and 
estimation. CIM approach has several advantages than other mapping methods. The basis of this method is an 
interval test in which the test statistic is constructed to be unaffected by QTLs located outside a defined interval. 
This is achieved by using the properties of multiple regression analysis (Zeng 1994). A natural way to eliminate the 
influence of genetic background is to attempt to remove this confounding information using covariates or cofactor. 
This is the approach of composite interval mapping, which constructs test statistics by combining interval mapping 
on two flanking markers and multiple regression analysis on the other markers. For this property it can identify 
linked genes that are situated in near in the same chromosome. However it is not robust against phenotypic outlier. 
In this paper, we robustify the CIM approach for removing the effects of the phenotypic outlier. 
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2 Statistical Genetic Model for CIM Approach 

The CIM is a powerful interval mapping approach for detecting QTL’s position. This approach modifies the 
standard interval mapping approach to include additional markers as cofactors for QTL analysis. This method was 
described independently by Zeng (1994) and Jansen and Stam(1993). For Backcross population, suppose that we 
want to test for a QTL on a marker interval (i, i+1). If we use markers iand i+1 as an indicator for the genotype of 
the putative QTL within the interval, then the statistical model suggested by Zeng as – 

j = 1,2,…,n                                             (2.1) 

 

where, yj is the trait value of the jth individual, b0 is the mean of the model, b∗ is the effect of the putative QTL 
expressed as a difference in effects between homozygote, xj

* is an indicator variable, taking a value 1 or 0 with 
probability depending on the genotypes marker i and j and the position being tested for the putative QTL, bk is the 
partial regression coefficient of the phenotype y on the kth marker, xjk is a known coefficient for the kthmarker in the 
jth individual, taking a value 1 or 0 depending on whether the marker type is homozygote or heterozygote and ej is a 
random variable. 

Assuming ej’s are identically and independently normally distributed with mean zero and variance σ2, the likelihood 
function under H1 is given by – 

 

                                                                                                                                                     (2.2) 

wherepj(1) gives a prior probability of xj
* =1, pj(0) = 1 − pj(1),fj(1) and fj(0) specify a normal density function for 

the random variable yj with mean  ∗ ∑ ,  and ∑ , , respectively, and a variance σ2. 
By differentiating the likelihood function (2.2) with respect to individual parameters, setting the derivatives equal to 
zero and then solving the equations, the maximum likelihood (ML) estimates of the parameters b∗, bk’s and σ2 are 
found to be the solutions of  

                                                                                                                                                       (2.3) 

 

                                                                                                                                                        (2.4) 

 

                                                                                                                                                         (2.5)     

 Where, Y is a (n × 1) vector of yj’s,  is a ((t − 1) × 1) vector of the ML estimates of bk’s, X is an (n × (t − 1)) 
matrix of xjk’s,  is a (n × 1) vector with elements  specifying the ML estimate of the posterior probability of xj

* = 
1:    

1 1 / 1 1 + 2 2 ]                                                                 (2.6)   

And,         ̂ ∑                                                                                                    (2.7) 

These estimates can be found by iteration of the above equations via the expectation conditional maximization (ECM) algorithm 
and suggested by Zeng (1994) initialization for ∗ is 0 or the least squares estimates of b∗and B using xj = pj(1). 

The hypothesis to be tested are H0 : b∗ = 0 and H1 : b∗ ≠ 0. The likelihood function under the null hypothesis is 

	 ∏ 0                                                                                                              (2.8) 

with the ML estimates 

																							                                        (2.9) 

	 ′ /                    (2.10) 
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The likelihood ratio (LR) test statistic is defined by- 

2ln	                                                                       (2.11) 

If there is no epistasis, estimate of the effect, b∗, of a QTL by this method are unaffected by other linked QTL’s if 
there are markers which separate those QTL under consideration and these markers are fitted in the model as a 
control. 

3 Robust CIM by Maximizing β-Likelihood Function Using EM algorithm. (Proposed) 

The β-likelihood function is induced by minimizing β-divergence (Basu et al. 1998; Minami and Eguchi 2002; 
Mollah and Eguchi 2008). It is defined as 

| , ∑ ,                                                   (3.1) 

In our current context 

 

be the normal mixture model. Then the estimators of the parameters are obtained by maximizing β -likelihood 
function using EM like algorithm treating the normal mixture model as an incomplete data density. And the 
estimators of the parameter under alternative hypothesis are given as – 

∗ 1 # -1                                                                 (3.2) 

# 1 # 1 ∗                                      (3.3) 

And  

# 1 2 ∗

∗ 1 1 1  

 Where, exp                                                                    (3.5) 

V = 1TPβ(D#D) and the notation # denotes Hadamards products and D is the design matrix, DT = [1, 0]. 

Under null hypothesis the minimum β-divergence estimators for the parameters are obtain iteratively as follows- 

 

 

 

 

where, 

 

which is the vector of the β-weight under H0. Thus β-LOD score for the evidence of a QTL is given by- 

 

 

For β→0, the LODβ reduce to the classical log likelihood ratio criterion (2.11). 

  

(3.4) 

(3.6)

(3.7)

(3.8)

(3.9)
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3.1 Initialization of the Parameters 

We suggest initial value for the parameter B(t−1)×1 as- 

 

 

Where, X is (n × (t − 1)) matrix of genotype of the (t − 2) markers and coefficient of the model mean b0 and Y is the 
refined phenotypic value of the individuals. In this case, if yj is the phenotypic value of thejth individual then it must 
between 0.5Q1 to 2Q3. If yjis greater than 2Q3 or less than 0.5Q1 than it is replaced by the median of the phenotype 
value. Here Q1 and Q2 denote the first and third quartile of the phenotypic data. We use b∗ = 0 as the initial value 
suggested by Zeng (1994). 

4 Estimating Missing Marker Genotype  

Missing of genotypic value of the markers is very common in QTL analysis. If markers are contains missing 
genotypic value for individuals than it is impossible to estimate the parameter of CIM approach. If we want to 
estimate the parameter of CIM approach then obviously we have to estimate missing genotypic values of the 
markers. We estimate the missing marker genotype using Bayesian classification on the basis of conditional 
genotype probabilities, which is calculated by different map function (e.g Haldane, Kosambi, c-f and Morgan). We 
use haldane map function to calculate conditional genotype probabilities. If pij(1) and pij(2) be the probability of ith 
marker of the jth individual of the genotype QQ and Qq respectively and if the value of the genotype QQ is 1 and 
the value of genotype Qq is 2 then, we calculate Pij as-Pij = 1× pij(1) + 2 × pij(2). On the basis of known genotype 
of the ith marker and corresponding Pi, we train the model and on the basis of Pi of the unknown marker genotype 
we estimate the missing marker genotype. Here, two types of genotypes are treated as two different populations. 

5 Simulation Study  

Main advantage of CIM than Simple Interval Mapping (SIM) is that, it can identify linked genes. We investigate the 
ability of linked gene identification of the CIM, SIM (IM, HK, eHK) and also proposed method and performance in 
presence of outlier. Simulation results for 300 individual were investigated with 0.81 heritability and the results are 
shown in below using plotting method. Here we consider 4 chromosomes and each with 15 markers with maker 
interval 10cM for the each individual. We also consider 10 genes, which are influencing a phenotypic trait of the 
individuals. Out of 10 genes 1 situated at the 3rd marker of the 1st chromosome, 3 are situated at the 2nd, 5th and 
8th Marker position of the 2nd chromosome, 3 are situated at the 4th, 7th and 13th marker position of the 3rd 
chromosome and last 3 are situated at the 2nd, 5th and 10th marker position of the 4th chromosome. Data for 
mapping QTLs consist of marker information and phenotypic value or quantitative trait values for 300 individual. 
Marker types for each marker can be recorded in digital form, such as 1 and 0 for distinguishing the two marker 
types (homozygote and heterozygote). From figure-1, we see that only CIM and proposed method calculate high 
LOD score at the effective QTL position. We want to investigate CIM and Proposed method in presence of outlier. 
Results are shown in figure-2. We found that classical CIM is failed to detect linked genes in presence of outlier 
when proposed method gives good result. So, we observed that proposed method give good result in absence and 
presence of outlier and solved the main drawback of the classical CIM. 

We estimate missing marker genotype using Bayesian classification based on conditional genotype probabilities. 
Here, we randomly generate 25% missing marker genotype and estimate through classification. In this case we also 
consider 10 genes. For convenience of graphical presentation we locate #10 genes as- three at the 2nd, 5th and 10th 
marker position of the 1st chromosome, three at the 2nd, 5th and 8th marker position of the 2nd chromosome, three 
at the 4th, 7th and 13th marker position of the 3rd chromosome and last one at the 3rd marker position of the 4th 
chromosome. Simulation results are shown in figure-3. Figure- 3(a) show missing genotypes of the markers, figure-
3(b) show the misclassification rate of the missing genotypes, figure-3(b) show the LOD scores for different QTL 
position for clean data (Data whose actual marker genotypes for each individual is known) and figure-3(d) show the 
LOD scores for different QTL position for estimated data (Data whose actual genotypes for all individuals are not 
known, but it’s estimated using Bayesian classification). 
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6 Conclusions 

This paper discusses the robustification of CIM algorithm for identification of both linked and unlinked genes by 
maximizing β-likelihood function using the EM like algorithm. The value of the tuning parameter β plays a key role 
on the performance of the proposed method. An appropriate value for the tuning parameter β may be selected by 
cross validation. However, in this paper we use β = 0.2 heuristically. Simulation studies show that the proposed 
method significantly improves the performance over the traditional IM and CIM methods in presence of outliers; 
otherwise, it keeps equal performance. 

Genotypic data are often missing in the real data sets. So in this paper, we also propose a procedure for estimating 
the missing genotype using Bayesian classification. Simulation results show that, if we classify 25% missing 
genotypes than maximum 5% genotypes might be misclassified. And we can identify actual QTL position using 
estimated genotypes either linked or unlinked.  
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Abstract. Bayesian classification is one of the most popular statistical techniques for analyzing multivariate data in 
the multidisciplinary fields. However, it is not robust against outliers. So it produces misleading classification results 
in presence of outliers. In this paper, an attempt is made to robustify the Bayes classifier using minimum β-
divergence estimators. The performance of the proposed method depends on the value of tuning parameter β. It 
reduces to the traditional Bayes classifier when β → 0. The performance of the proposed method is investigated 
using the datasets generated from three multivariate normal populations and the simulated gene expression datasets. 
It is observed that the proposed method improves the performance over the traditional Bayes classifier in presence of 
outliers. Otherwise, it keeps equal performance. 

Keywords: Bayesian classification, multivariate normal distribution, minimum β-divergence estimators, gene 
expression data, robustness. 

1 Introduction 

Classification is a supervised learning approach concerned with separating distinct sets of objects and with 
allocating new objects to previously defined groups. Specially, it playing  the significant roles in the field of data 
mining and pattern recognition. Recently, it becomes as a popular tool in bioinformatics also. In the literature, there 
are several statistical approaches for classifications (Bayes classifier, Fisher Linear classifier, quadratic classifier, 
logistic regression based classifier, maximum likelihood based classifier, LRT based classifier, etc.), where Bayes 
classifier is one of the most popular candidate for classification (Anderson, 2003; Johnson and Wichern, 2007). 
Before discussing its drawbacks, let us first introduce it under multivariate normal populations as follows: 

To formulate the Bayes classifier under multivariate normal populations, let Πkbe the kth multivariate normal 
population with density functions fk(x) = N(x|μ(k), V ), where μ(k) is the mean vector for kth normal population (k = 1, 
. . .,m) and Vis the common covariance matrix for all m normal populations. Suppose we have a training sample or 

dataset , , … ,  obtained from N(x|μ(k), V ) for k = 1, . . .,m. The problem is to classify an unclassified 

feature vector x= (x1, x2, ...,xp) into one of mpopulations Πk(k = 1, 2, ...,m) based on the training dataset as early 
considered. Obviously, the pdf of the unclassified vector x can be defined as the mixture of multivariate normal 
distributions as follows 

∑  ,                                                                              (1.1) 

Where qk is the mixing proportion or prior probability of  ∈ Π such that q1+q2+...+qm= 1. Then the posterior pdf of 
∈ Π is given by 

Π |
∑

                                                                                   (1.2) 
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For Bayesian classification, the space of all observations is divided into m mutually exclusive regions Rk,(k = 1, . . 
.,m) by the Bayes classifier. If an observation falls into Rk, we take decision that it comes from population Πk. Then 
the classification region Rkis defined for classifying x to the population Πkas follows: 

:	 Π | Π , 1,2, … , , 1.3  

⇒ :	
∑ ∑

		,			 1,2, … , , 1.4  

⇒ :	 		,			 1,2, … , , 1.5  

⇒ :	 		,			 1,2, … , , 1.6  

⇒ :
1
2

,			 1,2, … , , 1.7  

⇒ :
1
2

,			 1,2, … , , 1.8  

In this paper, we assume that prior probabilities qk’s are known and the standard estimates for μ(k) and V are obtained 
based on the training sample and the following maximum likelihood estimators (MLEs) 

1
,																																																																																																																							 1.9  

1 1
																																																					 1.10 							 

1
																																																																																	 1.11 							 

where ∑ . 

It is obvious from equations (1.7-1.8) that Bayes classifier dependent on the unclassifiedfeature vector, mean vectors 
and covariance matrices those are estimated by the non-robustMLEs (1.9-1.10) based on the training dataset. 
Therefore, traditional Bayes procedure mayproduce misleading results in presence of outliers in the training dataset 
or test dataset or inboth datasets. To improve the results, one can replace MLEs by the robust estimators 
likeMinimum Volume Ellipsoid (MVE), Minimum Covariance Determinant (MCD) or 
OrthogonalizedGnanadesikan-Kettering (OGK). But the performance of these robust procedures isnot so good in the 
case of high dimensional dataset. Also these estimators may not controlthe influence of contaminated unclassified 
feature vector (x). To overcome this problem,an attempt is made to robustify the Bayes procedure by minimum 
β−divergence method(Mollah et al., 2007, 2010). Recently, tumor/cancer classification based on gene 
expressiondata or gene classification based on gene expression on normal cell and cancer cell playingthe significant 
role in cancer research (Veer et al., 2002; Wuju and Momiao, 2002; Wright etal., 2003;Wang et al., 2008). However, 
gene expression data are often contaminated by outliersdue to several steps involves from sample collection to 
image processing. So traditionalclassification approaches may produce highly misclassified results. So in this we 
investigatethe performance of the propose method for gene expression data analysis also. 
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2 Robustification of Bayes Classifier by the Minimum β-Divergence Method 

The minimum β-divergence estimators and  for the mean vector μ(k) and the covariance matrix V(k) 
respectively are obtained iteratively as follows: 

∑ ; ,

∑ ; ,
	,																																																																																										 2.1  

and 

∑ ; ,

∑ ; ,
	.																										 2.2  

where ; , , which we call β-weight function 

(Mollah et al., 2007, 2010).If  does not exist, then Moore-Penrose generalized inverse of is usedduring 
iteration. If β tends to 0, then (2.1) and (2.2) reduces to the classical non-iterative estimates of mean and variance as 
given in (1.9) and (1.10), respectively. However, the β-weight function plays the significant role for robustification 
of Bayes classifier as discussed below: 

Step-1: First, we have to calculate β-weight for the unclassified feature vector (x) using the β-weight function 

. ; ,  

2
; 			 0,																																																															 2.3  

= 
1	 0																																				

1 ,			 ∈ Π
0 ,			 ∉ Π

 

and then we construct a criteria to test the contaminacy of a feature or data vector as follows: 

. 	
	 	 		1 ,			 	 	 	 	
	 	 		0 ,			 	 	 		

								 2.4 			 

It should be noted here that the data vector x is said to be contaminated by outliers if it does not belongs to any one 
of mpopulations. Using the proposed test criteria, we take the decision that an unclassified feature vector x is said to 
be contaminated by outliers if 

, 

where we choose the threshold value of ϵby 

ϵ=(1-η) minWβ(xi) + η maxWβ(xi) 

xi∈ ∈  

 

with heuristically η  = 0.10, where, is the training dataset including the unclassified data vector x. It was also used 
in Mollah et al. (2010) for choosing the threshold value. 

If the unclassified data vector x is uncontaminated by outliers, we compute any one of classifications regions 

defined in (1.3-1.8) using the minimum β-divergence estimators 	,  of , , here  is computed using 

equation (1.10) replacing  by . If the unclassified data vector x is contaminated by outliers, we classify it by 
replacing its contaminated components by their mean components as discussed in the following step-2. 
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Step-2: If the unclassified data vector x is contaminated by outliers, we calculate the absolute difference between 
the contaminated vector and each mean vector as 

, , … , 	, 1, 2, … , 																																																																	 2.6 	 

Compute sum of the smallest r components of dkas Sk= dk(1) + dk(2) + . . . + dk(r), where r=round(p/2). Then find the 
tentative class or population for the unclassified data vector x as 

                                                          j=argminSk(2.7) 

Then some or all components of the unclassified contaminated data vector x corresponding to dk(r+1), dk(r+2),...,dk(p) are 
assumed to be corrupted by outliers. Then we update x by replacing its corrupted components with the 

corresponding mean components from the meanvector  of jth population. Let x* be the updated vector of the 
contaminated data vectorx. Then we use x* instead of x to compute any one of classifications regions defined in(1.3-
1.8) for classifying x. 

3 Simulation Study with the Multivariate NormalPopulations 

To investigate the performance of the proposed robustified Bayes classifier in a comparison of the traditional Bayes 
classifier as well as other robustified Bayes classifier based on MVE, MCD and OGK estimators, we generated both 
training and test datasets from m=3 multivariatenormal distributions with different mean vectors (μ(k), k = 1, 2, 3) of 
length p=10,but common covariance matrix (V(k) = V; k = 1, 2, 3). In this simulation study, we generatedN1=35 
samples from the first population, N2=40 samples from the second populationand N3=45 samples from the third 
populations for both training and test datasets. Thenwe contaminated 10% data vectors randomly in both training 
and test data sets and we compute the training error as well as test error for all classifiers as early mentioned 
includingthe proposed one. Similarly, we compute the training error as well as 

test error for allfive classifiers based on the contaminated datasets those are obtained by changing the meanvectors 
with {(μ(1), μ(2), μ(3)) + c; c = 1, . . . , 9)} keeping fixed other parameters as beforefor each dataset. For convenience 
of presentation, we increases each mean component fromeach mean vector by c. Figure 1(a) shows training error 
(left) and test error (right) for allfive classifiers including the proposed one. It is seen that the proposed method 
producessmaller error rates that other four methods in presence of 10% data contamination. 

To investigate the performance of the proposed method in presence of huge datacontamination, we contaminated 
20% and 30% data vectors by outliers in the previousdatasets, separately. Then we compute the training error as 
well as test error for allfive classifiers. Both figures 1(b-c) also show that the proposed classifier produce 
smallererror rate in a comparison of the other four classifier in presence of 20% and 30% outliersrespectively. We 
also observed that if we contaminated only one set either training datasetor test dataset by outliers, then our 
proposed method also produce better results thanother four methods as early discussed (see figure 3 in appindix-1). 

3.1 Simulated Gene Expression Data Analysis 

Let us consider a model for generating differentially expressed (DE) genes displyaed in figure 2(a) which is also 
used in Nowak and Tibshirani (2008). In figure 2(a), first column represents the gene expression of normal (N) 
individual and the second column represents the gene expression of patient (P) individual. First row represent the 
gene from group A and second row represent the gene from group B. To randomize the gene expression, Gaussian 
noise is added from	 0, . First we generate a training gene-set using model 2(a) with parameters d = 2 and σ2 = 
1 which is displayed in figure 2(b), where N1 = 10 genes denoted by 1, 2, . . . , 10 ∈ and N2 = 10 genes 
denoted by 1, 2, . . . , 10 ∈ 	are generated under n1 = 5 normal individuals and n2 = 5 patient (e.g., cancer or 
any other disease) individuals. Then we generate a test gene-set using model 2(a) with parameters d = 2 and σ2 = 1 
as before, where N1 = 15 genes denoted by 11, 12, . . . , 25 ∈ 	and N2 = 15 genes denoted by 
11, 12, . . . , 25 ∈ are generated under n1 = 5 normal individuals and n2 = 5 patient (e.g., cancer or any other 

disease) individuals. Then we randomly allocated genes in the test-set which is displayed in figure 2(c). 

To investigate the robustness performance of the proposed method in a comparison of the conventional Bayes 
procedure for classification, we contaminated 30% genes by outliers in both training and test gene-sets. To classify 
genes from the contaminated test gene-set, we apply both the traditional Bayes procedures and proposed Bayes 
Procedure, and the classification results are viewed in figures 2(d) and 2(e), respectively. We observed that 
misclassification rate is 22% with the traditional Bayes procedure, while misclassification rate is 0.03% with the 
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proposed Bayes procedure. When both training gene-set and test gene-set are not contaminated by outliers, then both 
the traditional Bayes procedures and proposed Bayes procedure produces almost same results (see figure 4 in 
appendix-2). The appropriate value for the tuning parameter β in the proposed method is selected using cross 
validation (Mollah et al., 2007). 

4 Conclusions 

Bayes procedure is a popular tool for classification. However, the traditional Bayes procedureis very much sensitive 
to outliers. In this paper we discuss a robustification of Bayes procedureby β-divergence. The performance of the 
proposed method depends on the value of thetuning parameter β and the β-weight function which produces smaller 
weight for contaminated data vector and larger weight for uncontaminated data vector. The value of the 
tuningparameter β in the proposed method is selected by cross validation. For β = 0, the proposedmethod reduces to 
the traditional Bayes procedure. We investigate the performance of theproposed method in comparison of the 
traditional method using simulated datasets. We also simulatedmicroarraygene-expression dataset to investigate the 
performance of theproposed method for gene-expression data analysis. We observe that the proposed 
methodimproves the performance over the other four methods(classical, MVE, MCD, OGK) inpresence of outliers. 
Otherwise all five methods produce almost similar results. 
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Abstract. Quantitative trait loci (QTL) analysis is a widely used statistical approach for detection of important genes 
in the chromosomes. Maximum likelihood (ML) based interval mapping (IM) is one of the most popular approach 
for QTL analysis. It is relatively complex and can be computationally slow. Haley-Knott (HK) and extended (eHK) 
regression based IM could save time in computation and produce similar results to those obtained by ML-IM 
method. However, most of the IM approaches including ML-IM, HK-IM, eHK-IM are not robust against phenotypic 
outliers. In this paper, an attempt is made to robustify the regression based IM by maximizing beta-likelihood 
function. The proposed method reduces to the traditional HK method when beta 0. The values of the tuning 
parameter beta play a key role on the performance of the proposed method for QTL mapping. It controls the trade of 
between the robustness and efficiency of the estimators. Simulated data analysis results show that the proposed 
method improved performance over the existing IM approaches in the case of data contaminations; otherwise, it 
shows almost same results as classical IM approaches. 

Keywords: QTL analysis, robust regression, maximum beta likelihood estimation, beta-LRT criterion and 
robustness. 

1 Introduction 

The rapid increases in availability of fine-scale genetic markers due to the rapid advances in molecular biology has 
led to the intensive use of QTL mapping in the genetic study of quantitative traits in bioinformatics. The simplest 
method to discover QTL using data on an experimental cross is to perform analysis of variance (ANOVA) at each of 
marker loci (Soller et al., 1976). Thoday(1960) first proposed the idea of using two markers to bracket a region for 
testing QTLs. Lander and Botstein (1989) implemented a similar, but much 

improved, method to use two adjacent markers to test the existence of a QTL in the interval by performing a 
likelihood ratio test (LRT) at every position in the interval. This is known as interval mapping (IM) approach. There 
are several interval mapping approaches like maximum likelihood (ML) based IM and regression based IM (Haley 
and Knott , 1992). 

In practice, QTL effects are either treated as fixed or random (Xu, 1998). As fixed-QTL  model approaches, allelic 
substitution effects are usually estimated and tested, and QTL variance is calculated from estimated allelic effects. In 
random QTL model, the QTL effect is directly test and estimate the variances of the QTL. In MLE- based IM 
model, the conditional expectations of the QTL genotype given the flanking marker genotype are unknown (Lander 
and Botstein, 1989).This QTL effect model can be called as a random effect model. So, we can call the MLE -based 
interval mapping model as a random effect model (REM).In REM we can’t apply least square estimate. On the other 
hands, in the HK based IM model the conditional expectation of the QTL genotype given the flanking marker 
genotype is considered as fixed (Kao, 2000), and this model can be called as a fixed effect model(FEM). 

The existing QTLs interval mapping based on REM (Lander and Botstein, 1989) and FEM (Haley and Knott, 1992) 
are two most popular methods for QTL analysis. But these methods are not robust against outliers. In this paper by 
using the proposed robust method (Alamin, 2011), we want to analysis the FEM for backcross population. We also 
show a simulation study to investigate the performance of the proposed method with the existing random effect QTL 
model and fixed effect QTL model for BC population. 
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2 A QTL Mapping for Backcross (BC) Population using Regression Approach 

We consider population derived from a cross between two parental inbred lines P1and P2. Let loci M with alleles M 
and m and N with alleles N and n are the two flanking markers for an interval where a putative QTL is being tested. 
A cross between two parental inbred lines P1and P2is performed to produce an F1population. The F1 progeny are all 
heterozygote with the same genotypes MN/mn. If F1 individuals are backcrossed to P1or P2, it produced a backcross 
population. We assume no epistasis between two QTLs, no interference in crossing over, and only one QTL in the 
testing interval. For backcross population, the fixed effect model is define is 

,| jijj uaxy  
i=1, 2 and   j=1, 2, …, n(1) 

where, jy
is the phenotypic value of the  j-th individual, μ  is the general mean effect, a is the QTL effect, 

1|| jij px 
 , and ju

 is a random error. We assume that ju
~ N (0,

2σ ).The conditional expectation is equivalent to 

conditional probabilities of QTL genotypes (Kao,2000). Thus ijx | is fixed for QTL genotypes given flanking marker 
genotypes. The conditional probabilities for QTL genotypes QQ and Qq given the flanking marker 

genotypesdenoted by 1|jp
and 2|jp

respectively, at a position between the markers. The conditionalprobabilities of 
the QTL genotypes given marker genotypes are given in table 1 for the BCpopulation. We extract the conditional 
probabilities from this table for BC population. 

Table 4.1: Conditional Probabilities of a putative QTL genotype given the flanking marker genotypes for backcross 
population. 

  QTL genotypes      

                                                                             _______________________                                                            

Marker Genotype         Expected frequency       QQ ( 1|jp
)                Qq ( 2|jp

) 

MN/MN                         1 /2                            1                          0 

MN/Mn                            /2                               1-p                        p 

MN/mN                           /2                                  p                       1-p 

MN/mn 1 /2                       0                           1 

Here ⁄ , where is the recombination fraction between the left marker M and the putative QTL and 
 is the recombination fraction between two flanking markers M and N. The possibility of a double recombination 

event in the interval is ignored.  

To investigate the existence of a QTL at a given position in a marker interval, we wantto test the following statistical 
hypothesis is 

H0: a = 0 (there is no QTL at a given position) vsH1: H0is not true     (2) 

In estimation, both ordinary least-squares (OLSE) and maximum-likelihood (MLE) technique can be implemented 
to estimate the parameters μ, a andσ2. Under the normality assumption, the normal probability density of the trait 
value within each QTL genotype class is defined as 
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where, θ= (μ, a, σ2).  
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The likelihood function for parameter θ = (μ, a, σ2) is given below 
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To test H0against H1, the likelihood ratio test (LRT) statistic is defined as 
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is used as the test statistic, where Θ0and Θ are the restricted and unrestricted parameter spaces. The threshold value 
to reject the null hypothesis can’t be simply chosen from a 2 distribution because of the violation of regularity 
conditions of asymptotic theory under H0.The number and size of intervals should be considered in determining the 
threshold value since multiple tests are performed in mapping. The hypothesis is usually tested at every position of 
an interval and for all intervals of the genome to produce a continuous LRT statistic profile. At every position, the 
position parameter p is predetermined and only μ, aandσ2are involved in estimation and testing. If the tests are 
significant in a chromosome region, the position with the largest LRT statistic is inferred as the estimate of the QTL 
position p, and the MLEs at this position are the estimates of μ, a and σ2 respectively. The estimated MLEs of μ, a 
andσ2 are given below: 

xayμ ~~    (6) 
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Note that OLSE and MLE of μ and a are exactly same but for σ2 are not exactly same. The OLSE of σ2 has a divisor 
n − 2, whereas the MLE of σ2 has divisor n instead of n − 2.However, obviously these estimates are very much 
sensitive to outliers. Therefore, regression analysis by OLSE or MLE produces misleading results in presence of 
outliers. 

3 Robust QTL Mapping for Backcross Population using Regression Approach 

The β-likelihood function (for details about β-likelihood, see (Mollah et al., 2007)) forθ = (μ, a, σ2) is given by 
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Now we derivative the (9) respect to each parameters θ = (μ, a, σ2), we get the proposed estimators 

ww xayμ ˆˆ   (10) 
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and  

where, wy and wx are  
(12) 
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where, 
),|( |ijj xyw θ

 is the weight function, which produces almost zero weight for outlying observations. Note that 

when ,0β  then yyw  , xxw   and 
  1,| | ijj xyw θ

.Thus the proposed estimator reduced to the non-iterative 
MLE which are given in equation (6), (7) and (8) respectively. 

To investigate the existence of a QTL at a given position in a marker interval, we want to test the hypothesis (2). To 
test H0 against H1, the proposed test criterion is defined as 

    01 θθ ˆˆ2  LLn 
(16) 

where, ),,(ˆand)2,(ˆ 2
10  a θθ . By the permutation test, we compute the p-value for testing H0 against  

H1using the following formula 

   p

N

k
λλ

/NIp
p

βkβ



1

ˆˆ

                                                                                                        (17) 

where, Np is the number of permutation under H0 and βλ̂  is the estimate of βλ for theoriginal dataset and 

 kλβ
ˆ

is the estimate of βλ for the kth permutation of the values of there sponse variable. Note that, for β → 0, βλ̂  

reduces to the approximate 
2  distribution. 

4 Simulation Results 

To illustrate the performance of the proposed method in a comparison of random effect model(REM) and fixed 
effect model (FEM) for QTL analysis, we consider backcross population for simulation study. In this paper, we 
assume only one QTL on a chromosome with 11 equally spaced markers. Marker positions and their genotypes are 
generated using R/qtl software(Broman et al. (2003), homepage: http://www.rqtl.org/). 

To illustrate the performance of the proposed method in a comparison of REM and FEM for QTL mapping with a 
backcross population, let us first consider total 8 chromosomes and 11equally spaced markers in each of 
chromosomes, where any two successive marker interval size is 5cM. The true QTL position is located in 
chromosome 2 with marker 5. The true values for the parameters in the fixed effect model are assumed as μ= 0.05, a 
= 0.8 andσ2= 0.5. To test the null hypothesis H0: a = 0 against the existence of a QTL (a 0),we generated 250 trait 
values with heritability h=0.20, which means that 20% of the trait variation is controlled by QTL and the remaining 
80% is subject to the environmental effects(random error). Figure 1(a) represents the scatter plot of 250 trait values. 
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Abstract: One of the ultimate goals of microarray gene expression data analysis in bioinformatics is to identify 
individual genes or gene-sets which influence the gene expression patterns. There are several research areas in 
bioinformatics, where data analysis offers a challenging statistical problem due to their high dimensionality with 
small sample of sizes. Clustering is one of the most popular statistical techniques to addressing these challenges. 
Nowak and Tibshirani (2008) proposed complementary hierarchical clustering (CHC) for sequential exaction of 
several gene-sets having relatively low expressions than highly expressed genes. However it produces misleading 
clustering results for sequential exaction of several gene-sets if there exist some contaminations (outliers) in the 
gene expression data, which is an important issue in gene expression data analysis research field. Therefore, in this 
paper we proposed a robust statistical clustering technique based on the value of tuning parameter β, we called β-
CHC for sequential extraction of biologically important gene-sets has similar expression patters with proper groups 
of individuals the genes expression data analysis in bioinformatics from the robustness points of view. The proposed 
robust method reduces to the traditional method when we put the value of tuning parameter β→0. Simulation gene 
expression data clustering results show that the performance of the proposed method is better than performance of 
the traditional method in the case of data contaminations; otherwise, it shows almost equal performance. 

Key words: Gene expression, complementary hierarchical clustering based on β (β-CHC), Minimum β-divergence, 
Robustness. 

1  Introduction 

Bioinformatics is the science of storing, extracting, organizing, analyzing, interpreting and utilizing information 
from biological sequences and molecules. It is the hybrid version of molecular biology, statistics and computer 
technology. Gene expression data analysis by statistical algorithms might be playing the significant task to reach the 
final goal. High dimensional gene expression microarray data throw the challenge to multivariate analysis and to 
develop effective ways to analyze gene expression data. Now a day’s DNA microarray tools make it easy to monitor 
the millions of gene expressions simultaneously during important biological processes. One of the ultimate goals of 
microarray gene expression data analysis in bioinformatics is to identify individual genes or gene-sets which 
influence the gene expression patterns. However, millions of genes and their complex functions in gene expression 
analysis gradually increasing the challenges for interpreting the results from the high dimensional data. For gene 
expression data analysis, the data are arranged in a matrix form, where the rows represent the genes and the columns 
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represent the individuals. There are several research areas in bioinformatics, where data analysis offers a challenging 
statistical problem due to their high dimensionality with small sample of sizes. Clustering is one of the most popular 
statistical techniques to addressing these challenges. Many clustering methods have been proposed for gene 
expression data analysis (Terry Speed 2003). Differential regulation often means differential expression, and a 
number of useful methods for identifying differentially expressed (DE) genes or gene sets are available (Datta et al., 
2004; Allison et. al., 2006; Barry et. al., 2008; Ho et al., 2007; Newton et. al., 2007; Tracy and Wilson 
2011).Detailed discussions about statistical analysis of gene expression microarray data are given (Datta 2003). 

Hierarchical clustering (HC) algorithm is the most widely used unsupervised statistical technique for analyzing 
microarray gene expression data. It becomes a very useful popular tool for analyzing microarray gene expression 
data from the research works of Eisen et al. (1998). In Hierarchical clustering, the number of classes is determined 
by cutting the tree structure at certain level chosen subjectively by the user. When applying HC algorithm to the 
gene expression data to cluster individuals or phenotypic outcomes, the HC algorithms produce clusters based on the 
highly differentially expressed (DE) genes those have very similar expression patterns. These types of highly DE 
genes sometimes may not be relevant in the biological process. Therefore, we have to need to explore another low 
expressed gene or gene-sets having important biological functions. In this context, Nowak and Tibshirani (2008) 
proposed the CHC for sequential exaction of several gene-sets having relatively low expressions than highly 
expressed genes. However it produces misleading clustering results for sequential exaction of several gene-sets if 
there exist some contaminations (outliers) in the gene expression data, which is an important issue in gene 
expression data analysis research field. In gene expressions microarray data are often contaminated by outliers due 
to the many steps involved in the experimental process from hybridization to image processing for producing data. 
For example, an outlying data value could occur because of scratches or dust on the surface, imperfections in the 
glass, imperfections in the array production (Gotterdo et al. 2006). Therefore, in this context we proposed a robust 
statistical clustering technique based on the value of the tuning parameter β we called β-CHC for sequential 
extraction of biologically important gene-sets has similar expression patters with proper groups of individuals by 
minimizing β-divergence(Minami and Eguchi 2002) for the genes expression data analysis. The proposed method 
reduces to the traditional method when we put the value of tuning parameter β→0. 

2.  Proposed Model and Parameter Estimation 

Let us consider the dummy variable regression model in matrix notation written as  

Yg=Dkδgk+єgk          (1) 

Where Yg=gth gene expression, Dk= dummy variables, δgk=the regression coefficient of the dummy variables 
regression model which would be estimated, єgkN (o,σgk

2) is the error term. Then the probability density function 
(pdf) for the i-th component ygi of Yg for the k-th cut is given by 
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Maximization of β-likelihood function is equivalent to the minimization of β-divergence for estimating the model 

parameters ghφ
 (Mollah et. al., 2007 and 2009). The  -likelihood function is used in several statistical algorithms 
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for robustification (Mollah et. al., 2007 and 2009). It is highly robust against outliers. To estimate the parameters

),( 2
gkgkgk δφ 

, we minimize the β-divergence which equivalent to maximize the β-likelihood function (3) with 

respect to parameters gkδ
 and

2
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, respectively. Then the maximum β-likelihood estimator for the parameters gkδ
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which is called a β-weight vector (Mollah et. al., 2007 and 2009). It produces almost zero weight for outlying gene 
expressions.  

3. Proposed Methodology 

In microarray gene expression data analysis important is to identify sequential exaction of individual genes or gene-
sets which influence the gene expression patterns from the robustness point of view. We develop complementary 
hierarchical clustering technique based on β (β-CHC)by minimizing the β-divergence (Minami and Eguchi 2002) for 
sequential extraction of important genes sets influencing patients groups in the genes expression microarray data 
analysis. First we calculated robust correlation matrix using robust covariance matrix (Mollah et al., 2009). Then we 
calculated robust dissimilarity matrix using robust correlation matrix. Perform clustering algorithms on this 
dissimilarity matrix. Then it is known as robust hierarchical clustering (RHC) (Mollah et al., 2009). The proposed β-
CHC procedure performs within 3 different steps. First, apply RHC on the original dataset. After applying RHC the 
results can be represented by a dendrogram. For every cut between two heights in the dendrogram in a particular 
gene we can get group labels of samples. Then we fit a dummy variable linear regression model using this group 
labels for each gene. We estimate the model parameter by minimizing the β-divergence. Secondly, compute the 
residual matrix which we call modified data, and finally apply β-CHC on the modified data. We also calculate gene-
sets which influence the gene expression clustering patterns using gene important (GI). GI shows that corresponding 
gene-set is important for this clustering pattern. The proposed method performs with a weight function called β-
weight function (Mollah et al., 2007). It plays the key role on the performance of the proposed method.  It produces 
almost zero weights for outlying gene expressions. Thus estimates become robust. When we put the value of tuning 
parameter β→0, it reduces to the classical CHC. The robustness of the proposed method we can be test using 
influence function (not shows this paper).  The values of the tuning parameter β play a key role on the performance 
of the proposed method. It controls the balance between the robustness and efficiency of the estimators. Smaller β 
produces more efficient results than larger β, while larger β produces more robust results than smaller β. In the 
simulation study we select β using cross-validation Mollah et al., (2007).  
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Abstract. Microarray data offers a challenging statistical problem due to the large number of transcripts surveyed 
with small sample of sizes. There are several statistical approaches to reduce the dimensionality of transcripts. 
However, most of them produce misleading results in presence of contaminated transcripts or irregular pattern of 
expressions. There exist few robust algorithm for identification DE genes. However, most of those robust 
approaches are not so suitable for detection of multi-class DE genes. In this paper, an attempt is made to robustify 
the LRT criterion for detection of DE genes.Simulation and real gene expression data analysis results show that the 
proposed method  improves the performance over the classical as well as Bayesian  approaches.   

Keywords:  Gene expression, Differentially expressed (DE) genes, Normal distribution, LRT-criterion, Minimum 
covariance determinant (MCD) estimators and chi-square test. 

1 Introduction  

Microarray technology has made it possible to investigate the expression levels of thousands of genes 
simultaneously. At the same time, it offers a challenging statistical problems due to the large number of transcripts 
surveyed with small sample of sizes. A fundamental statistical problem in microarray gene expression data analysis 
is to reduce the dimensionality of transcripts. A common approach for dimensionality reduction is the identification 
of differentially expressed (DE) genes under the k ≥ 2 different conditions or groups. By associating differential 
expressions with the genotypes of molecular markers, we may get useful information on the regulatory network 
[7].In the literature, mainly there are two types of statistical inferences for identification of DE genes namely (1) 
classical parametric (t-test, F-test, likelihood ratio test and so on) and non-parametric [2] procedures, and (2) 
empirical Bayes (EB) parametric [4, 5, 6, 7] and non-parametric [2, 4]procedures. Generally, classical procedures 
detect the DE genes using the p-values (levels of significance) estimated by permutation or based on the distribution 
of their test statistic, while EB procedures use the posterior probability of differential expressions for identification 
of  DE genes.  However, all algorithms mentioned above except BRIDGE [5] are not robust against outliers. Some 
recent studies reported that the assumption of normality does not hold in most of the existing microarray data [6]. A 
cause of breakdown the normality assumption of gene expression data may be data contamination by outliers.  To 
overcome this problem, we propose a robust likelihood ratio test (LRT) approach as an extension of classical LRT 
approach for detection of DE genes based on the MCD estimator [12]. 

2 Likelihood ratio test (LRT) criterion for testing the equality of several means  

Let xj1, xj2,...,xjnjbe a random samples of size njfrom the jthnormal population (j =1, 2, ..., k). Assume that the jth 
population has mean µj and variance σj

2. Further assume that k random samples are independent.Assuming
⋯ (unknown), we want to test the following statistical hypothesis : 

H0: µ1= µ2=...= µk = µ(say)  against  H1: H0is not true. 

Under H1, the likelihood function is as follows 
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where  θ1=(µ1, µ2,… µk,σ2)  and n ∑ . 

Under H0, the likelihood function is as follows 
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where  θ0=(µ,σ2)  and n ∑ . 

Then the likelihood ratio test (LRT) criterion for testing H0 against H1 can be written as, 
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Then χ2 = -2logλ follows approximately chi-square distribution with [(k+1) -1] = k degrees of freedom and the 
approximation is usually good, even for small sample sizes. So, LRT procedure computes χ2 = -2logλfor testing H0 
against H1 and rejects the H0 if χ2  is larger than a Chi-Square percentile with k degrees of freedom, where the 
percentile corresponds to the confidence level chosen by the analyst. However, the standard LRT criterion as defined 
in (3) is very much sensitive to outliers. So, in presence of outliers, it produces misleading results. Therefore, we 
would like to robustify the classical LRT criterion as discussed bellow.  

2.1Robustification of LRT criterion  

To robustify the classical LRT criterion (3), let us rewrite it as follows 
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It is obvious that 
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as defined in equation (4) are very much sensitive to outliers. 
So our proposal is to use any robust estimators like minimum β-divergence estimators [11] or MCD estimators 

[13]of 
) ,..,2 ,1(,and,, 22 kjjj 

 for robust estimation of the LRT criterion (λ) and compute p-value 
for testing H0 against H1 assuming -2log as an approximate  χ2- distribution and  also we can use permutation 
techniques for computing the p-values. 

3   Simulation Results 

To investigate the performance of the proposed method in a comparison of some popular methods t-test, SAM, 
GaGa, EBarrays-LNN  and  BRIDGE [5, 6, 14, 15] for detection of DE (important) genes, we generate  gene 
expression profiles for 15000 genes such that 2000 genes are differentially expressed (DE) between two groups  A 
and B,  and the rest 13000 genes are equally expressed (EE) between this two groups.  For each gene, we generate 
n1=40 expressions from group A with density function N(µ1,σ

2)  and n2=50 expressions from group  B with density 
function  N(µ2,σ

2).  For generating DE genes, we use  µ1= 2, µ2=-2 and  σ2=1. For generating EE genes, we use  
µ1=µ2=µ =0 and  σ2=1.   

Then we  apply 6 methods namely t-test, SAM, GaGa, EBarrays-LNN  and  BRIDGE  including the proposed one to 
detect DE and EE genes from the whole gene profiles. If a DE gene is detected as DE gene, it is called true positive 
(TP) and if a DE gene is detected as EE gene, then it is called false negative (FN). On the other hand, if an EE gene 
is detected as EE gene, then it is called True negative (TN) and if an EE gene is detected as DE gene, then it is called 
false positive (FP).   

 
 

 

 

 

 

 

Figure-1: (a-c) Receiver operating characteristic (ROC) curves to investigate the performance of the proposed 
method in a comparison of  t-test, SAM, GaGa, EBarrays and Bridge for identification of differentially expressed 
genes in presence of  0% , 30% and 60% contaminated genes, respectively.  
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An ROC curve represents the curve between TP rate (sensitivity)  against the  FP rate (1-specificity).  ROC curves in 
figure-1 (a-c) represent the performance of t-test (blue line), SAM (gray line), GaGa (yellow line), the classical 
EBarrays-LNN (violet line), Bridge (black line) and the proposed method (red line) in presence of  0% , 30% and 
60% contaminated genes, respectively. From these ROC curves, it is seen that all 6 methods show almost same 
performance in absence of outliers (0%) , however, in presence of 30% and 60% contaminated genes, the proposed 
method shows better performance than other 5 methods though BRIDGE is robust. Table 1 shows the area under the 
ROC curve (AUC) and partial area under the ROC curve (pAUC; at FPR≤ 0.2). It is seen that the values of  both 
AUC and pAUC for t-test, SAM, GaGa, EBarrays-LNN and Bridge are not so stable in presence of  0% , 30%  and 
60% contaminated genes, respectively, while with regards to the proposed approach, both AUC and pAUC remain 
similar for each case. Thus simulation results shows that the proposed method improves the performance over the  t-
test, SAM, GaGa, EBarrays-LNN and Bridge approaches, otherwise, it keeps almost equal performance.  

Table 1: To investigate the performance of the proposed methods comparison with t-test, Sam, GaGa, EBarrays-
LNN, BRIDGE, when FPR≤0.2 then calculated area under the ROC curve(AUC) and partial under the ROC curve  
area following results in case of moderate size(n1=40, n2=50). In case our proposed method better performance than 
Bridge and other existing method see for values of AUC and pAUC.  

Table-1: The calculated area under the ROC curve (AUC) and pAUC (with FPR≤0.2) calculated by t-
test, SAM and empirical Bayes approaches (GaGa, EBarrays-LNN, BRIDGE) and the proposed 
approaches average over the 60 simulated datasets: for large sample cases 

Method T-test SAM GaGa EBarrays-
LNN 

BRIDGE Proposed 

In Absence of Contaminated Genes 

AUC 0.9768 

(0.0027) 

0.9764 

(0.0029) 

0.9769 

(0.0027) 

0.9732 

(0.0021) 

0.9785 

(0.0025) 

0.9784 

(0.0026) 

pAUC 0.1861 

(0.0015) 

0.1856 

(0.0015) 

0.1842 

(0.0015) 

0.1851 

(0.0019) 

0.1857 

(0.0014) 

0.1860 

(0.0014) 

In Presence of 30% Contaminated Genes 

AUC 

 

0.9219 

(0.0034) 

0.92332 

(0.0034 

0.9122 

(0.0037) 

0.9022 

(0.0037) 

0.9527 

(0.0016) 

0.9725 

(0.0014) 

pAUC 0.1536 

(0.0021) 

0.1573 

(0.0022) 

0.1476 

(0.0025) 

0.1565 

(0.0026) 

0.1852 

(0.0012) 

0.1862 

(0.0011) 

In Presence of 60% Contaminated Genes  

AUC 

 

0.9100 

(0.0049) 

0.91425 

(0.0041 

0.9078 

(0.0047) 

0.8902 

(0.0041) 

0.9327 

(0.0023) 

0.9642 

(0.0018) 

pAUC 0.1531 

(0.0019) 

0.1542 

(0.0017) 

0.1466 

(0.0015) 

0.1534 

(0.0023) 

0.1849 

(0.0009) 

0.1858 

(0.0007) 
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EBarrays-LNN, BRIDGE and Proposed approach in case found that EBarrays-LNN and Bridge common 309 genes 
but our proposed method with EBarrays-LNN and Bridge common DE genes are 298 and 326  and (c) Top 1000  
DE genes among EBarrays-LNN, BRIDGE and Proposed approach also found that EBarrays-LNN and Bridge 
common gene are 685genes but our proposed method with EBarrays-LNN and Bridge common DE genes are 668 
and 721 and both methods common 595 genes 

4 Conclusions  

There are several statistical approaches for detection of differentially expressed (DE) genes. However, most of them 
produce misleading results in presence of contaminated transcripts or irregular pattern of expressions. There exist 
few robust algorithm for identification DE genes. However, most of those robust approaches have some drawbacks 
due to huge number of contamination or multi-class DE genes. In this paper, an attempt is made to robustify the 
LRT criterion for detection of DE genes in the cases of the above problems. Simulation and real gene expression 
data analysis results show that the proposed method improves the performance over the classical , Bayesian  and  
existing robust approaches .  
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Abstract. Left censoring is a kind of censoring scheme for time to event data where an individual has 
experienced an event of interest prior to the beginning of the study. Left-censored data occurs frequently in 
different fields including survival analysis, reliability analysis, environmental sciences, etc. Though literature on 
analysis of such data is scarce due to computational difficulties of the existing methods, different approaches 
have been found in the literature for analysis of left-censored data. The aim of this study is to make a 
comparison among those methods (Kaplan-Meier, Nelson-Aalen, Regression on Ordered Statistics (ROS) and 
Maximum Likelihood estimation methods for different level of censoring and sample sizes) and to determine the 
strength of these methods based on simulated data. Initially data have been simulated from exponential, Weibull 
and lognormal distribution and comparisons are made on the basis of unbiasedness and efficiency of the 
summary statistics obtained by those methods.  

Keywords: Left censoring, detection limit, non-detects, robust, unbiasedness, efficiency, summary statistics               

1 Introduction 

Survival analysis is a branch of statistics which encompasses a wide variety of methods for analyzing time to 
event data. Generally time to event data arises in a number of applied fields, such as medicine, biology, public 
health, epidemiology, engineering, economics, demography, actuarial science and many other scientific areas. In 
the analysis of time to event data those situations are considered in which time to the occurrence of some event 
is of interest for some population of individuals. The most typical characteristic of this data is incompleteness 
where it arises either by censoring or by truncation. One of the common features often present in these data set 
is censoring, broadly indicates the situation that some events are known to have occurred only within certain 
intervals but the exact time of occurrence is unknown (Klein and Moeschberger, 1997). However, censoring can 
be classified into different categories such as left, right, interval censoring etc. Among different censoring 
situations, left censoring is one kind of censoring schemes which provides information indicating only that the 
event of interest has occurred prior to entry into the study (Klein and Moeschberger, 1997). In this case, 
censored data are commonly encountered as values below a detection limit (DL). Thus left-censored data can 
also be termed as non-detects. In the statistical analysis, a detection limit is a threshold below which measured 
values are not considered significantly different from a blank value, at a specified level of probability (Helsel, 
2005). Actually it is the lowest value that can be distinguished from zero. 

Though the analysis of left-censored data has important applications in various fields of study, appropriate 
research may become more complicated due to some limitations and unavailability of these data. As a result, 
very few studies based on different methodologies have been focused on left censoring.  

In an analysis of estimating the mean for lognormal data containing left-censored values with worker exposure 
to air contaminants, Monte Carlo simulation techniques was used for comparing three different situations and 
the results of simulations are applied to a data set collected for the purpose of estimating the average exposure of 
industrial workers to an air contaminant (Owen and DeRouen, 1980). 

In a statistical analysis of water-quality data containing multiple detection limits, a robust approach was used to 
estimate the summary statistics and model the distributions of trace-level environmental data. However the 
analysis results that the suggested approach is applicable to any dataset which has 0 to 80% of censored values 
(Lee and Helsel, 2005). 

A study was conducted on the bone lead concentrations, subjected to random left censoring which were 
measured in vivo by x-ray fluorescence (XRF). In the analysis, inverse variance weighting (IVW) of 
measurements was used to estimate the mean and standard error of the data set. The methods were applied on 
six data sets of an epidemiological studies and it is concluded that the proposed methods of statistical analysis 
can provide valid inference about bone lead concentrations (M Popovic et al., 2007). 
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A comparison based simulation study has been done to evaluate the perfect estimators in different censoring 
situations and for various sample sizes which results that suitability of different methods varies under different 
conditions (Annan et al., 2009). 

The objective of the study is to compare different estimation methods (nonparametric, parametric and semi-
parametric) and also determine the strength of these methods based on left censoring. Thus, it would be possible 
to find a method recommendation for analyzing left-censored data using simulation. For comparing these 
methods, bias and standard error of summary statistics (mean and median) have been computed using different 
censoring levels and for different sample sizes of simulated data obtained from three different distributions. 
With the variation of sample sizes and level of censoring, a better idea can be obtained that how these variables 
affect on the effectiveness of these methods to compute these statistics. 

2 Methodology 

Several statistical methods are available for analyzing the left-censored data. In recent time the Kaplan-Meier (Kaplan 
and Meier, 1958), Nelson-Aalen (Nelson, 1972 and Aalen, 1978), Maximum Likelihood (Cohen, 1959) and the 
Regression on Order Statistics (ROS) (Helsel and Cohn, 1988) are more accurate methods for computing summary 
statistics on data with non-detects. First two methods are non-parametric and the rests are parametric and semi-
parametric, respectively. Here two different procedures (including two different algorithms) of Kaplan- Meier 
methods have been used for comparison. First (Method-1) was proposed by Helsel (2005) and the second (Method-2) 
by Popovic et al. (2007). For the present study, the stated methods are employed to estimate the bias and standard 
error of mean and median survival time. Comparisons are made on the basis of unbiasedness and efficiency of 
different methods. For the study purpose the authors used the “NADA” package in R to analyze the left-censored data. 

2.1 Kaplan-Meier (K-M) method 

The Kaplan-Meier (K-M) method has always been considered as a standard method for estimating summary 
statistics of censored survival data. It is a nonparametric method where this standard estimator of the survival 
function was proposed by Kaplan and Meier (1958).Though this method has been used primarily for or right-
censored data, it can also be applied to left-censored data. On the basis of the basic algorithm (used for right-
censored data), different authors have proposed various algorithms of the Kaplan-Meier method. Results 
obtained from all algorithms are almost similar. 

Using Kaplan-Meier method, summary statistics can be calculated in two different ways for left-censored data. 

• Transforming censored data from left to right (Helsel, 2005). 
• Directly using left censored data (Popovic et al., 2007). 

2.1.1 Formulation of Kaplan-Meier method (K-M Method-1) 

According to Helsel (2005), left-censored data must be flipped by a transformation process prior to using the K-
M method and then the survival probabilities are computed in such a way that is similar to right censored data. 
Finally the results are re-transformed when calculating estimates (mean, median, and other percentiles) for left-
censored data. Here the highest observed value (left-censored value) would have the lowest rank that is 1. Let, S 
is the survival probability and this probability is a product of incremental probabilities indicating the 
probabilities of surviving to the next lowest detection limit, given the number of data at and below that detection 
limit. 

• For each subject i=1, ... , n (considering both censored and observed values), right-censored data can be 
constructed by flipping left-censored data. Assign all left-censored value in descending order and 
transforming left-censored data into right-censored by subtracting all values from an arbitrarily chosen 
value larger than maximum value of the data set. After that all right-censored data will be automatically 
assigned in ascending order and then rank all observations (both observed and censored) from lowest to 
highest. Now the right-censored value will be  

Flipj = M - 𝑥𝑖                                                                           (1)                       

where M is an arbitrary constant that is greater than the maximum observed value of the data set and 𝑥𝑖 is            
the ith observed data. 

• Calculate the number of observations at risk, indicates both detected and censored data that are at and 
below each observed value. 

𝑏𝑗 = n - 𝑟𝑗 + 1                                                                         (2) 

where n is the total number of observations regarding both observed and censored and 𝑟𝑗  is the rank of observed 
values only. 
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• Compute the  incremental probabilities 
pj =

bj−dj
bj

                                                                            (3)                                             

wheredjdenotes the number of observations at the jth value and for tied values it is greater than 1. 

• Then KM estimator is a product of the j = 1 to k incremental probabilities, going from high to low 
values for the k detected observations. 

S�(x) = ∏ pj𝑘
𝑗=1                                                                    (4) 

• The mean survival time is  

µ�� xj�= S�( x0) x1+ S�( x1) (x2 −  x1) +........…+S�( xk−1 )(xk −  xk−1)                 (5) 

               Generally we consider S�( x0) = 1 and S�( xn ) = 0 

Location estimates for flipped data (mean, median, and other percentiles) must be re-transformed back into the 
original scale by subtracting from the constant M. Thus the mean survival time for original data will be  

µ�( xi)= 𝑀 − µ�� xj�                                                                 (6) 

• The median is the value that corresponds to the 50th percentile on the K-M survival curve flipped data 
after re-transformation.  

S( x50) = 0.5                                                                             (7) 

2.1.2 Formulation of Kaplan-Meier method (K-M Method-2) 

The algorithm of this process was developed by Popovic et al. (2007) for estimating the survival function based 
primarily on the work of Kaplan and Meier (1958), Hosmer and Lemeshow (1999) and Ware and Demets 
(1976).  

• For each subject i = 1 , ... , n, rank  xi in ascending order. Order (regarding both censored and 
observed). For each  xi, assign a censoring level 𝛿𝑖 = 1 if the subject is observed and 𝛿𝑖 = 0 if it is 
censored. Therefore, in case of a tie, censored entries should precede the observed events.  

• Consider only the observed values along with their rank order ri and censoring level δifrom previous 
step. In this case subjects with δi= 1 are selected because only detected events are included here and all 
censored observations are ignored. For each entry, calculate 

pi = ri −δi
ri 

(8) 

• In survival analysis, the survivorship function S(x) gives the proportion of subjects expected to live at 
least xunits of time. S�(x)is the estimate of S(x). With the convention computeS�(x), starting with the 
highest ranked entry Xn. 

S�(x) = ∏ pi1
𝑖=𝑛                                                           (9) 

 

• The mean of survival time xis calculated by 
µ(x∗)= ∫ S(u)b2 

b1 
du                                                               (10) 

wherex∗signifies that the mean of variable x is a function of the chosen interval xi:{b1  xi b2 }. Parameter b1  
is the chosen lower boundary for the set of measurements. 

• The estimator of the mean for this given range is 

�̂�(x∗) =  �̂� (b2) − ∑ S�1      
𝑖=𝑛 (𝑥)(xi −  xi−1)                                       (11) wherex0 =  b1  

Since the survivorship function for left censored data equals unity for concentrations greater than the maximum 
measured event, �̂� (b2)is equal to the maximum measured concentration in the set. As a result, the probability of 
having detected all concentrations greater than the maximum value of the data set is 1. The probability decreases 
as x becomes progressively closer to b1 , with discontinuities at each measured event.  

• Again, median survival time is the value x50 for which the survival probability is 0.5 i.e.  
S( x50) = 0.5                                                                        (12) 
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2.2 Nelson-Aalen estimation method 

Alternatively, the survival function can be obtained in terms of the cumulative hazard rate based on the Product-
Limit estimator. The estimator was first suggested by Nelson (1972) and was rediscovered by Aalen (1978), 
thus the estimator was named as Nelson- Aalen estimator. Actually it is a nonparametric estimator of cumulative 
hazard rate function in case of incomplete data. According to Popovic et al. (2007), computation method of 
Nelson-Aalen estimator for left-censored data set is similar to the Kaplan and Meier method that uses left 
censored data directly. The basic difference between these two methods lies in the process of computing the 
survival probability i.e.  

pi = 𝛿𝑖
 ri 

                                                                                (13) 

2.3 Maximum Likelihood estimation (MLE) method 

In the late 1950s and early 1960s, several papers by A. C. Cohen introduced Maximum Likelihood estimation 
(MLE) method to determine the summary statistics (mean, variance etc) for censored data. It is a parametric 
estimation method that is fairly computer-intensive. 

2.3.1 Formulation of Maximum Likelihood estimation (MLE) method 

Maximum Likelihood estimation (MLE) solves a likelihood equation to find the values for mean and standard 
deviation that are most likely to have produced both non-detect and detected data. MLE requires the assumption 
that a distribution (normal, lognormal or some other distributions) will closely fit the shape of observed data. 
This method computes the mean and standard deviation for the assumed distribution using the observed detected 
values and the observed proportions of data below one or more censoring thresholds to fit the curve. 
Optimization of the mean and standard deviation produces the specific distribution that best fits the observed 
data. 

The likelihood function for the left censored data is, 

L = ∏ p(xi )δi i  F(xi )1−δi                                                             (14) 

wherep(xi ) = the probability density function of the assumed distribution. 

             F(xi ) = the cumulative distribution function of the assumed distribution. 

δi = censoring status. 

δi = �1, if the observations are uncensored or observed
0, if the observations are censored  

2.4 Regression on Order Statistics (ROS): 

‘Regression on Order Statistics (ROS)’ method calculates summary statistics with a regression equation on a 
probability plot. It is a semi-parametric estimation method developed by Helsel and Cohn (1988) which 
performs robust linear regression on order statistics (ROS).  

2.4.1 Formulation of Regression on Order Statistics (ROS) 

The robust ROS method is basically a probability plotting and regression procedure that models censored 
distributions using a linear regression model of observed concentrations against their normal quantiles (order 
statistics) and the overall execution of the process can be done through some steps. 

• For the computation of plotting positions for both censored and uncensored data, exceedance 
probability Ej is used for each detection limit.  

Ej =  Ej+1  +  
Aj 

Aj + Bj 
 (1- Ej+1  )                                               (15) 

whereEj = probability of exceeding the jth detection limit. 

Aj = total number of uncensored observations in the range [j, j+1). 

Bj  = total number of observations, censored and uncensored, less than or equal to the jth 

detection  limit.         

For highest detection limit, Ej+1= 0, and Aj +  Bj = n. 
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The number of non-detects below the jth detection limit is defined as Cj :  

Cj = Bj − Bj−1 − Aj−1                                                               (16) 

For a given uncensored observation, a Weibull-type plotting position p can be calculated by considering the 
exceedance probability of the censoring limit below the observation Ej , the exceedance probability of the 
censoring limit above the observation Ej+1 and the observation’s rank among all the values within the j and j+1 
detection limit. In general, the Weibull-type plotting positions for uncensored observations are 

p (i) = (1-Ej ) +  
�Ej −Ej+1  �

Aj +1
ri                                                    (17) 

whereri = the rank of the ith observation among the observations in the range (j,j+1]. 

Similarly, the Weibull-type plotting positions for censored observations are given by  

p (i) = 
(1−𝐸𝑗)

Cj +1
ri                                                                    (18) 

whereCj = total number of censored values in the range (j,j+1]. 

• Now a linear regression of the uncensored observations against the normal quantiles of the uncensored 
plotting positions is formed. The normal quantiles of the plotting positions are known as the order 
statistics of the ROS method. Thus the regression equation for predicting the unobserved data can be 
obtained from the equation 

                          Predicted log-value =  𝛽 + 𝛼 ∗ normal scores of the plotting positions           (19) 

• The censored concentrations are modeled using the parameters of the linear regression and normal 
quantiles of the censored data. These modeled censored observations are used along with the 
uncensored observations, to model the distribution of the sample population. Individually, they are not 
considered the values that would have existed in the absence of censoring. 

• Then the observed uncensored values are combined with modeled censored values to corporately 
estimate summary statistics of the entire population. By combining both types of values this method 
avoids transformation bias. 

3 Data and variable 

For the study purpose, left-censored data have been simulated from different distributions on which various 
estimation methods will be applied. For each run of the simulation, “s” samples of size “n” are generated where 
censoring levels were “q” and it is considered to be the detection limit indicates the q-th percentile of the 
assumed distribution from which the data are drawn. If the observed value is less than the detection limit, the 
status of each data point will be defined as censored and otherwise uncensored. Thus biases as well as standard 
error of means and medians given by each method can be easily calculated. The same statistics will be computed 
for the uncensored simulated data which gives us the best estimate. Then comparisons are made by taking the 
estimated values from the methods with the directly calculated values from the simulated samples. Since the 
theoretical mean and median from the specified distribution are known, we expect the mean and median from 
the simulated samples will be close to the directly calculated mean and median. Moreover for verification, if the 
actual simulated data has a censoring level close to the stated level, the proportion of censored data is also 
calculated to examine the level of accuracy. 

For the present study, data have been simulated from exponential, Weibull and lognormal distribution where 
1000 simulations have been conducted for different combinations of sample sizes and censoring levels. In this 
study, states of censoring are considered to be 5%, 15%, 25% and 50% and the regarded size of samples are 
small (25), moderate (35), moderately large (80) and large (200). These levels of censoring and sample sizes are 
taken due to find the variations of the performances of different estimators under different situations. 
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4 Fact and findings 

TABLE 1: Comparison of Biases of the mean and median of exponential distribution 

Cens 
level 

Sample 
size 

Bias for mean Bias for median 

KM-I KM-II N-A MLE ROS KM-I KM-II N-A MLE ROS 

0.05 200 0.0007 -0.0644 -0.0695 0.3567 0.0016 -0.013 -0.0581 -0.0632 -0.2314 -0.0017 

 80 0.0017 -0.0675 -0.0801 0.3650 0.0019 -0.022 -0.0366 -0.0526 -0.2302 0.0035 

 35 0.0090 -0.0570 -0.0857 0.3822 0.0077 0.0321 0.0263 0.0068 -0.2162 0.0321 

 25 0.0142 -0.0570 -0.0971 0.3989 0.0116 0.0283 0.0449 -0.0193 -0.2086 0.0283 

0.15 200 0.0247 -0.1686 -0.1745 0.2178 0.0165 -0.013 -0.2044 -0.2095 -0.1762 -0.0017 

 80 0.0281 -0.1738 -0.1880 0.2249 0.0165 -0.022 -0.1854 -0.1978 -0.1757 0.0035 

 35 0.0397 -0.1690 -0.2000 0.2478 0.0213 0.0321 -0.1269 -0.1576 -0.1660 0.0321 

 25 0.0474 -0.1627 -0.2055 0.2603 0.0247 0.0283 -0.0957 -0.1507 -0.1598 0.0283 

0.25 200 0.0768 -0.2331 -0.2416 0.1548 0.0376 -0.013 -0.3578 -0.3629 -0.1209 -0.0017 

 80 0.0830 -0.2338 -0.2524 0.1605 0.0365 -0.022 -0.3342 -0.3479 -0.1204 0.0035 

 35 0.0999 -0.2338 -0.2716 0.1836 0.0405 NA -0.2715 -0.3001 -0.1138 0.0325 

 25 0.1115 -0.2316 -0.2820 0.1946 0.0422 NA -0.2375 -0.2762 -0.1086 0.0290 

0.5 200 0.3951 -0.1276 -0.1635 -0.164 0.1196 NA 0.0000 0.0000 0.0339 0.0749 

 80 0.4120 -0.1569 -0.2146 -0.215 0.1117 NA 0.0003 0.0003 0.0348 0.0745 

 35 0.4523 -0.1827 -0.2717 -0.272 0.1090 NA NA NA 0.0500 0.0867 

 25 0.4860 -0.1944 -0.3010 -0.301 0.1080 NA NA NA 0.0525 0.0829 

In case of estimating the biases of mean and median for exponential, Weibull and lognormal distributions 
different methods have been found suitable with the variation of censoring level and sample size. In such 
situations, the appropriate choice of methods should be taken on the basis of the least biased estimates. 

For mean, when the level of censoring is low like 5%, ROS and Kaplan-Meier (Method-1) give the less biased 
estimates for smaller and larger sample sizes respectively. Otherwise, almost in all cases ROS gives best results. 

For estimating the bias of median for exponential distribution, ROS outperforms the rest of the methods for 
lower level of censoring. Sometimes Kaplan-Meier (Method-1) cannot generate the estimates when the level of 
censoring increases. Similarly both Nelson-Aalen and Kaplan-Meier (Method-2) fail to generate estimates for 
this high level of censoring when the size of sample is small. But in spite of having large number of incomplete 
observations, bias of median can be obtained for these two estimators when the sample size is large. For 
example, for 50% censoring level and for sample size 80, the bias of median of these two estimators is almost 
same and it becomes zero when the sample size increases. This is due to the fact that the censored observations 
make sense since complete observations would be few. 

TABLE 2: Comparison of Standard errors of the mean and median of exponential distribution 

Cens 
level 

Sample 
size 

Standard error for mean Standard error for median 

KM-I KM-II N-A MLE ROS KM-I KM-II N-A MLE ROS 

0.05 200 0.142 0.1448 0.1444 0.2009 0.1420 0.1401 0.1407 0.1405 0.0997 0.1408 

 80 0.218 0.2229 0.2215 0.3062 0.2178 0.2167 0.2240 0.2201 0.1567 0.2184 

 35 0.338 0.3457 0.3408 0.4827 0.3381 0.3512 0.3582 0.3585 0.2437 0.3512 

 25 0.401 0.4120 0.4040 0.5981 0.4008 0.4042 0.4248 0.4064 0.2905 0.4042 

0.15 200 0.141 0.1480 0.1477 0.1760 0.1419 0.1401 0.1497   0.149 0.0992 0.1408 

 80 0.216 0.2288 0.2276 0.2672 0.2174 0.2167 0.2376   0.236 0.1567 0.2184 

 35 0.335 0.3493 0.3450 0.4300 0.3381 0.3512 0.3764 0.3735 0.2441 0.3512 

 25 0.397 0.4217 0.4142 0.5211 0.4010 0.4042 0.4478 0.4316 0.2892 0.4042 

0.25 200 0.138 0.1461 0.1461 0.1649 0.1421 0.1401 0.1556 0.1552 0.1011 0.1408 
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Cens 
level 

Sample 
size 

Standard error for mean Standard error for median 

KM-I KM-II N-A MLE ROS KM-I KM-II N-A MLE ROS 

 80 0.211 0.2251 0.2245 0.2511 0.2172 0.2167 0.2401 0.2380 0.1581 0.2184 

 35 0.3273 0.3449 0.3418 0.4022 0.3384 NA 0.3730 0.3657 0.2476 0.3505 

 25 0.390 0.4147 0.4090 0.4807 0.4012 NA 0.4393 0.4268 0.2918 0.4028 

0.5 200 0.124 0.1340 0.1309 0.1507 0.1460 NA 0.0001 0.0001 0.1118 0.1008 

 80 0.190 0.2081 0.2027 0.2295 0.2210 NA 0.0048 0.0041 0.1756 0.1794 

 35 0.301 0.3390 0.3292 0.3635 0.3559 NA NA NA 0.2786 0.3371 

 25 0.367 0.4011 0.3873 0.4311 0.4181 NA NA NA 0.3199 0.3985 

For efficiency, it is essential to have small standard error. So while calculating the standard error of mean for 
exponential distribution we found that Kaplan-Meier (Method-1) estimator is most efficient.  

Now for standard error of median it has been found that MLE estimator is most efficient. When the censoring 
level is 25%, Kaplan-Meier (Method-1) can generate the estimates for large and moderately large sample sizes 
but not for moderate and small sample sizes. This estimator fails to generate estimates when the censoring level 
is 50%. Similarly both Nelson-Aalen and Kaplan-Meier (Method-2) fail to generate estimates for this high level 
of censoring when the size of sample is small. But in spite of having large number of incomplete observations, 
standard error of median can be obtained for these two estimators when the size of sample increases.  

TABLE 3: Comparison of Biases of the mean and median of Weibull distribution 

Cens
level 

Sample 
size 

Bias for mean Bias for median 

KM-I KM-II N-A MLE ROS KM-I KM-II N-A MLE ROS 

0.05 200 -1.4980 -1.5144 -1.5156 -1.4100 -1.4978 -0.1357 -0.1472 -0.1484 -0.1901 -0.1332 

 80 -1.4974 -1.5134 -1.5166 -1.4081 -1.4974 -0.1361 -0.1382 -0.1430 -0.1880 -0.1299 

 35 -1.4967 -1.5129 -1.5201 -1.4059 -1.4970 -0.1269 -0.1271 -0.1322 -0.1856 -0.1269 

 25 -1.4960 -1.5128 -1.5227 1.4047 -1.4967 -0.1215 -0.1185 -0.1335 -0.1823 -0.1215 

0.15 200 -1.4921 -1.5406 -1.5421 -1.4444 -1.4942 -0.1357 -0.1831 -0.1844 -0.1764 -0.1332 

 80 -1.4910 -1.5398 -1.5433 -1.4420 -1.4937 -0.1361 -0.1757 -0.1790 -0.1746 -0.1299 

 35 -1.4891 -1.5402 -1.5480 -1.4388 -1.4936 -0.1269 -0.1647 -0.1721 -0.1731 -0.1269 

 25 -1.4877 -1.5379 -1.5487 -1.4376 -1.4933 -0.1215 -0.1535 -0.1659 -0.1702 -0.1215 

0.25 200 -1.4792 -1.5573 -1.5594 -1.4596 -1.4890 -0.1357 -0.2222 -0.2234 -0.1629 -0.1332 

 80 -1.4776 -1.5565 -1.5611 -1.4581 -1.4887 -0.1361 -0.2125 -0.2158 -0.1607 -0.1299 

 35 -1.4743 -1.5562 -1.5656 -1.4553 -1.4890 -0.1269 -0.1994 -0.2058 -0.1596 -0.1269 

 25 -1.4718 -1.5540 -1.5666 -1.4540 -1.4889 NA -0.1859 -0.1963 -0.1569 -0.1211 

0.5 200 -1.3999 -1.5321 -1.5410 -1.4670 -1.4688 NA -0.1339 -0.1339 -0.1249 -0.1150 

 80 -1.3963 -1.5391 -1.5534 -1.4657 -1.4703 NA -0.1336 -0.1336 -0.1230 -0.1131 

 35 -1.3873 -1.5477 -1.5700 -1.4637 -1.4738 NA NA NA -0.1225 -0.1148 

 25 -1.3809 -1.5507 -1.5773 -1.4627 -1.4751 NA NA NA -0.1204 -0.1116 

In case of mean, it has been obtained that when the censoring level is from 5% to 25%, MLE is considered to be 
least biased estimator but for highly censored situations Kaplan-Meier method (Method-1) becomes the least 
biased estimators. For bias of median, it has been found that ROS gives best result for all situations.  
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TABLE 4: Comparison of Standard errors of the mean and median of Weibull distribution 

Cens. 
level 

Sample 
size 

Standard error for mean Standard error for median 

KM-I KM-II N-A MLE ROS KM-I KM-II N-A MLE ROS 

0.05 200 0.0355 0.0364 0.0363 0.0485 0.0355 0.0353 0.0356 0.0355 0.0252 0.0354 

 80 0.0540 0.0550 0.0547 0.0766 0.0541 0.0561 0.0576 0.0560 0.0389 0.0562 

 35 0.0817 0.0832 0.0820 0.1161 0.0818 0.0832 0.0857 0.0857 0.0599 0.0832 

 25 0.0971 0.0997 0.0977 0.1354 0.0972 0.1016 0.1060 0.1006 0.0737 0.1016 

0.15 200 0.0351 0.0369 0.0368 0.0435 0.0354 0.0353 0.0379 0.0378 0.0250 0.0354 

 80 0.0535 0.0568 0.0565 0.0670 0.0541 0.0561 0.0592 0.0586 0.0389 0.0562 

 35 0.0808 0.0858 0.0847 0.1021 0.0817 0.0832 0.0905 0.0900 0.0602 0.0832 

 25 0.0960 0.1025 0.1007 0.1199 0.0971 0.1016 0.1105 0.1071 0.0735 0.1016 

0.25 200 0.0344 0.0363 0.0362 0.0410 0.0355 0.0353 0.0395 0.0393 0.0253 0.0354 

 80 0.0524 0.0560 0.0558 0.0626 0.0541 0.0561 0.0620 0.0616 0.0397 0.0562 

 35 0.0792 0.0846 0.0839 0.0954 0.0818 0.0832 0.0907 0.0901 0.0607 0.0831 

 25 0.0940 0.1006 0.0993 0.1128 0.0971 NA 0.1093 0.1060 0.0737 0.1011 

0.5 200 0.0309 0.0327 0.0321 0.0377 0.0366 NA 0.0003 0.0002 0.0286 0.0253 

 80 0.0469 0.0518 0.0504 0.0574 0.0562 NA 0.0038 0.0033 0.0449 0.0484 

 35 0.0716 0.0797 0.0777 0.0876 0.0859 NA NA NA 0.0686 0.0800 

 25 0.0862 0.0973 0.0944 0.1040  0.1021 NA NA NA 0.0822 0.1013 

To estimate the standard error of mean and median for Weibull distribution, Kaplan-Meier (Method-1) and 
MLE give the best results respectively. 

TABLE 5: Comparison of Biases of the mean and median of lognormal distribution 

Cens 
level 

Sample 
size 

Bias for mean Bias for median 

KM-I KM-II N-A MLE ROS KM-I KM-II N-A MLE ROS 

0.05 200 0.0056 -0.0464 -0.0508 0.0066 0.0023 -0.0035 -0.0303 -0.0335 0.0018 0.0029 

 80 0.0137 -0.0437 -0.0544 0.0173 0.0097 -0.0014 -0.0087 -0.0201 0.0045 0.0145 

 35 0.0084 -0.0472 -0.0714 0.0186 0.0031 0.0118 0.0103 -0.0013 0.0043 0.0118 

 25 0.0066 -0.0545 -0.0880 0.0239 0.0002 0.0138 0.0184 -0.0190 0.0043 0.0138 

0.15 200 0.0223 -0.1359 -0.1411 0.0078 0.0019 -0.0035 -0.1218 -0.1248 0.0011 0.0029 

 80 0.0318 -0.1330 -0.1452 0.0184 0.0093 -0.0014 -0.1043   -0.1116 0.0042 0.0145  

 35 0.0291 -0.1373 -0.1638 0.0213 0.0020 0.0118 -0.0821 -0.0987 0.0033 0.0118 

 25 0.0289 -0.1466 -0.1827 0.0270 -0.0013 0.0138 -0.0672 -0.0980 0.0030 0.0138 

0.25 200 0.0545 -0.2034 -0.2107 0.0080 0.0013 -0.0035 -0.2172 -0.2203 0.0012 0.0029 

 80 0.0653 -0.2002 -0.2160 0.0191 0.0079 -0.0014 -0.1949 -0.2027 0.0046 0.0145 

 35 0.0664 -0.2082 -0.2399 0.0240 -0.0001 NA -0.1638 -0.1802 0.0025 0.0119 

 25 0.06994 -0.2179 -0.2599 0.0315 -0.0039 NA NA -0.1456 0.0016 0.0142 

0.5 200 0.2477 -0.2130 -0.2394 0.0089 -0.0028 NA 0.0000 0.0000 0.0021 -0.0005 

 80 0.2650 -0.2279 -0.2707 0.0215 -0.0011 NA 0.0007 0.0006 0.0065 -0.0034 

 35 0.2824 -0.2549 -0.3216 0.0300 -0.0148 NA NA NA 0.0063 -0.0160 

 25 0.3019 -0.2727 -0.3528 0.0438 -0.0203 NA NA NA 0.0029 -0.0208 

For lognormal distribution, ROS method is found to be least biased estimation method for mean almost in all 
cases. But in estimating the bias of median, when the level of censoring is very low (5%), MLE gives better 
estimates for very large (200) and very small (25) sample sizes. But for the moderate (35) and moderately large 
(80) sample sizes Nelson-Aalen and Kaplan-Meier method (Method-1) give better estimates respectively. When 
the level of censoring is from 15% to 25%, MLE is considered to be reasonable. At 25% censoring level, 
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Kaplan-Meier estimator (Method-1) fails to generate estimates for comparatively small sample sizes. Similar 
results can also be obtained from the Kaplan-Meier estimator (Method-2) for very small sample sizes.  

TABLE 6: Comparison of Standard errors of the mean and median of lognormal distribution 

Cens. 
level 

Sample 
size 

Standard error for mean Standard error for median 

KM-I KM-II N-A MLE ROS KM-I KM-II N-A MLE ROS 

0.05 200 0.1560 0.1545 0.1542 0.1477 0.1560 0.0905 0.0903 0.0901 0.0905 0.0908 

 80 0.2477 0.2496 0.2481 0.2306 0.2478 0.1450 0.1513 0.1478 0.1165 0.1456 

 35 0.3771 0.3714 0.3663 0.3617 0.3772 0.2190 0.2258 0.2254 0.1723 0.2190 

 25 0.4287 0.4256 0.4173 0.4287 0.4288 0.2564 0.4256 0.4173 0.2050 0.4288 

0.15 200 0.1554 0.1513 0.1510 0.1490 0.1554 0.0905 0.0927 0.0925 0.0724 0.0908 

 80 0.2465 0.2459 0.2446 0.2340 0.2467 0.1450 0.1506 0.1490 0.1171 0.1456 

 35 0.3760 0.3635 0.3588 0.3658 0.3761 0.2189 0.2331 0.2289 0.1747 0.2190 

 25 0.4271 0.4181 0.4107 0.4241 0.4275 0.2563 0.2798 0.2688 0.2083 0.2563 

0.25 200 0.1541 0.1466 0.1464 0.1496 0.1544 0.0905 0.0960 0.0958 0.0747 0.0907 

 80 0.2447 0.2364 0.2354 0.2366 0.2450 0.1450 0.1536 0.1519 0.1202 0.1456 

 35 0.3741 0.3457 0.3418 0.3711 0.3745 NA 0.2285 0.2248 0.1806 0.2188 

 25 0.4252 0.4023 0.3958 0.4326 0.4260 NA 0.2724 NA 0.2160 0.2557 

0.5 200 0.1484 0.1353 0.1331 0.1503 0.1514 NA 0.0000 0.0000 0.0877 0.1022 

 80 0.2370 0.2076 0.2036 0.2400 0.2421 NA 0.0070 0.0066 0.1409 0.1721 

 35 0.3626 0.3219 0.3132 0.3796 0.3730 NA NA NA 0.2102 0.2645 

 25 0.4220 0.3709 0.3591 0.4593 0.4267 NA NA NA 0.2450 0.3200 

At 5% level of censoring, MLE estimator has been found more efficient except when the size of sample is very 
small, such as 25. Similarly at 15% level of censoring, Nelson-Aalen estimator is better for small and 
moderately small size of sample whereas MLE estimator is comparatively more efficient for moderately large 
and large samples. When the level of censoring varies from 25% to 50%, estimates based on Nelson-Aalen 
method are found to be most efficient. But in case of median MLE method gives comparatively more efficient 
estimates.. 

5 Summary and conclusion 

The main focus of this study is to analyze the estimation methods of the summary statistics of survival time 
based on left censoring. Using the simulated data, the suitable methods are first identified under different states 
of censoring level and sample sizes and then the effects of the appropriate methods have been visualized. The 
major findings of the study are 

• Sample size and censoring level jointly affects the performances of different estimators. 
• For estimating the median, some methods fail to generate estimates when the level of censoring 

increases. In such situation, censored observation makes sense because complete observations would 
be very few. 

• For both exponential and Weibull, distribution Kaplan-Meier estimator (Method-1) suggested by 
Helsel (2005) performs well for estimating the standard error of mean. But in case of median this 
estimator sometimes fails to yield estimates when the level of censoring gradually increases. Moreover, 
KM estimator cannot be generated when the censoring level is greater than or equal to 50%. So, in case 
of mean it performs well for almost all cases when the level of censoring is less than or equal to 50%. 
But the performance of this estimator for lognormal distribution varies from the previous results except 
for the larger censoring level. 

• For all the suggested distributions, Kaplan-Meier estimator (Method-2) suggested by Popovic et al. 
(2007) reveals almost similar performances and it is not so efficient for estimating the median when the 
level of censoring is below 50%. At high level of censoring (50%), this estimator does not perform well 
when the size of sample is reasonably small. 

• Estimates obtained from Nelson-Aalen method are comparatively biased in case of mean for the 
suggested distributions. When the level of censoring is 50%, this estimator sometimes fails to yield the 
estimates of median for reasonably small samples. 

• MLE estimators were computed by using the built-in function ‘cenmle’ in the NADA package. 
However, the function was programmed to take random numbers from either normal or lognormal 
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distributions. So for data generated from lognormal distribution, most of the cases the performance of 
MLE method is reasonably well. In case of median, MLE method performs well for both the cases of 
unbiasedness and efficiency.  

• ROS is a robust estimator. When estimating the mean, the ROS is a preferable estimator having lower 
biases for exponential and lognormal distributions. The Kaplan-Meier estimator suggested by Helsel 
(2005) and ROS estimator sometimes have the same estimates except for the large level of censoring in 
case of the simulated sample median. 

For the analysis of left-censored data, it could not be possible to specify a particular method of estimation for all 
cases. Rather than, for better estimates, different methods are recommended for different censoring situations 
and for different sample sizes with respect to the condition of unbiasedness and efficiency.  

Following these result, analysis could be performed on simulations by using other commonly used survival 
(time to event) distributions for further study and expect to see similar conclusions about the performances of 
the different methods. In addition, analysis could be done on left-censored data with multiple detection limits. In 
the analysis of any real data, we can fit any distribution which we intend to determine relevant to left-censored 
data. For group comparisons different tests such as logrank test, generalized Wilcoxon rank-sum test, Tarone 
and Ware test, the Peto-Prentice test etc can also be applied on the data. 
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Abstract. When developing a risk prediction model for survival data, it is essential that the performance of the 
model is evaluated using appropriate validation measures. Although a number of measures have been proposed, 
there is only limited advice regarding their use in practice. The aim of this research was to perform a simulation 
study based on two clinical datasets to investigate a wide range of validation measures in order to make practical 
recommendations regarding their use. Measures were evaluated with respect to their robustness to censoring and 
their sensitivity to the omission of important predictors. The simulation results show that Gonen and Heller’s 
CGH and Cox and Miller’s calibration slope performed well in all simulation scenarios. Royston and Sauerbrei’s 
D had good performance when the distribution of the prognostic index was approximately normal. Uno et 
al’sCUalso showed reasonable performance except for data with 80% or more censoring. The other measures 
under investigation (Harrell’s CH, Graf et al’sIBS and its R2version, and Schem per and Henderson’s V) had 
poor performance in the presence of censored data. Based on the simulation study, some recommendations for 
using these measures in practice are discussed.  

Keywords: risk prediction, prognostic model, validation, survival analysis.  

 

1 Introduction  

In health research, risk models are often used to predict health outcomes for patients. These models have an 
important role in guiding the clinical management of patients and monitoring the performance of health 
institutions [1, 2]. Given their important role in health research, it is essential that the performance of a risk 
model is evaluated using appropriate methods. This model evaluation process is generally termed ‘model 
validation’ [3, 4, 5]. When validating a model, there are some key aspects that one must consider [4]. These 
include (i) the agreement between the observed and predicted outcome for a group of patients (calibration) or for 
individual patients (predictive accuracy), and (ii) the ability of the model to distinguish between high and low 
risk patients (discrimination). In addition, it may be useful to assess what proportion of the variation in the 
outcome is explained by the predictors in the model (explained variation) [6, 7]. Explained variation measures 
are affected by both the calibration and discrimination of a model. High values of explained variation are 
expected if a wide range of accurate predictions are made by the model.  

Validation measures for models based on binary outcomes are reasonably well developed; for example, see 
Omar et al. [2], Steyerberg et al. [8], and Royston and Altman [9]. For survival data, censoring can complicate 
the validation process. Although several validation measures have been proposed for survival outcomes, it is 
still unclear which measures should be routinely used in practice [7, 10, 11]. The aim of this paper is to make 
practical recommendations regarding the use of validation measures for survival risk models. This is achieved 
by a review of some of the proposed measures and an evaluation of their performance through simulation 
studies. The paper is organized as follows. Section 2 introduces the real clinical data sets that were used to 
simulate the data. Section 3 describes the validation measures selected for investigation. Sections 4 and 5 
describe the design and results of the simulation study. Section 6 discusses the findings and makes 
recommendations. 
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2 Data  

Breast cancer data  

This dataset contains information on patients with primary node positive breast cancer from the German Breast 
Cancer Study [12]. The outcome of interest is recurrence-free survival time and there are 686 patients with 299 
events; 56% of patients were censored. Median follow-up time is 4.5 years. The predictors are age, tumour size, 
number of positive lymph nodes, progesterone receptor concentration, menopausal status (pre/post), tumour 
grade (1-3), and hormone therapy (yes/no).  

Sudden cardiac death data  

This dataset contains information on a retrospective cohort of UK patients with hypertrophic cardiomyopathy. 
The outcome of interest is sudden cardiac death (SCD). There are 1831 patients of which 79 had SCD; 95% of 
the patients were censored. Median follow-up time is approximately 5 years. The predictors of interest are age, 
number of runs of ventricular tachycardia (0-2/3+), obstruction to blood flow, abnormal blood pressure response 
to exercise (normal/abnormal), and maximum thickness of heart muscle.  

3 Validation measures for the Cox Proportional Hazards model  

Risk models for survival outcomes are commonly developed using the Cox Proportional Hazards (PH) model 
and hence this model was used in the simulations [13]. In order to focus on validation measures that have the 
potential of being routinely used in practice, measures were selected on the basis of their ease of interpretation 
and communication, and their availability or ease of implementation in commonly used statistical software. 
Validation measures selected include the calibration slope [11] from the category of calibration measures; Graf 
et al’s integrated Brier score (IBS) [14] from the category of predictive accuracy measures; Harrell’s C-index 
[15], Uno et al’s C-index [16], Gönen and Heller’s C-index [17] and Royston and Sauerbrei’sD [18] from the 
discrimination measures; and Graf et al’sR2

IBS [14] and Schemper and Henderson’s V [6] from the explained 
variation category. All these measures are discussed in detail later in the section.  

3.1 The Cox Proportional Hazards model  

The Cox model can be written in terms of the survival function as  

𝑆(𝑡|𝑥)  =  𝑆0(𝑡)𝑒𝑥𝑝(𝜂) 

where 𝑆(𝑡|𝑥) is the probability of surviving beyond time t given predictors x, 𝑆0(𝑡) is the baseline survivor 
function at time t, and 𝜂 =  𝛽1𝑥1 + . . . + 𝛽𝑃𝑥𝑃  =  𝛽𝑇𝒙 is a linear combination of p predictor values with 
regression coefficients 𝛽1, . . . ,𝛽𝑃 providing weights and is referred as ‘prognostic index’. To make predictions at 
timet, one uses estimates �̂�𝑇 and  �̂�0(𝑡) 

 

3.2 Measures of calibration  

A calibration measure assesses the agreement between the predicted and observed probability of survival for a 
group of patients. The most commonly used calibration measure is the calibration slope proposed by van 
Houwelingen [11]. The calibration slope is calculated by fitting a Cox model to new survival outcomes with the 
predicted prognostic index,�̂�  =  �̂�𝑇𝒙 as the sole predictor in the model. If�̂�, estimated in the validation data, is 
close to 1, it suggests that the prognostic model is well calibrated. Moderate departures from 1 indicate that 
some form of model re-calibration may be necessary [11]. 

3 Measures of discrimination  

Measures of discrimination assess how well a model can distinguish between low- and high-risk patients. The 
discriminatory ability of a survival model is commonly measured using a concordance statistic that quantifies 
the correlation between predicted and observed survival times. Another type of discrimination measure is the D 
statistic proposed by Royston and Sauerbrei [18] which is based on the concept of prognostic separation.  
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3.3.1 Harrell’s C-index  

Harrell’s C-index [15] is the most commonly used concordance measure and is defined as the probability that of 
a randomly selected pair of patients (𝑖, 𝑗), the patient with the shorter survival time has the higher predicted risk. 
Formally, the estimator proposed by Harrell et al. [15] is given by  

𝐶𝐻 =
∑∑ �𝐼(�̂�𝑇𝑥𝑖 > �̂�𝑇𝑥𝑗&𝑡𝑖 < 𝑡𝑗&𝛿𝑖 = 1)�𝑛

𝑖≠𝑗

∑∑ �𝐼( 𝑡𝑖 < 𝑡𝑗&𝛿𝑖 = 1)�𝑛
𝑖≠𝑗

 

whereI denote the logical indicator function, δ takes value 1 if the patient has the event at time t and 0 if the 
patient is censored, and n is the number of observations. The above formula implies that the value of the C-
index depends on the censoring mechanism [10]. The C-index usually takes values between 0.5 and 1, where a 
value of 0.5 indicates that the model has no discriminatory ability and 1 indicates perfect discrimination. 

3.3.2 Uno’s C-index  

Uno et al. [16] proposed a modified concordance estimator based on Harrell’s C-index that removed the 
dependence on the censoring mechanism by weighting the pairs by the probability of being censored. The 
resulting estimator is  

𝐶𝑈 =
∑∑ �𝐼��̂�𝑇𝑥𝑖 > �̂�𝑇𝑥𝑗&𝑡𝑖 < 𝑡𝑗 , 𝑡𝑖 < 𝜏 &𝛿𝑖 = 1�.𝐺�(𝑡𝑖)−2�𝑛

𝑖≠𝑗

∑∑ �𝐼( 𝑡𝑖 < 𝑡𝑗 , 𝑡𝑖 < 𝜏 &𝛿𝑖 = 1).𝐺�(𝑡𝑖)−2�𝑛
𝑖≠𝑗

 

 

whereτ is introduced to overcome instability in the tail part of the survival function and should be chosen as any 
time up to and including the last event time, and 𝐺(𝑡) is the Kaplan-Meier estimator applied to the censoring 
times. Uno et al’s C-index has the same scale as Harrell’s estimator.  

3.3.3 Gonen and Heller’s C-index  

Gönen and Heller proposed an alternative estimator based on a reversed definition of concordance that 
considers, for a patient pair, whether the patient with the higher predicted risk has the shorter survival time. This 
estimator CGH is derived under the Cox PH model [17] and, unlike CH and CU, does not use the observed event 
and censoring times directly but rather is a function of the model parameters and the predictor distribution. CGH 
is calculated as  

𝐶𝐺𝐻 =
2

𝑛(𝑛 − 1)
���

𝐼(�̂�𝑇𝑥𝑖 > �̂�𝑇𝑥𝑗)
1 + exp{�̂�𝑇(𝑥𝑗 − 𝑥𝑖)}

+
𝐼(�̂�𝑇𝑥𝑗 > �̂�𝑇𝑥𝑖)

1 + exp{�̂�𝑇(𝑥𝑖 − 𝑥𝑗)}
�

𝑛

𝑖<𝑗

 

and has the same interpretation as CH and CU. For uncensored data, the values of CGH and CH have been shown 
to be comparable [17].  

3.3.4 Royston and Sauerbrei’s D 

The D statistic is a discrimination measure that quantifies the observed separation between subjects with low 
and high predicted risk [18]. It is calculated by sorting the predicted prognostic indices into ascending order, 

transforming them using standard normal order rank statistics, and dividing the resulting values by 𝑘 = �8
𝜋
  to 

give  

𝑧𝑖 =  𝑘−1Φ−1 �
𝑖 − 3

8�

𝑛 + 1
4�
� 

wherei is the rank order and Φ−1(. ) is the inverse standard normal distribution function. A Cox PH model is 
fitted to the validation data with 𝑧𝑖as the sole predictor, and the D statistic is the resulting regression coefficient. 
This can be interpreted as the log hazard ratio comparing two equal sized risk groups, obtained by 
dichotomizing the patient sample based on the predicted prognostic indices. 
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3.4 Measures of predictive accuracy and explained variation  

Measures of predictive accuracy quantify the difference between the predicted survival probability and the 
actual outcome for an individual patient. Measures of explained variation can be derived from measures of 
predictive accuracy by comparing the relative gain in predictive accuracy upon adding predictors to a model. 
Amongst the measures of explained variation proposed for survival outcomes, Schemper and Henderson [6]’s V 
and Graf et al. [14]’s R2

IBS are based on predictive accuracy.  

3.4.1 Graf’s Brier score  

Graf et al’s Brier score [14] is calculated by comparing the predicted survival probability and the observed 
survival status for each patient at a particular time t using a quadratic loss function, then taking a weighted 
average over all patients. Weights are used to compensate for the loss of information due to censoring. The 
resulting weighted Brier score can be calculated as  

𝐵𝑆(𝑡)  =
1
𝑛
��

�0 − �̂�(𝑡|𝑥𝑖)�
2
𝐼(𝑡𝑖 ≤ 𝑡, 𝛿𝑖 = 1)

𝐺�(𝑡𝑖)
+
�1 − �̂�(𝑡|𝑥𝑖)�

2
𝐼(𝑡𝑖 > 𝑡)

𝐺�(𝑡)
�

𝑛

𝑖=1

 

where𝐺�(𝑡) is defined above for CU. To avoid choosing a fixed time-point, a summary measure of predictive 
accuracy can be obtained by integrating 𝐵𝑆(𝑡) over a range of time points 𝑡 ≤  𝜏, where 𝜏 is defined as for CU . 
This measure is known as the integrated Brier score (IBS).  

A measure of explained variation can be derived from the IBS that quantifies the relative gain in predictive 
accuracy resulting from the inclusion of predictors in the model. Graf et al. [14] proposed 𝑅2𝐼𝐵𝑆which is given 
by  

𝑅𝐼𝐵𝑆2  =  1 −  𝐼𝐵𝑆𝑥(𝜏)/𝐼𝐵𝑆0(𝜏), 

where𝐼𝐵𝑆0(𝜏) and 𝐼𝐵𝑆𝑥(𝜏) are the integrated Brier scores obtained from the null model with no predictors and 
the model with predictors, respectively. 𝑅𝐼𝐵𝑆2 ranges between 0 and 1, with the maximum value being achieved if 
the predictors fully explain the variation in the outcome. 

3.4.2 Schemper and Henderson’s V  

Schemper and Henderson’s V [6] is a measure of explained variation based on the absolute loss function and is 
calculated in a similar manner to 𝑅𝐼𝐵𝑆2 . Since V is based on absolute differences, rather than squared differences, 
it may be less affected than 𝑅𝐼𝐵𝑆2  by poor estimates of the survival function, which are likely to occur in the right 
tail of the survival distribution. V is defined as  

𝑉 =  1 − 𝐷𝑥(𝜏)/𝐷0(𝜏) 
where𝐷0(𝜏) and 𝐷𝑥(𝜏) are measures of predictive accuracy for the null model and the model with predictors, respectively. 
𝐷𝑥(𝜏)is obtained by taking a weighted average of the mean absolute error of prediction for survival over all distinct event 
times 𝑡(𝑗) (𝑡(1) <  𝑡(2) . . . < 𝑡(𝑚)), with𝑑𝑗 events at 𝑡(𝑗). Similarly, 𝐷0(𝜏)  is based on the null model. 

4 Evaluation of the validation measures  

Using a simulation study, the measures were investigated with respect to their robustness to censoring and their 
sensitivity to the omission of important predictors. The simulation design is now described.  

4.1 Simulation design  

4.1.1 Simulation scenarios  

The simulation study was based on the two clinical datasets described in Section 2. Validation datasets were 
generated by simulating new outcomes for each of these datasets based on a true model and combining these 
with the original predictors. The validation measures were investigated over a range of scenarios to mimic real 
situations. For all simulations, three risk profiles (low, medium, and high) were constructed for the patients in 
the validation data to reflect the fact that, in practice, the characteristics of the patients in the development and 
validation data may differ. For the investigation into the effect of censoring, two types of censoring mechanism 
were considered, random and administrative. The levels of censoring considered were 0%, 20%, 50%, and 80%, 
which combined with the risk profiles, results in a total of 24 validation scenarios for each clinical dataset.  

4.1.2 Generating new survival and censoring times  

The survival times were generated using the Weibull distribution, where the (true) regression coefficients and 
shape parameter obtained by fitting a Weibull proportional hazards model to each clinical dataset. To introduce 
random censoring, additional Weibull distributed censoring times were simulated considering different 
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proportions of censoring. To generate administratively censored data, censoring times were simulated from a 
uniform distribution on (0, T∗), where the scalar T∗ was chosen to give the appropriate proportion of censoring. 
A subject was considered to be censored if their censoring time was shorter than their survival time. A total of 
500 validation datasets were simulated for each scenario. 

4.1.3 Generating validation data with different risk profiles  

Different risk profiles were created in the validation data by first splitting the patients into fertile groups based 
on the true prognostic index 𝑃𝐼 = 𝛽𝑇  𝑥. It is assumed that the first tertile group contains low-risk patients, the 
second medium risk, and the third high-risk patients. Based on these three risk profiles, validation data with low, 
medium, and high risk profiles were created by taking different but appropriate proportions of patients from 
each of the tiles. This procedure was done once only before simulating the outcome data. 

4.2 Assessing the effect of censoring  

The bias induced by censoring was calculated for each validation measure for different levels of censoring by 
taking the average over 500 simulations of the differences between the estimate of each validation measure and 
a corresponding reference (true) value. The reference values were obtained for each risk profile by calculating 
the average value of each measure using 10,000 simulated datasets with no censoring.  

4.3 Assessing sensitivity to omission of important predictors  

The sensitivity of the validation measures to the omission of important predictors from the model was also 
assessed. Then a range of models were formulated based on the importance of the predictors determined from 
the P-values for each predictor using likelihood ratio tests. That is, Model 1 included all predictors, Model 2 
omitted the strongest predictor, Model 3 omitted this predictor and the next strongest, and so on. The validation 
measures were then calculated based on these predictions and averaged over the 500 datasets. These average 
measures were then transformed using a percentage scale where the value obtained for the correctly specified 
model (Model 1) was set to 100%, and the value for the null model was set to 0%, to facilitate comparisons 
across measures. Additionally, model χ2values were calculated using the validation data to examine whether 
changes in model χ2due to the omission of predictors correspond to changes in the validation measures. 

5 Results  

5.1 Effects of censoring  

Figure 1 shows the distribution of the validation measures, over 500 simulations, for various degrees of 
censoring. Only the results for the medium risk profile breast cancer patients with randomly censored survival 
times are presented. The horizontal dashed line shows the reference value for each validation measure. The 
median values of CH and IBS increased with the degree of censoring whereas the median values of R2

IBS and V 
decreased with increased censoring. This suggests that misleading conclusions may be drawn regarding a 
model’s predictive performance when using these measures in the presence of censoring. The median values for 
the other measures were little affected by censoring.  
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Fig. 1: Empirical distribution of the validation measures for various levels of censoring. Results are from the 
medium risk breast cancer simulations with random censoring. The horizontal dashed line indicates the 
reference value for each measure.  

Figures 2 and 3 show the standardized bias for the validation measures for the breast cancer and SCD 
simulations respectively when the censoring is random. The bias in CS and 𝐾(𝛽) was negligible which is to be 
expected since both are derived from the Cox model. The other measure derived from this model, the D statistic 
was biased in some scenarios. For example, the bias was negligible in the medium risk breast cancer scenario, 
whereas the bias was often high in the SCD scenarios. Further investigation suggests that the level of bias in D 
corresponds to the level of skewness in the distribution of the prognostic indices(results not shown).  

CH, one of most widely used measures in practice, showed increasing bias as the level of censoring increased, 
which may be expected since it depends on the censoring mechanism. Further investigation suggests that the 
bias in CH may be acceptable for censoring up to 30% (additional results not shown). CU incorporates weighting 
to remove the dependence on the censoring mechanism. This appeared to work well as the bias was negligible 
except for 80% censoring where it showed some bias. The measures of predictive accuracy and explained 
variation were most affected by censoring, even at low levels, despite their use of weighting to alleviate the 
effect of censoring. Similar results were observed for the administrative censoring scenarios (results not shown).  

 
Fig. 2: Standardized bias (%) with 95% confidence intervals for 𝐶𝐻, 𝐶𝑈 , 𝐶𝐺𝐻,𝐷,𝐶𝑆, 𝐼𝐵𝑆,𝑅𝐼𝐵𝑆2 , and V. Results 
are from the breast cancer simulations with random censoring.  

 
Fig. 3: Standardized bias (%) with 95% confidence intervals for 𝐶𝐻, 𝐶𝑈 , 𝐶𝐺𝐻,𝐷,𝐶𝑆, 𝐼𝐵𝑆,𝑅𝐼𝐵𝑆2 , and V. Results 
are from the SCD simulations with random censoring.  

5.2 Sensitivity to omission of important predictors  

All the validation measures, except the calibration slope, showed monotonic sensitivity to the omission of 
important predictors (Figure 4), although none were as sensitive as model χ2 in the low and medium risk 
scenarios. The measures belonging to the category of predictive accuracy and explained variation (V, IBS 
and  𝑅𝐼𝐵𝑆2 ) were the most sensitive, with V closely following the model χ2 value in the high risk scenarios. This 
may be because these measures are calculated using the individual predictions directly and thus are more 
sensitive to changes in the prognostic strength of the model. The least sensitive measures were CH and CU which 
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may be expected since they are both pure rank based measures and do not incorporate the actual difference 
between predictions. It is worth noting that there was less variation across the measures in the high risk 
scenarios.  

 
Fig. 4: Sensitivity of the validation measures to the omission of important predictors, quantified as the 
percentage reduction relative to that obtained for Model 1. Results are for the breast cancer simulations. 

5.3 Relationship between the measures  

The relationships between the various measures, excluding CS, are shown in Figure 5 for the medium risk breast 
cancer scenario. There was very good agreement between CH, CU , IBS, R2

IBS and V when there was no 
censoring, although these relationships weakened considerably as censoring increased. Similar relationships 
were seen for the low and high risk breast cancer scenarios (results not shown). Generally, these relationships 
were weaker in the SCD scenarios (results not shown), perhaps reflecting the lower amount of prognostic 
information available. However, there was still very good agreement between CH and CU. There was excellent 
agreement between CGH and D in the breast cancer scenarios and this relationship was robust to censoring. This 
relationship was weaker in the SCD scenarios which may be due to non-normality of the prognostic indices.  

 

 

 

 

 

 
 
 

 

Fig. 5: Agreement between the measures at different levels of censoring. Results are from the medium risk 
breast cancer simulations with random censoring. 
 
6 Discussion 
Based on the simulation study, the measures of predictive accuracy (IBS) and explained variation (V and R2

IBS) 
cannot be recommended for use with survival risk models due to their poor performance in the presence of 
censored data. However, these measures were all conservative with censored data so that high (or low for IBS) 
values would still be indicative of a good risk model. Of the discrimination measures, CGH  was not biased in the 
presence of censoring and CU was only little affected. The performance of D in the presence of censoring 
depended on the distribution of the prognostic index. Provided that the prognostic index was approximately 
normally distributed, the effect of censoring on the bias in D was negligible. CH was affected by censoring and 
cannot be recommended for use with data with more than 30% censoring. The sole calibration measure under 
investigation, CS, was unbiased in the presence of censoring.  

All the measures of discrimination, predicted accuracy and explained variation showed sensitivity to the 
omission of important predictors from a model. However, the two ranked-based measures, CH and CU, were less 
sensitive than the other measures. The calibration slope showed only limited sensitivity to predictor omission 
since the developed risk model effectively re-calibrates itself to compensate for the omitted predictors.  

Based on the findings of this simulation study, CGHcan be recommended for validating a risk model developed 
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using the Cox proportional hazards model, since it is both robust to censoring and reasonably sensitive to the 
omission of important predictors. D can also be recommended provided that the distribution of the prognostic 
index is approximately normal. It is more sensitive to predictor omission than CGH and can be calculated for 
models other than those fitted using the Cox model. CU can be used if CGHand D are not appropriate, although it 
less sensitive than these measures. The calibration slope can be recommended as a measure of calibration since 
it is not affected by censoring although it is less sensitive than the other measures to the omission of important 
predictors. In practice, one might also investigate calibration graphically by comparing observed and predicted 
survival curves for groups of patients. This approach also has the benefit of being easy to communicate.  

In summary, it is important to investigate the characteristics of the validation data before choosing validation 
measures. In particular, the level of censoring and the distribution of the prognostic index need to be checked, 
assuming that the standard model assumptions such as proportional hazards hold. It is not clear that this is 
routinely done in practice.  
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Abstract. If the observations are subject to right censoring then Stute’s weighted least squares (SWLS) method 
(Stute, 1993, 1994) with appropriate weights is often used for parameter estimation in survival analysis. If the 
SWLS method is used for estimation the implementation of Efron’s (1967) redistribution to the right algorithm 
is a natural choice for data where𝛿𝑛 = 0. We claim that the implementation of Efron’s approach does not satisfy 
the basic assumption of right censoring. As a result, it provides some bias and inefficiency in the parameter 
estimation. Here we explain the issues and propose some alternative methods of treating 𝑌(𝑛)

+ with the aim of 
attaining two objectives: more efficient and less biased estimates, and satisfaction of the right censoring 
assumptions. The new schemes are evaluated using SWLS applied to a log-normal AFT model. Both simulated 
and real data are used to measure the performance of the new weighting schemes. Many practical considerations 
like censoring levels, type of censoring distributions, and correlation structures among the covariates are 
considered in those simulated examples. 

Keywords: Accelerated failure time (AFT) model, Efron’s tail correction, Imputation, Right censoring, 
Weighted least squares 

1 Introduction 

Let 𝑌(1),· · · ,𝑌(𝑛)be the ordered logarithm of survival times, and 𝛿(1),· · · ,𝛿(𝑛)the corresponding censoring 
indicators. The typical AFT model is defined by 

𝑌𝑖 =  𝛼 +  𝑋𝑖𝑇𝛽 +  𝜀𝑖 ,    𝑖 =  1,· · · ,𝑛 (1) 

The trick to handle censored data turns out to introduce weighted least squares (WLS) method, where weights 
are used to account for censoring. There are many studies where WLS is used for AFT models (Huang et al., 
2006; Hu &Rao, 2010; Khan & Shaw, 2012). The AFT model (1) is solved using a penalized version of SWLS 
method (Stute, 1993, 1996). The SWLS estimate 𝜃� = (𝛼�, �̂�) 𝑜𝑓 𝜃 =  (𝛼,𝛽) is defined by  

𝜃� = arg𝑚𝑖𝑛
𝜃 �

1
2
�𝜔𝑖

𝑛

𝑖=1

(𝑌(𝑖) − 𝛼 − 𝑋(𝑖)
𝑇 𝛽)2� (2) 

Where 𝑤𝑖’𝑠 are the weights that are typically determined by two methods in the literature. One is called inverse 
probability of censoring weighting and the other is called Kaplan−Meier weight which is based on the jumps of 
the K−M estimator. The K−M weighting approach is widely used in many studies such as Stute (1993, 1994, 
1996), Stute& Wang (1994), Hu &Rao (2010), Khan & Shaw (2012). The SWLS method in Equation (2) uses 
the K−M weights to account for censoring. 

The data consist of (𝑇𝑖∗ ,𝛿𝑖 ,𝑋𝑖), (𝑖 =  1,· · · ,𝑛) where 𝑡𝑖∗  =  𝑚𝑖𝑛 (𝑡𝑖 , 𝑐𝑖) and𝛿𝑖  =  𝐼(𝑡𝑖 ≤  𝑐𝑖) where 
𝑡𝑖and𝑐𝑖represent the realization of the random variables 𝑇𝑖and𝐶𝑖respectively. Let the ordered failure and 
censoring times be 𝑡𝑗∗, 𝑗 = 1, … ,𝑛,𝑑𝑗 be thenumber of individuals who fail at time 𝑡𝑗and𝑒𝑗be the number of 
individuals censored attime 𝑡𝑗. Then the K−M estimate of S(t)  =  P(Ti >  𝑡) is defined  

�̂�(𝑡) =  � �1 −
𝑑𝑗
𝑟𝑗
�

�𝑗|𝑡𝑗≤𝑡�

 (3) 

Where 𝑟𝑗  = ∑ 𝐼(𝑡𝑗 ≥  𝑡)𝑛
𝑖=1  is the number of individuals at risk at time 𝑡. In Stute (1993, 1996) the K−M 

weights are defined as follows 

ISBN: 978-984-33-5876-9 
© Department of Statistics, University of 

Rajshahi, Rajshahi-6205, Bangladesh 

International Conference on Statistical Data 
Mining for Bioinformatics Health Agriculture 
and Environment, 21-24 December, 2012. 



151 
 

𝑤1 =
𝛿(1)

𝑛
,𝑤𝑖 =

𝛿(𝑖)

𝑛 − 𝑖 − 1
��

𝑛 − 𝑗
𝑛 − 𝑗 + 1

�
𝛿(𝑗)

, 𝑗 = 1, … ,𝑛
𝑖−1

𝑗=1

 (4) 

As can be observed, the weighting method (4) give zero weight to the censored observations 𝑌(.)
+. The method 

also give zero weight to the largest observation if it is censored (i.e. 𝛿(𝑛)  =  0). Furthermore we know from the 
definition of the K−M estimator (3) that the K−M estimator of 𝑆(𝑡) is not defined for 𝑌 > 𝑌(𝑛)

+ . In this case 
Equation (3) is defined as 

�̂�(𝑡) =

⎩
⎪
⎨

⎪
⎧ � �1 −

𝑑𝑗
𝑟𝑗
� ,

{𝑗|𝑡𝑗≤𝑡}
for 𝑡 ≤ 𝑇(𝑛)

�
0, 𝑖𝑓 𝛿(𝑛) = 1

𝑢𝑛𝑑𝑒𝑓𝑖𝑛𝑒𝑑, 𝑖𝑓 𝛿(𝑛) = 0    𝑓𝑜𝑟 𝑡 > 𝑇(𝑛)

 (5) 

This problem is usually solved by making a tail correction to the K−M estimator (Efron, 1967). Under this 
approach 𝛿(𝑛)  =  0 is reclassified as 𝛿(𝑛)  =  1 so that the K−M estimator drops to zero at 𝑌(𝑛)

+ and beyond. 
Several published studies give zero weight to the observation 𝑌(𝑛)

+  (e.g. Huang et al., 2006; Datta et al., 2007). 
The weighting without tail correction causes improper weighting scheme. For the AFT model analyzed by WLS 
method as defined by Equation (2), the improper weights will not contribute to the term 1

2
∑ 𝜔𝑖
𝑛
𝑖=1 (𝑌(𝑖) − 𝛼 −

𝑋(𝑖)
𝑇 𝛽)2 for the observation 𝑌(𝑛)

+ . Since the term 𝑤𝑖(𝑌(𝑖) − 𝛼 − 𝑋(𝑖)
𝑇 𝛽)2 is non-negative this leads to a smaller 

value of weighted residual squares compared to its actual value, resulting in a biased estimate for 𝛽. As the 
censoring percentage 𝑃% increases, the chance of getting the censored observation 𝑌(𝑛)

+  also increases. Hence it 
is necessary to be cautious when applying Efron’s approach to datasets with heavy censoring. 

2 Penalized SWLS 

We adjust 𝑿(𝑖)and 𝑌(𝑖)by centering them by their weighted means. By replacing the original data (𝑌(𝑖),𝛿(𝑖),𝑿(𝑖)) 
with the weighted data, the objective function of the SWLS (2) with the ridge penalty parameter 𝜆2   becomes 

ℓ(𝛼,𝛽) =
1
2
�(𝑌(𝑖)

𝜔 − 𝑋(𝑖)
𝜔 𝑇𝛽)2 + 𝜆�𝛽𝑗

2
𝑝

𝑗=1

𝑛

𝑖=1

 (6) 

The reason for choosing 2 penalized estimation is to deal with any collinearity among the covariates. We use
plog201.02 =λ for the log-normal AFT model because plog2  the term is a natural adjustment for the 

number of variables (p) for model with Gaussiannoise (Candes& Tao, 2007). 

We further develop this penalized WLS (6) following the study by Hu &Rao (2010).The objective function of 
the modified penalized WLS is defined in matrix form as below 

ββλβββα Tw
u

w
u

Tw
u

w
u XYXY 22

1)()(
2
1),( +−−=

 subject to βw
u

w
u XY ≤ ,  (7) 

Where
w

uY  and
w
uX are the response variables and the covariates respectively both corresponding to the 

uncensored data. For censored data they are denoted by 
w

uY and
w
uX respectively. The censoring constraints

βw
u

w
u XY ≤ arise from the right censoring assumption (Hu &Rao, 2010). The optimization of Equation (7) is 

then carried out using a standard quadratic programming (QP) that has the form 

]
2
1[minarg Dbbbd TT

b

+−
subject to 0bAb ≥      (8) 
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3 Imputing 
+

)(nY
 

Let uT be the true log failure times corresponding to uY  , so that iuiu YT > for thei-th censored observation. We 

propose five approaches for imputing )(nuY . First four approaches are based on the Buckley-James (1979) 
method after implementing Efron’s tail correction and the last approach is indirectly based on the mean 
imputation (Datta, 2005). 

3.1 Adding the Conditional Mean or Median 

The key idea of the Buckley-James method for censored data is to replace iuY by ),|( iiuiuiu XYTTE >  . Let iξ  is 

the error term associated with the data ( iii XT ,,* δ ) i.e βξ T
iii XY −=  where )log( *

ii TY =  such that solving the 

equation 
∑ ∑
= =

==−
n

i

n

i
i

T
i

T
ii

T
i XXYX

1 1
0)( ξβ

yields the least squares estimates for β . According to the Buckley-

Jamesmethod the quantity ),|( iiuiuiu XYTTE >  for the ith censored observation is calculated as  

),|(),|( iiii
T
iiiuiuiu XEXXYTTE ξεεβ >+=>      (9) 

We do not impute the largest observation, )(nuY
 using Equation (9), rather we add the conditional mean of 

),|( iiii Xξεε > i.e., miiiE τξεε => )|( (say) or the conditional median of ),|( iiii Xξεε >  i.e., Median

mdiiiE τξεε => )|(  (say) to )(nuY
 . Here the quantity ),|( iiii Xξεε >  is equivalent to )|( iii ξεε >  since

ii X⊥ε is linear regression (1). The quantity mnuY τ+)(  or mdnuY τ+)( is therefore a reasonable estimate of 

the true failure time )(nuT
 for the largest observation. The mτ  is calculated by 

,
)(1

)()|( ∫
∞

−
=>=

i i

i
iiim F

dFE
ξ ξ

εξεετ
       (10) 

where F(.) is the distribution function. Buckley &Jamers (1979) show that the above F(.) can be replaced by its 

Kaplan-Meier estimator (.)F̂  and so 

,
)(ˆ1

)(ˆ

:
∑
> −

∆
=

ijj i

j
jm F

F

ξξ ξ

ξ
ξτ

     (11) 

Where F̂  is the Kaplan-Meier estimator of F based on ],...,2,1),,[( niii =δξ  i.e., 

∏
∑>

=
≥

−−=
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     (12) 

The conditional median can be calculated from the following expression 

5.0
)(1

)(
=

−∫
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i
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dFτ

ξ ξ
ε

       (13) 
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After replacing F(.) by its K-M estimator (.)F̂ Equation (13) can be written as below 

5.0
)(ˆ1
)(ˆ

:
=

−

∆
∑
> ijj i

j

F
F

ξξ ξ

ξ

       (14) 

 

3.2 Adding the Resampling-based Conditional Mean and Median 

The approaches are similar to conditional mean and median adding as discussed in Section3.1 except that mτ  

and mdτ
are calculated using a modified version of an iterative solution to the Buckley-James estimating 

method (Jin et al., 2006). We have followed the iterative Buckley-James estimating method (Jin et al., 2006) 
along with the associated imputation technique because it provides a class of consistent and asymptotically 
normal estimators. We have modified this iterative procedure by introducing a quadratic programming based 
weighted least square estimator (Hu &Rao, 2010) as the initial estimator. Under this scheme we replace the 

unobserved )(nuY
 by

*)( mnuY
τ+ or 

*)( mnuY
τ+  where 

*
mτ and

*
mdτ

are the resampling based conditional mean and 
median calculated by 
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And  
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Respectively, Here )(ˆ *
iF ξ  is calculated using Equation (12) based on the modified iterative Buckley-James 

estimating method. The procedure is described below.  

Buckley & James (1979) replaced the i-th censored iuY by ),|( iiuiuiu XYTTE > , yielding 
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respectively. Here is calculated using Equation (12) The associated Buckley & James estimating function 

∑
=

−−=
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T
iii XbYXXbU
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is than define by 
−−−= ∑
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(Xi − 
𝑋�Tβ)} for 𝑌�(𝑏) =n-1∑ 𝑌𝚤�(𝑏)𝑛

𝑖=1 . The Buckley−James estimator �̂�bjis the root of U(β,β)=0. This gives the 
following solution: 

𝛽 = 𝐿(𝑏)𝑏=𝛽 = �∑ (𝑋𝑖 − 𝑋�)⊗2𝑛
𝑖=1 �

−1
�∑ (𝑋𝑖 − 𝑋�)𝑛

𝑖=1 �𝑌𝚤�(𝑏) − 𝑌�(𝑏)��,                      (17) 

where𝑎⊗2means 𝑎𝑎𝑇for a vector. The expression (17) leads to following iterative algorithm. 

�̂�(𝑚) = 𝐿(�̂�(𝑚−1)),   𝑚 ≥ 1(18) 

In Equation (18) we set the initial estimator �̂�(0) to be the penalized weighted least square estimator �̂�qpthat is 
obtained by optimizing the objective function specified by the Equation (7). The initial estimator �̂�qp is a 
consistent and asymptotically normal estimator such as the Gehan-type rank estimator that was used as the 
initial estimator in Jin et al. (2006). 
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Under the resampling procedure (Jin et al., 2006) n iid positive random variables 

Zi(i= 1, · · · , n) with E(Zi) = var(Zi) = 1 are generated and define 

𝐹�*(𝜉𝑖)=1 −∏ �1 − 𝑍𝑖𝛿𝑖
∑ 𝑍𝑖1�𝜉𝑗>𝜉𝑖�
𝑛
𝑗=1

�𝑗:𝜉𝑗>𝜉𝑖 ,                                         (19) 

and 

𝑌�𝑖∗(β) = 𝛿𝑖𝑌𝑖 + (1 − 𝛿𝑖) �∫ 𝜀𝑖
𝑑𝐹�∗(𝜀𝑖)
1−𝐹�∗(𝜉𝑖)

+ 𝑋𝑖𝑇
∞
𝜉𝑖

𝛽�, 

And 𝐿∗(𝑏)𝑏=𝛽 = �∑ 𝑍𝑖(𝑋𝑖 − 𝑋�)⊗2𝑛
𝑖=1 �

−1
�∑ 𝑍𝑖(𝑋𝑖 − 𝑋�)𝑛

𝑖=1 �𝑌𝚤�
∗(𝑏) − 𝑌�∗(𝑏)��(20) 

Equation (20) then leads to an iterative process �̂�∗(m)= 𝐿∗(�̂�∗(𝑚−1)), 𝑚 ≥ 1. The initial value �̂�∗(0) of the iteration 
process becomes �̂�𝑞𝑝∗ which is the optimized value of 
1
2

Z(𝑌𝑢𝑤 − 𝑋𝑢𝑤)𝑇(𝑌𝑢𝑤 − 𝑋𝑢𝑤) + 1
2
𝜆2𝛽𝑇β,subject to Z𝑌𝑢�𝑤≤ Z𝑋𝑢�𝑤β.                                        (21) 

The equation (21) is obtained using the function (7). For a given sample (Z1, · · · ,Zn), the iteration procedure 
�̂�∗(k) = 𝐿∗(�̂�∗(𝑘−1))yields a  �̂�∗(k) (1 ≤ k ≤ m). The empirical distribution of �̂�∗(m) is based on a large number of 
realizations that are computed by repeatedly generating the random sample (Z1, · · · ,Zn) a reasonable number of 
times. Then the empirical distribution is used to approximate the distribution of  �̂�(m). 

3.3 Adding the Predicted Difference Quantity 

Suppose 𝑌𝑢𝚤���∗ is the modified failure time obtained using mean imputation technique to the 

censoredY𝑢𝚤� . Under mean imputation technique the censored observation, Y𝑢𝚤� is replaced with the conditional 
expectation of Tigiven Ti>Ci. Define 

𝑌𝑢𝚤���∗ = ��̂�(𝐶𝑖)�
−1 ∑ log 𝑡(𝑟)Δ𝑡(𝑟)>𝑐𝑖 �̂��𝑡(𝑟)�,                (22) 

where�̂� is the K-M estimator of the survival function of T as defined by equation (3), Δ�̂� (t(r)) is the jump size of 
�̂� at time t(r). We note that using mean imputation technique the modified failure time Y*

u̅(n) to the largest 
observation Y*

u̅(n) cannot be computed. Because, for Y ≥ Yu̅(n) the K-M estimator �̂� is undefined when δ(n) = 1. 
Here we propose an alternative way to impute Yu̅(n), where we assume that v be a non-negative quantity such 
that Y*

u̅(n)-Yu̅(n)= v. We estimate v as a predicted value based on the differences between the imputed values and 
the censoring times for all censored observations except for the largest observation (s).  

Suppose Di for i= 1, … , (nu̅i-1) represents the difference between the imputed value and the unobserved value 
for the i-th censored observation. So the quantity v can treated as possible component of the D family. We 
examine the relationship between Di and Yu̅i by conducting various numerical studies. Figure 1 Shows the most 
approximate relationship between Di and Yu̅ifrom two real datasets. Figure 1 is based on the Channing house 
dataset ( Hyde, 1980) that also discussed in the section of real data analysis. Both male and female data have 
heavy censoring toward the right.  

 
Fig.1: Relationship between Di and Yu̅ifor i = 1… 1, nu̅i-1 based on Channing House data. First two and the last 
two columns from the left are for male and female data respectively. 
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The Figure 1 clearly suggests a negative linear relationship between Di and Yu̅i. The trend based on other 
transformations (logarithmic of either Di or Yu̅ior both ) appears to be nonlinear. Hence we set up a linear 
regression for Di on Yu̅i which is given by 

   Di = α̃  +Yu̅i+ β ̃+ 𝜖̃i ; i = 1, 2 … … (nu̅i-1)        (23) 

where α̃  is the intercept term, β̃ is the coefficient for the unobserved censored time, and 𝜖̃i is the error term. We 
fit the model (23) with a typical weighted LS method that gives the objective function.  

�𝑤�𝑖(𝐷𝑖 − 𝛼� − 𝑌𝑢�𝑖𝛽�)2
𝑛𝑢�𝑖

𝑖=1

 

Where 𝓌�̃� are the data dependent weights. The weight for the ith observation in equation (24) is chosen by    
{Yu̅(n)-Yu̅i}-1. This give more weight to data near the observation in question. Finally the quantity v is obtained 
by 

𝑣� = �
𝐷��𝑌𝑢�(𝑛)�,         𝑖𝑓 𝐷��𝑌𝑢�(𝑛)� > 0

0,            𝑖𝑓 𝐷��𝑌𝑢�(𝑛)� ≤ 0.
                         (25) 

4 Estimation procedures 

4.1 W0: Efron’s Approach 

(i) Set 𝛿(𝑛)=1 and solve Equation (7) using the QP approach (8) to estimate β. 

4.2 𝑾Ƭ𝒎 : Conditional Mean Approach 

(i) Set 𝛿(𝑛)=1 and solve Equation (7) using the QP approach (8) to estimate β. 

(ii) Compute WLS errors based on the estimated β from Step (i) and then calculate the K-M estimator of the 
errors using the Equation (12) and Ƭ𝑚 using Equation (11). 

(iii) Add the quantity Ƭ𝑚found in Step (ii) to𝑌𝑢�(𝑛) 

(iv) Get a new and improved estimate of β based on modified 𝑌𝑢�(𝑛)found in Step   (iii) by solving Equation (7) 
using the QP approach (8). 

4.3  WƬmd : Conditional Median Approach 

Here WƬmd is similar to WƬm exvept that it uses Ƭ𝑚𝑑 instead of Ƭ𝑚 in Steps (ii) and (iii). 

4.4WƬm: Resampling Based Conditional Mean Approach 

(i) Set 𝛿(𝑛)=1 and solve Equation (20) to estimate β. 

(ii) Compute WLS errors based on the estimated β from Step (i) and then calculate the K-M estimator of the 
errors using the Equation (12) and Ƭ*m using Equation (15). 

(iii) Add the quantity Ƭ*m found in Step (ii) to𝑌𝑢�(𝑛). 

(iv) Get a new and improved estimate of β based on modified 𝑌𝑢�(𝑛)found in Step   (iii) by solving Equation (7) 
using the QP approach (8). 

4.4WƬ*md : Resampling Based Conditional Mean Approach 

Here WƬ*md is similar to WƬ*mexvept that it uses Ƭ*md instead of WƬ*m in Steps (ii) and (iii). 

4.6 Wv: Predicted Difference Quantity Approach 

(i) Set 𝛿(𝑛)=1 and compute the modified failure time using Equation (22). 

(ii) Compute v using Equation (25). 

(iii) Add the quantity v found in Step (ii) to 𝑌𝑢�(𝑛). 
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Table 1 : Summary statistics for the first simulation example Ƭij=0.5. Comparison between the imputation 
approaches W0, WƬm ,Wtmd, WƬ*m,WƬ*md, and Wv.  

 
(iv) Get an estimate of β based on modified 𝑌𝑢�(𝑛)found in Step   (iii) by solving Equation (7) using the QP 
approach (8). 

5. Simulation Studies 

The dataset are simulated from the following log-normal AFT model, conditional on the largest observation 
being censored (i.e.𝛿(𝑛)=0  ): 

𝑌𝑖 = 𝛼 + 𝑋𝑖𝑇𝛽 + 𝜎𝜀𝑖,𝜀𝑖~𝑁(0,1) 𝑓𝑜𝑟 𝑖 = 1, … ,𝑛.                      (26) 

The pairwise correlation (ɤij) is set to be    . The censoring times are generated using U (a, 2a), where a is chosen 
so that desired censoring rates P% are approximated. Xi=()are generated from U(0,1). 

5.1 First Example 

We chose n=100, P=5, σ=1, ɤij=0 and 0.5,P%=30, 50 and 70, βj=j+1 for j=1,….,p. The bias, variance and mean 
squared error (MSE) for β are estimated by averaging the results from1,000 runs. In Table 1 we present only the 
results for correlated dataset. The results suggest that the WƬ*m,WƬ*md provide the smallest MSE in particular, 
smaller than the W0 at all censoring levels. They seem to provide generally lower bias except for β1 and β2 in 
correlated case. 

We also find that at lower and medium censoring levels both the Efron’s approach and the predicted difference 
quantity approach Wv perform similarly to each other in terms of all three indicators. The predicted difference 
quantity approach performs less well but still better than Efron’s approach for P%=70. The MSE of β is usually 
decomposed by bias and variance i.e. 𝑀𝑆𝐸��̂�� = 𝑉𝑎𝑟��̂�� + [𝐵𝑖𝑎𝑠(�̂�)]2. If the bias is large, the bias then 
dominates the MSE. This may explain why predicted difference quantity approach obtains the highest MSE for 
β in two lower censoring levels. 

5.2 Second Example 

We keep everything similar to the previous example except that p=10 and βj=3 for j=1,…,p. We present here the 
results as summary box plot (Figure 2) only for P%: 

 
Figure 2: Simulation study for second example under P% = 50. Box-plots for variance, bias, mean squared error 
of 𝛽. The labels V1–V6 represent the various estimation approaches as follows: 1 =  𝑊0,𝑉2 =  𝑊𝜏𝑚 ,𝑉3 =
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 𝑊𝜏𝑚𝑑 ,𝑉4 = 𝑊𝜏𝑚
∗  ,𝑉5 =  𝑊𝜏𝑚𝑑

∗ ,𝑉6 =  𝑊𝑣. Graphs in the first row show the results when 𝑟𝑖𝑗 is 0; graphs in 
second row are for 𝑟𝑖𝑗 is 0.5. 

5.4The results for this example are similar to the results of the first example.  

The results for the uncorrelated datasets shown in Figure 2 suggest that the resampling based conditional mean 
adding gives the lowest bias and the lowest MSE, but yields the highest variance. For correlated datasets the 
four approaches the conditional mean adding and the median adding and the resampling based conditional mean 
adding and the median adding give the lowest variance and MSE, along with lower bias. Efron’s approach along 
with the predicted difference quantity approach gives the highest variance and MSE. It is also noticed from the 
correlated data analysis that the median based approaches i.e. the conditional median adding and the resampling 
based conditional median adding perform slightly better than the mean based approaches i.e. the conditional 
mean adding and the resampling based conditional mean.  

6 Real Data Examples  

6.1 Larynx Data  

This example uses hospital data where 90 male patients were diagnosed with cancer of the larynx, treated in the 
period 1970-1978 at a Dutch hospital (Kardaun, 1983). Covariates such as patient’s age at the time of diagnosis, 
the year of diagnosis, and the stage of the patient’s cancer were also recorded. Stage of cancer is a factor that has 
four levels, ordered from least serious (I) to most serious (IV). Both the stage of the cancer and the age of the 
patient were a priori selected as important variables possibly influencing the survival function. We have 
therefore, 𝑛 =  90,𝑝 =  4 (𝑋1: patient’s age at diagnosis; 𝑋2: 1 if stage II cancer, 0 otherwise; 𝑋3: 1 if stage III 
cancer, 0 otherwise; 𝑋4: 1 if stage IV cancer, 0 otherwise). Here 𝑃% is 44 and the largest observation is censored 
(i.e. 𝑌(𝑛)

+ = 10.7 +). The dataset is also analyzed using various approaches, including log-normal AFT 
modeling, in Klein &Moeschberger (1997). We apply the proposed imputation approaches to the log-normal 
AFT model (26)  

Table 2: Parameter estimation under the approaches to the Laryngeal cancer data. Estimates under LN-AFT are 
based on log-normal AFT model solved by least squares method without tail correction (Klein &Moeschberger, 
1997).  

Variable  
  Parameter Estimate    
W0  Wm WmdWmWmd Wv LN-AFT  

X1 : Age  0.008  0.009  0.009  0.009  0.009  0.008  -0.018  
X2 : Stage II  -0.628  -0.846  -0.840  -1.052  -0.966  -0.649  -0.199  
X3 : Stage III  -0.945  -1.176  -1.169  -1.395  -1.304  -0.967  -0.900  
X4 : Stage IV  -1.627  -1.848  -1.841  -2.056  -1.969  -1.648  -1.857  

using the regularized WSL (7). We use two main effects, age and stage. The estimates of the parameters under 
different imputation techniques are reported in Table 2. These give broadly similar results, but differ from those 
found by Klein &Moeschberger (1997) where Efron’s tail correction was not applied, shown in the last column 
of the table (LN-AFT). Klein &Moeschberger (1997) found Stage IV to be the only significant factor 
influencing the survival times. Our imputation methods suggest a more steadily increasing effect as Stage 
progresses.  

6.2 Channing House Data  

Channing House is a retirement centre in Palo Alto, California. The data were collected between the opening of 
the house in 1964 and July 1, 1975. In that time 97 men and 365 women passed through the centre. Over the 
time of the study 130 women and 46 men died at Channing House. Differences between the survival of the sexes 
was one of the primary concern of that study.  

Of the 97 male lifetimes, 51 observations were censored and the remaining 46 were observed exactly. Of the 51 
censored lifetimes, there are 19 observations each of whom has the lifetime 137 months which is the largest 
observed lifetime. Similarly, of 365 female lifetimes, 235 observations were censored and the remaining 130 
were observed exactly. Of the 235 censored lifetimes, 106 take the maximum observed value of 137 months. 
Therefore, the imputation approaches impute the lifetime of 19 observations for the male dataset and 106 
observations for the female dataset.  

The K–M survival curve for male and female data, (left panel of Figure 3) shows that survival chances clearly 
differ between the sexes. We now investigate whether the imputed value and the estimate from the log-normal 
AFT model (26) of lifetimes on the calender ages (the only covariate) fitted by the WLS method (2) differ 
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between male and female. Of interest we implement the imputing approaches except the resampling based 
conditional mean and conditional median approaches for male and female Channing House data separately. The 
resampling based two approaches can not be implemented to AFT models with one single covariate as they need 
at least two covariates to be executed. The results are shown in Table 3. The results clearly depict that the 
estimates for age by the methods differ significantly between male and female. So does happen also for the 
imputed values obtained by the methods. For both datasets the conditional mean approach imputes with much 
higher value.  

Hence, in the present of heavy censoring the imputed methods are able to impute all the largest observations 
with only a single value. In this case one might be interested to impute the observations with different lifetimes 
as if they would have been observed  

Table 3: Parameter estimation for calendar age from log-normal AFT model and the imputed value estimation 
for the largest observations by the approaches 𝑊0,𝑊𝜏𝑚 ,𝑊𝜏𝑚𝑑and𝑊𝑣 for the Channing House data. 

 𝑾𝟎 𝑾𝝉𝒎 𝑾𝝉𝒎𝒅 𝑾𝒗 

Age (male)  -0.153  -0.201  -0.154  -0.154  

Age (female  -0.180  -0.198   -0.182  -0.186  

Imputed value (male)  137  176.5  138.1  137.9 

Imputed value (female)  137   143.1  137.6  138.8 

Table 4: Additional imputed values by the additional imputation methods for the Channing House male data. 

Method Imputed lifetimes for 19 tail tied observations 
Iterative method 137.85, 138.11, 138.19, 138.22, 138.22, 138.23, 138.23, 138.23, 138.23, 138.23, 

138.23, 138.23, 138.23, 138.23, 138.23, 138.23, 138.23, 138.23, 138.23 
Extrapolation 
method 

182.30, 202.32, 200.32, 154.26, 178.29, 186.30, 172.28, 162.27, 166.27, 192.31, 
140.24, 198.32, 150.25, 142.24, 146.24, 194.31, 160.26, 156.26, 190.31  

rather than impute them with a single value. In order to acknowledge this issue we propose two alternative 
approaches for imputing the heavy tailed censoring observations. The approaches do not require to take the 
underlying covariates into account. The practical implications of such imputation techniques might be found in 
many fields such as economics, industry, life sciences etc. One approach is based on the technique of the 
predicted difference quantity. The other approach is based on the trend of the survival probability in the K–M 
curve (left panel of Figure 3).  

6.2.1 Additional Imputation for Tail Ties  

Iterative Procedure:  

Let us assume that there are 𝑚tied largest observations which are denoted by 𝑌𝑢�(𝑛𝑘)for 𝑘 =  1, … ,𝑚. This 
technique is an 𝑚iterative procedure where the k-th observation is imputed using the predicted difference 
method after assuming that the k-th observation is the only largest censored observation in the dataset. The 
computational procedure is summarized as-(i) compute the modified failure time using Equation (22). (ii) 
set𝛿(𝑛𝑘)  =  1 for any 1 ≤ 𝑘 ≤ 𝑚. (iii) computeν using Equation (25). (iv) add the quantity ν found in Step (iii) 
to 𝑌𝑢�(𝑛𝑘). (v) repeat Step (ii) to (iv) for m-1 times for imputing m-1 observations. The ν in Step (iii) under each 
imputation is based on all modified failure times including the imputed values found in Step (iv).  

Extrapolation Procedure:  

In this approach we first follow the trend of the K–M survival probabilities �̂�(𝑡) versus the lifetimes for all the 
subjects. If the trend for the original K–M plot is not linear then we may first apply a logarithmic or any power 
transformation of the survival probability (��̂�(𝑡)�𝜓for suitable ψ). When a linear trend is established we fit a 
linear regression of lifetimes on ��̂�(𝑡)�𝜓. Now the lifetimes against the expected survival probabilities can easily 
be obtained using the fitted model.  
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Both techniques are applied separately to the male and female Channing House data. We report the summary 
statistics for the additional imputed values found by both procedures in Table 5. The imputed values for the 
male data are shown in Table 4. For clarity the imputed values obtained using the extrapolation methods are put 
in ascending order in Table 4. Results show that the extrapolation method tends to impute the largest 
observations with huge variations among the imputed values. The method also doesn’t produce any tied imputed 
values. So, the method produces the imputed values in a way as if the largest censored observations would have 
been observed. On the contrary, the iterative method produces imputed values with many ties and all imputed 
values close to the imputed value 137.9 obtained by the predicted difference approach.  

Table 5: Summary results of the additional imputed values by the additional imputation methods for the 
Channing House data. 

Method  Min  Q1  Median  Mea
n  

Q3  Max  

   Male     

Iterative method  137.9  138.2  138.2  138.2  138.2  138.
2  

Extrapolation method  140.2  155.3  172.3  172.4  191.3  202.
3  

   Female    

Iterative method  138.8  139.4  139.4 139.4  139.4  139.
4  

Extrapolation method  141.7  175.0  206.7 208.2  240.3  278.
7  

 
Fig.3: Survival comparison between the male and female for Channing House data for the original data (left 
panel), after using the iterative (middle panel) and extrapolation (right panel) additional imputing methods to the 
tail tied observations. 

order in Table 4. Results show that the extrapolation method tends to impute the largest observations with huge 
variations among the imputed values. The method also doesn’t produce any tied imputed values. So, the method 
produces the imputed values in a way as if the largest censored observations would have been observed. On the 
contrary, the iterative method produces imputed values with many ties and all imputed values close to the 
imputed value 137.9 obtained by the predicted difference approach.  

The K–M plots with the 19 imputed lifetimes for male and 106 imputed lifetimes for female data under the two 
imputing approaches are given by Figure 3. The K–M plots show that the extrapolation method considerably 
outperforms the iterative. This also leads to major changes in the coefficient value for the age covariate from 
fitting the AFT model. The estimated coefficients for male data using the two methods are −0.154 and −0.218 
and those for female data are −0.187 and −0.385. Hence when there are many largest censored observations the 
extrapolation method should be preferred to the iterative method for imputing them under the AFT models fitted 
by the WLS method. The iterative method might be useful if there are very few largest censored observations. 

7 Discussion 

We propose five techniques for imputing the largest observations when they are censored. The simulation based 
analysis demonstrates that all imputation techniques except the predicted difference quantity approach 
outperform Efron’s method. The predicted difference quantity approach and Efron’s approach perform similarly 
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to each other at lower and middle censoring but at higher censoring the predicted difference approach still 
outperforms Efron’s method. The difference in the performances between the approaches is more visible with 
correlated data. Two methods-the conditional mean adding and the resampling based conditional mean adding- 
provides the least bias and MSE for the estimates. The second best least variance and MSE are provided by 
another two approaches the conditional median adding and the resampling based conditional median adding. 
The Larynx data example reveals that the estimates obtained by the proposed techniques differ slightly from the 
estimates obtained by the LN-AFT technique. The Channing House data is used to test how the methods 
perform when there is heavy censoring toward the tail. Two additional imputing approaches are developed in the 
case when there are more than one largest censored observation. Under heavy censoring the two additional 
methods might be used as straight alternative to the five proposed approaches. 
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Abstract. In order to visualize multivariate outlier’s researchers used to plot PC2 versus PC1 or last two PCs. Some 
researchers argued that super gaussian ICs can be used to graph multivariate outliers. In literature no serious study in 
this respect is available. This article attempts to compare PCA and ICA with respect to visualization of multiple 
outliers on the basis of simulated as well as real data sets. It is found that ICA performs better than PCA. 

Keywords: Simulation Study, Multivariate Outliers, Principal Component Analysis, Independent Component 
Analysis, Super gaussianity 

1 Introduction 

By visualization one can easily understand the phenomena. No hard and fast mathematics need not to understand 
pictorial representation of outliers. There are numerous definitions of outliers [3, 6, 8] in the statistical and machine 
learning literature. In the statistical literature, a commonly used definition is that outliers are a minority of 
observations in a data set that have different patterns from that of the majority of observation in the data set[9]. 
Outlier identification plays an important role in statistical analysis. It present in both supervised and unsupervised 
learning of multivariate data set [13]. In presence of outliers, analysis will make misleading results. So outlier 
detection is very important of a researcher. There is a huge literature on the detection of outliers, although there 
appears to be less on the multivariate, than on the univariate case. Various methods have been suggested for 
detecting outliers [5, 6, 8, 13, 14] most of the methods use PCs[1,5,9,11] and few of the methods use 
ICs[2].Principal component analysis(PCA) is widely used standard statistical technique in multivariate data analysis. 
The central idea of PCA comes to data reduction and interpretation for a large and correlated data set. For 
identification of outlier generally 1st and second or 1st and 3rd PCs are used. Sometimes last two PCs are very 
important for identifying outlier[1].On the other hand, Independent component analysis(ICA)[4] finds a set of 
directions in the data such that when the data points are projected onto these directions, the resulting data are 
statistically independent (a much stronger condition that uncorrelated). Unlike PCA, these directions need not be 
orthogonal within the original space. We know kurtosis measure the peakedness as well as tailedness. There is no 
natural order in ICA. For ordering kurtosis be used. Since outliers generally make the tail larger and larger tail has a 
tendency to show Super gaussianity. Outliers in multivariate data set can be detected by super gaussian ICs [10].  

In this paper we try to compare PCA with ICA with respect to visualization of multivariate outliers. In our 
knowledge this is the first paper where PCA and ICA are compared together in visualization of multivariate outliers. 

The article consists of 5 sections. Section 1 introduces the topics on the problem of interest and layout of the study. 
Section 2 describes PCA, ICA, kurtosis and Super gaussianity, section 3 includes experimental setting with 
simulated data and real data sets and section 4 consists of results and discussion. The paper concludes with some 
general comments about our experimentation and future research in section 5. 

2 PCA and ICA 

2.1 Introduction 

PCA[11] is one of the key tools of multivariate statistical analysis and is often used to reduce the dimension of data 
for easy exploration and further analysis, such as regression analysis, clustering and discriminant analysis and 
outliers detection. The observations that are outliers with respect to the first few principal components or the major 
principal components usually correspond to the outliers on one or more of the original variables. On the other hand, 
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the last few principal components represent linear functions of the original variables with the minimal variance. The 
minor principal components are sensitive to the observations that are inconsistent with the correlation structure of 
the data, but are not outliers with respect to the original variables [1]. 

To strictly define, independent component analysis (ICA), we can use a statistical "latent variables" model [10]. 
Suppose that we observe n linear mixtures X1, X2,…,Xn which are modeled as linear combinations of n random 
variables S1,  S2,  … , Sn 

Xj= aj1S1 + aj2 S2 + . . . + ajnSn  for allj=1,... ,n         .. ...(1) 

In the ICA model, we assume that each mixture Xj as well as each independent component Sn is a random variable. 
Let us denote by X the random vector whose elements are the mixtures X1, X2 ,. . . , Xn and also S the random vector 
whose element S1, S2 , . . . , Sn. Also let us denote by A the matrix with elements aij. All vectors are understood as 
column vectors; thus X T or the transpose of X is a row vector. Using this vector matrix notation, the above mixing 
model is written as X=AS 

After estimating the matrix A we can compute its inverse, say U and obtain the independent component simply by, 
S=UX 

2.1.1Kurtosis and ICA 

Kurtosis may be very sensitive for outliers. It depends on only a few observations in the tail of the distributions, 
which is called outlier observations. There is no natural order in ICA. For ordering kurtosis is used. There are 
several measure of non-gaussianity and kurtosis is one of them. We cannot separate the component, if the 
component is gaussian. Kurtosis measures the degree of peakedness and tailedness of a distribution (DeCarlo, 1997). 
It is the for ith order cumulant of a random variable. We consider all the random variables have zero mean. Thus the 
kurtosis ofXis written by 

β2(x) = 𝐸(𝑥−𝜇)4

[𝐸(𝑥−𝜇)2]2
  - 3                 …..(1) 

By definition it can be seen that kurtosis take both negative and positive values. So, we can say it is zero for 
gaussian random variable, negative kurtosis is called sub gaussian and is used for clustering. Component with the 
positive kurtosis is called super gaussian and used for detection of outliers. 

2.2.1 Super gaussianity for detecting outliers 

We know super gaussianity arise when the kurtosis is positive. There is no natural order in ICA. For ordering 
kurtosis be used. As outliers generally make the tail larger and larger tail has a tendency to show super gaussianity. 
Outliers in multivariate data set can be detected by super gaussian ICs. For example, Laplace distribution has large 
tail, so the density function of this distribution is super gaussian distribution. 

3 Experimental Settings 

To compare ICA and PCA we use two type data sets which are simulated data sets and real data sets. 

All computations are done in R 2.15.1 (R development core team 22 June, 2012) by using the package of moments 
and fast ICA. 

3.1 Simulated Data Sets 

In this paper we consider two types simulated data, type-I is similar as Jollife [14] and type-II simulated data is new. 
All simulated data are mixture Gaussian. 

3.1.1 Simulated Data (Type-I) 

There are two methods of contaminating multivariate normal data sets are considered. 

1) Symmetric: Symmetric contaminated normal data are denoted by 95%N (µ, Σ)+5%N(µ, 4 × Σ) 

Whereµ and Σ are mean vector and the covariance matrix from R default stock loss data set. 

2) Asymmetric: There are two cases 
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Case-I: Asymmetric contaminated normal data are denoted by 

95%N(µ, Σ)+5%N(kl, Σ) 

Wherekl=µ+ 10vl,vlis the eigenvector corresponding to the largest eigenvalue of the corresponding covariance matrix 
of the observed data. 

Case-II: Asymmetric contaminated normal data are denoted by 

95%N(µ, Σ)+5%N(ks, Σ) 

Where ks=µ+ 10vs,vis the eigenvector corresponding to the smallest eigenvalue of thecorresponding covariance 
matrix of the observed data set. 

3.1.2 Simulated Data (Type-II) 

We consider any real data set X or generate normal data set X using artificial correlation matrix. Then by singular 
value decomposition we write,  

X=UDVT 

Where U is the column orthonormal matrix whose columns are the eigen vectors of XXT, D is the diagonal matrix 
contain the singular values of X and V is the orthogonal matrix whose columns are the eigen vectors ofXXT. Then 
for both cases we make variance-covariance matrix by the following formula 

∑=∑ 𝐶𝑖𝑉𝑖𝑉𝑖𝑡
𝑝
𝑖=1  

WhereCi is the any positive scalar and p is order of the matrix. 

There are two cases  

Case-I: We consider the dimension of data set is 4 and 100 total number of observations. Also let us consider c = 
(20.5, 10.2, .02, .001) and µ = (3, 2, 2.2, 3.3). 

Then the original data set comes from the model(µ, Σ). If 94 & 96 no. observation of Uslightly changed then the 
data set contaminated from the original data set. Therefore 94 and 96 no. observations are called fixed outliers. Then 
the model of data set denoted by 98%N (µ, Σ) + 2% fixed outliers. 

Case-II: In this case we consider the dimension of data set is 10 and 510 total no. of observations. Also letc = (15, 
10, .03, .025, .002, .001,0.002,0.0002, .00001, 0.000001) is the scalarvectorandµ= (2.5, 17,4.2, 13.7, 14,8.2,9.9, 
15.1,5.8, 17.8)t is the mean vector then the generated data model N(µ, Σ). 

If the another vectorw = (.000001, .00001, .03, .025, .002, .001,0.002, 0.0002, 10, 15) and make Σ1 by the following 
formula 

                                         ∑1=∑ 𝑤𝑖𝑉𝑖𝑉𝑖𝑡
𝑝
𝑖=1  

Then this contaminated data set denoted by  

98%N(µ, Σ)+2%N(µ,Σ1) 

3.2 Real Data Sets 

In this paper we will use our method in two well-known real data sets. It is well-known that in multivariate normal 
any linear combination of the variable should be normal. Since infinity linear combination is possible in multivariate 
data. So it is quite impossible to find multivariate in normal data sets. 

3.2.1 Car Data 

Car data sets available in S-PLUS as the data frame dimensions. For n=111 cars, p=11 characteristics were 
measured such as the length, the width and the height of car. Hubert et al.(2005) declared observations 25, 30, 32,34, 
36, 102-111 as outliers by using ROBPCA. This data is used by Nisith[13]. 
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3.2.2 Stock loss Data 

Stock loss data is the R default data sets which are presented by Brownlee (1965) that have been extensively 
analyzed in the statistical literature. This data contains five unusual observations (1,2,3,4,and 21). This data is used 
by Imon(2005) for supervised case. 

 

4 Results and Discussion 

The performances of the methods are determined by their ability to identify the outliers in the data sets. The results 
on the graph for the simulated and real data sets are given below 

 
Fig.1. Scatter plot of a) First two PCs b) Last two PCs c) First two ICs, since the data comes from the model, 

95%N(µ, Σ)+5%N(µ, 4 × Σ) ,where µ and Σ see section 3.1.1 

 
 

Fig. 2.Scatter plot of a) First two PCs b) Last two PCs c) First two ICs, since the data comes from the 
model,95%N(µ,Σ)+5%N(kl ,Σ), where µ ,Σ and kl  see section 3.1.1 
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Fig. 3.Scatter plot of a) First two PCs b) Last two PCs c) First two ICs, since the data comes from the 
model,95%N(µ,Σ)+ 5%N(ks, Σ), where µ ,Σ  and kssee section 3.1.1 

 
Fig. 4. Scatter plot of a) First two PCs b) Last two PCs c) First two ICs, since the data comes from the model, 

98%N(µ, Σ) + 2% fixed outliers, where µ and Σ see section 3.2 
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Fig. 5. Scatter plot of a) First two PCs b) Last two PCs c) First two ICs, where the data comes from the 

model,98%N(µ, Σ)+2%N(µ, Σ1), where µ, Σ and Σ1 see section 3.2 

 
 

Fig. 6. For car data scatter plot of a) First two PCs b) Last two PCs c) First two ICs 

 
Fig. 7.For stock loss scatter plot of a) First two PCs b) Last two PCs c) First two ICs 
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We observe from Figure 1, first two PCs detect the observation no. 43, 83, 86, 96, 97 and 99 as outliers, last two 
PCs detect observation no. 37, 47, 85, 96 and 97 as outliers while first two ICs detect the observation no. 33, 37, 96, 
97 and 99 are outliers but our contaminated observations were (96-100). 

From Figure 2, first two PCs detect the observation no. 4, 43, 75, 83 and 86 as outliers, last two PCs detect 
observation no. 2, 10, 33, 37, 47, 85, 96 and 98 as outliers while first two ICs detect the observation no. 4, 20, 33, 
37, 47, 75 and 85 are outliers but our contaminated observations were (96-100). 

From Figure 3, first two PCs detect the observation no. 43, 75, 83, 86 and 99 as outliers, last two PCs detect 
observation no. 10, 37, 47, 96, 97, 98, 99 and 100 as outliers while first two ICs detect the observation no. 33, 75, 
96, 97, 98, 99 and 100 are outliers but our contaminated observations were (96-100). 

From Figure 4, first two PCs detect the observation no. 78, 81, 92 and 100 as outliers, last two PCs detect 
observation no. 37, 94 and 96 as outliers while first two ICs detected the observation no. 37, 94, and 96 are outliers 
but our fixed included outliers were 94 and 96 observations. 

From Figure 5, first two PCs detect the observation no. 117, 137, 171, 188, 292, 301, 349 and 47 as outliers, last two 
PCs detect observation no. 141, 501,503, 505 and 508 as outliers while first two ICs detect the observations (501-
510) are outliers but our contaminated observations were (501-510). 

From Figure 6, first two PCs detect the observation no. 6, 25, 30, 32, 36, 104, 107 and 111 as outliers, last two PCs 
detect observation no. 21, 39, 56, 58 and 105 are outliers and first two ICs detect the observation no. 102, 103, 107, 
108, 110 and 111 are outliers. But for this car data Hubert et al.(2005) declared observations 25, 30, 32, 34, 36 and 
102-111 as outliers by using ROBPCA. 

From Figure 7, first two PCs detect the observation no. 1, 2, 3, 17 and 14 as outliers, last two PCs detect only the 21 
no. observation is outlier and first two ICs detect the observation no. 1, 2, 3, 4 and 21 are outliers. But for this stock 
loss data Brownlee (1965) declared 1, 2, 3, 4 and 21 no. observations are outliers. 

In detecting outliers two types of error can be made 

1) Type-1 error: Observation is outlier but it is detected as good. It is denoted by T1. 

2) Type-2 error: Observation is good but it is detected as outlier. It is denoted by T2. 

The methods which commit less error of both types data is said to be better. Summarization of the results is given in 
the following table. 

Table 1: Performance of the different methods 

 

          Data 
Sets 

Simulated data Real data 

Data set-1 Data set-2 Data set-3 Data set-4 Data set-5 Data set-6 Data set-7 

T1% T2% T1% T2% T1% T2% T1% T2% T1% T2% T1% T2% T1% T2% 

First two PCs 40 3.15 100 5.5 8o 4.30 100 4.08 100 1.6 53.33 1.04 40 11.76 

last two PCs 60 3.15 60 5.5 0 3.26 0 1.02 60 0.2 93.33 4.16 80 0 

First two ICs 40 2.1 100 7.36 0 2.1 0 1.02 0 1.02 60 0 0 0 

From the above table we observe that for data sets 1,3,5 and 7, first two ICs perform better than PCs. In data sets 2 
and 3 last two PCs and first two PCs respectively perform better than ICs. But in data set 4 both last two PCs and 
first two ICs equally better perform than first two PCs. 

5 Conclusions 

In order to compare PCA and ICA in visualization of multivariate outliers we uses 7 data sets, where 2 are real data 
and rest of the 5 data sets are simulated. Car data and stock data are real data. For simulated data we adopt few 
techniques. Among the techniques one is suggested by us. From our findings we conclude that first two ICs give 
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slightly better results to visualizing outliers than PCs and less tendency to detect outliers those are actually good. It 
is better if we use all PCs simultaneously for detecting outliers. We want to use another visualization technique for 
future research. 
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Abstract. It is usual practice among researchers to use of graph of PC2 versus PC1 in order to visualize clusters in 
multivariate data.  Recently some researchers suggest that ICA or ICA after PCA is better than PCA itself in this 
task.  But no extensive comparison between these three techniques is available in literature.   This  article  attempts   
to compare  these on  the basis  of four sets  of simulated  data  as well as three  sets of  real data.  It is found that 
ICA after PCA is the best all the times, PCA alone fails in almost all the cases while ICA alone performs next to 
ICA after PCA. Theoretical justification behind this findings is also presented.  So we recommend using of ICA after 
PCA to visualize clusters in multivariate data set.  

Keywords: Principal Component Analysis (PCA), Independent Component Analysis (ICA), Kurtosis, Sub-gaussian.  

1 Introduction 

Although Principal Component Analysis (PCA) (Jolliffe, 2002) is one of the oldest techniques in multivariate 
analysis, still the application of PCA is the mainstay of modern data analysis. PCA constructs a set uncorrelated 
variable, called principal components from a set of correlated variable by using an orthogonal transformation. The 
principal components (PCs) are formed in such a way that first principal component has the maximum variance and 
last principal component has the smallest variance i.e., the principal component are ordered. It is difficult to 
represent the data in high dimension (n > 3), where the graphical representation is not available, PCA is powerful 
tool to visualize structure in multivariate data (Yeung, 2001; Ben-Hur, 2003; Wiesner and kent, 2004). Independent 
Component Analysis (Hyvärinen et al., 2001) is also a multivariate technique. ICA consists in finding a linear 
transformation in such a way that the resulting components are not only uncorrelated but also independent. 
Independent component are deduced maximizing non gaussianity whereas PCA constructed maximizing variance. 
Since Clusters makes a distribution multimodal and a multimodal distribution is generally sub-gaussian, it is more 
reasonable that sub-gaussian ICs indicate presence of clusters in the data sets. One specific use for ICA is to pick out 
clusters from multi-dimensional data via projection (Bugrien et al. 2009).  

ICA gives optimal results only in connection with PCA as a preprocessing step. In a recent work Scholz et al. (2004) 
used one genome data (Arabidopsis thaliana) and compare the performance between PCA and ICA after PCA. ICA 
after PCA a new visualization technique shows the maximum discriminating power whereas PCA the least (Reza et 
al., 2011). Reza (2011) apply one real dataset but did not compare the performance of PCA, ICA and ICA after 
PCA.  

Since there are not yet any comparison studies among PCA, ICA and ICA after PCA. Thus in this article, we are 
interested to compare the performance of PCA, ICA and ICA after PCA for visualizing clusters. Our demand is 
often but not always. In section 2 we have discussed about the model of PCA and ICA that we have applied in our 
study. In section 3 we have discussed about measure of non gaussianity. In section 4 we have discussed both real 
and simulated data sets. In section 5 we have presented the graphs and discussed overall findings and conclusion are 
drawn in the final section.  
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2 Multivariate Statistical Technique 

2.1 Principal Component Analysis (PCA)  

Principal component analysis (PCA) is widely used standard statistical technique in multivariate data analysis. To 
identify pattern and visualize the result in a data set, PCA works better in linear algebra (Jolliffe, 2002). In the data 
analysis PCA perform projection method that to measure some interestingness’. This ’interestingness’ is variance 
that is to maximize for a linear combination of original variables. The central idea of PCA comes to data reduction 

and interpretation for a large and correlated data set. Consider a data matrix pnX × with p component in each random 

vector X. A linear function xT
1β  have maximum variance. So that,  

pp
T xxxx 12121111 ... ββββ +++=

 

121 ,...,, −k
TTT xx βββ

are uncorrelated and xT
kβ  is the kth PC. We are interested to find variance and structure 

of correlation and covariance of p variables. Generally PCA concentrate on variance rather than correlation and 
covariance.  

We will assume that the mean vector is 0 and ∑ (singular and positive semi-definite) is covariance matrix. Using this 
PCs we want to find out grouping or clusters in multivariate data set for subsequent procedure.  

2.2 Independent Component Analysis (ICA)  

Let us consider x1, x2, x3,…,xn be the elements of p component random vector. The model of ICA can be represented 
as  

xi= a i1  + ai2s2  + ... + ainsn  =
∑
=

n

i
ii sa

1  ⇒X  = As 

where, X is the observed variable, A is the mixing matrix and sis the score of the components. It is assumed that 

Independent Components (ICs) are independent to each other i.e. f (s) = f (s1, s2, ...,sn ) = ∏=
n

i
isf

1

)(
. There exists 

non-gaussianity in the latent components and the column vector of A are linear independent.  

Theoretically, it can easily estimate the latent components s by using mixing matrix A as W = A-1 and s = W X but, 
in practical applications, the distribution of xi is not known.  

Thus there arise some ambiguities in ICA. Variance of the ICs cannot be obtained.  It is assumed that, var(s) = I. The 
order of ICs cannot be determined. Since both s and A are unknown, permutation matrix P and its inverse can be 
substitute in the model to give X = AP-1Ps . For gaussian case the distribution of components and the distribution of 
original variable are same. Thus we cannot identify the mixing matrix from observed data.  

3 Measures of non gaussianity 

There are several measures of non-gaussianity.  One of the simple and easiest method for measuring non gaussianity 
is the kurtosis.  

3.1 Kurtosis 

Kurtosis measure the degree of peakedness and tailedness of a distribution (Decarlo, 1997). Typically, non 
gaussianity is measured by the absolute value of kurtosis; the square of kurtosis can also be used. Since each column 
of s is a vector of latent variables, for this case the classical measure of univariate kurtosis often used as- 

( ) 3)]([3)(3
)][var(

)]([
4
4224

2

4

2 −=−=−
−
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µβ sESE
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sEsEs

 
Where E is the expectation operator, σ is the standard deviation,µ4 is 4th moment about the mean. For gaussian 
random variable the 4th moments E(s4) = 3[E(s2)]2. Thus gaussian distribution has null kurtosis. we can distinguish 
the kurtosis in three cases. 02 =β gaussian, 02 >β super gaussian and 02 <β   sub gaussian random variable.  
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If x1 and x2 are two independent random variables then, k(x1 + x2 ) = k(x1) + k(x2) and k(αx) = (α)4k(x) where, α is 
the constant term and k is kurtosis operator. 

3.2 Why we choose sub gaussianity 

Clustering analysis is typically associated with sub-gaussianity (Bugrin, 2009). From purely gaussian distributed 
data no unique ICs can be extracted. Therefore, ICA should only be applied to data sets where we can find 
components that have a non-gaussian distribution. Finucan (1964) noted that, because bimodal distributions can be 
viewed as having ”heavy  shoulders” they should tend to negative kurtosis, i.e. a biomodal curve in general has also 
a strong negative kurtosis. Negative kurtosis can indicate a cluster structure or at least an uniformly distributed 
factor.  (Scholz et al., 2004). As for example, the uniform distribution is a infinity modal distribution with negative 
kurtosis β2 −3 = −1.2 and Laplace distribution has heavier tail and higher peak than normal with positive kurtosis β2 
− 3 = 6 

Since X is a n ×p matrix. We want to find the cluster from the data set by using negative kurtosis. Thus following 
procedure have been suggested for the ICA model X = As and the additivity and scaling properties of kurtosis k(wT 
x) takes the forms  

k(wT x) = k(wT As) = k(γTs) = k
∑ ∑
= =

=
p

i

p

i
iiii ks

1 1

4)( γγ
 

If k1≥ ... ≥ kp-1 ≥ kpand kp< 0, then min (k (γTs)) = kp  and is attained for γ = ep = [0, ...0, 1]T 

If kp< 0 then one  step sub-ICA picks out IC1 (last independent component , Sp). 

For clustering we are interested in this case where typically kp<0 in the clustering direction. Now a days negentropy 
and mutual information methods widely used which is robust but computationally complicated.  

4 Experimental Setup 

We have already mentioned that two types of data sets simulated and real are used. We shall discuss how data sets 
are simulated. 

4.1 Simulated data sets  

In this article, we have used two types of multivariate distribution to generate our desire data sets.  

Multivariate normal distribution: A random variable X  =  [X1 , ..., Xn ]T is said to have Multivariate normal (or 
gaussian) distribution with mean µ ∈Rn and covariance matrix ∑ ∈sn if its probability density function is given by - 

))()(
2
1exp(

)2(

1),;( 1

2
1

2

µµ
π

µ −∑−−
∑

=∑ − xxxp T
n

 
We write this as X∼N (µ,∑). 

Multivariate skew-normal distribution: A random vector Z = [Z1, ..., Zn]T is p-dimensional  

skew-normal distributed if it has density  
pT

p zzzzg ℜ∈ΦΩ= ),();(2)( αφ
 

where
);( Ωzpφ  denotes the density of the p-dimensional multivariate normal distribution with standardized 

marginal and correlation matrix Ω. we denote such a random vector Z ∼SNp(Ω,α). The vector α is also called shape 
vector.  
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Fig. 1.Flow chart of generating simulated data Set 

In our study, we first generate a multivariate data (X) with 7 variables using artificial correlation matrix. Then using 
Singular Value Decomposition (SVD) i.e., X=UDVT,  whereD and V is a diagonal and orthogonal matrix, a 

variance-covariance matrix (∑) obtain using 
∑
=

=∑
p

i

T
iii VVK

1  

where Ki is a non-negative weight vector and that are used to weight in Vi. We randomly generate 4 data sets using 
two known distribution (Multivariate normal and Multivariate skew normal) and mixing these distribution. In all 
four cases, we have used different mean vector, the sample 
size is 500 with 7 variables. For each data sets no. of classes 
are fixed but sizes randomly generated. In case of Multivariate 
skew normal (MSN) distribution , we also consider 
standardized marginal and correlation matrix(Ω).  

 

Data set-1: We consider the mean vector µ = (3, 4, 5, 6, 5, 8, 
9) and the weight vector K = (15, 10, 0.03, 0.003, 0.002, 
0.002, 0.001) and shape parameter α =(4, 5, 6, 4, 5, 3, 10). In 
simulation 5 class are made from Multivariate normal (MN) 
and two class made from Multivariate skew normal (MSN) 
distribution in the data set and mixing this observation. For 
making each class we take different mean vector changing µ and the variance covariance matrix are made using K in 
∑. 

 

Data set-2: We make this data set where mean vector and weight vector K are same as like as used in data set 1, but 
shape parameter (α) are more positively skewed. In this data sets 7 classes are made from both Multivariate normal 
and Multivariate skew normal distribution. 

Data set-3: For this data set , simulation procedure are almost same as like as data set 1 but weight vector K are 
made 3 times i.e. K=(45, 30, 0.09, 0.009, 0.006, 0.006, 0.003) for increasing the variability among classes and check 
out the spread of clusters . In this data set the numbers of classes are 7 which generate from Multivariate normal 
(MN) and Multivariate skew normal (MSN) distribution. 

 

Data set-4: For this data set the mean vector and variance-covariance matrix are remain unchanged as like as used 
in data set 1 but two type shape parameter (α) are used, one is positively skewed (α > 0) and another is negatively 
skewed (α < 0). In this data sets, 4 classes are made in which 2 class are made using multivariate normal (MN) and 
another 2 class are made from multivariate skew normal (MSN) distribution. 

4.2 Real data sets  

In our experiment, we have  used three real data sets.  

Australian Crabs data: The first example of real data set is Australian crab’s data set where there are 200 rows and 
8 columns describing the 5 morphological measurements (Frontal lob size, Rear width, Carapace length, Carapace 
width, Body depth). There are two species in the data set each have both sexes of the genus Leptograpsus. There are 
50 specimens of each sex of each species, collected on site at Fremantle, Western Australia.  (N. A. Campbell et al., 
1974). 

Italian olive oil data: The second example of real data set is Italian olive oils data set (Forina  et al.,1983). This data 
consists of the percentage composition of fatty acids found in the lipid fraction of Italian Olive oils. The data arises 
from a study to determine the authenticity of an olive oil. There are nine classes (areas) in this data.  

Fisher Iris data: The third example of real data set is world famous Fisher’s Iris data set where the data report four 
characteristics (sepal width, sepal length, petal width and petal length) of three species (setosa, versicolor, virginica) 
of Iris flower.  
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5. Results and Discussions  

In this section, we want to introduce the graphical representation of PCA, ICA and ICA after PCA in visualization of 
clustering on simulated and real data sets.  All computations are done in R.15.1 (R development core team 22 June, 
2012) by using package of moments and fast ICA. 

 
Fig. 2. For data-1, by applying PCA, ICA and ICA after PCA, a more strong  

cluster can be identified only for ICA after PCA. 

 

 
Fig. 3. For data-2, On the left by applying PCA on the total data the result is worse than ICA. However, by using 

ICA after PCA, seven clusters clearly identified as shown on the right. 
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Fig. 4. For data-3, On the left by applying PCA on the total data the result is worse than ICA.  

However, by using ICA after PCA, a more clearly seven clusters identified as shown on the right. 

 
Fig. 5. For data-4, On the left by applying PCA on the total data the result is worse than ICA.  

However, by using ICA after PCA, a more clearly four clusters identified as shown on the right. 

 
(a)         (b)        (c) 

Fig. 6. Scatter plot of Australian Crab’s data set. (a) PCA cannot identify the clusters.  

(b) and (c)ICA and ICA after PCA clearly identify the clusters in the data set. 
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(a)         (b)        (c) 

Fig. 7. Scatter plot of Italian olive oil data set.(a) PCA identify some clusters. (b) and (c) ICA and ICA after PCA 
identify some clusters better than PCA in the data set.  

 
(a)         (b)        (c) 

 

Fig 8. Scatter plot of Fisher iris data set.(a) PCA not so clearly identify the clusters. (b) and (c) ICA and ICA after 
PCA clearly identify the clusters in the data set. 

In the preceding section outline the application of ICA and PCA for multiple datasets. The approach propose in this 
article gives some idea about to think cluster analysis in another way. One can use PCA or even ICA for cluster but 
ICA after PCA gives better result for clustering approach. We rank the graphical performance of PCA, ICA and ICA 
after PCA as worse, better and best and label them 0, 1, 2 respectively 

Table 1. Comparison among PCA, ICA and ICA after PCA  

            Data      

                   set 

Model 

Simulated Data Set Real Data Set Score 
Obtain 

Data 
set-1 

Data 
set-2 

Data 
set-3 

Data 
set-4 

Data 
set-1 

Data 
set-2 

Data 
set-3 

PCA 0 0 0 1 0 0 1 2 

ICA 1 2 0 2 1 1 2 9 

ICA after PCA 2 2 2 2 2 1 2 13 
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Table 2. Performance of PCA, ICA and ICA after PCA (Worse=0, Better=1 and Best=2) 

          Data  
                 set 
Model 

Simulated Data Set Real Data Set 
worse better best Worse  better best 

PCA 3 1 - 2 1 - 
ICA 1 1 2 - 2 1 
ICA after PCA - - 4 - 1 2 

 

Summary table-1 present the comparison among of PCA, ICA and ICA after PCA. In the last column (score obtain) 
of this table we observe that ICA after PCA gain 13 score which is more than the score of ICA and  PCA. Since in 
our experiment four simulated and three real data sets are used. In case of simulated and real data sets, results show 
that  PCs cannot isolate cluster clearly after utilizing data. A careful look on scatter plot of ICA is very important. 
We observe that ICA after PCA detects hidden clusters in the consequence of PCA. Summary table-2 gives the 
frequency performance of PCA, ICA and ICA after PCA. It is obvious from the result that further extension of 
scatter plot on our proposed idea still possible and perform better for both real and simulated data sets. However, the 
choice of sub-ICA assumed for selecting ICs, although it is non-robust but easy to understand and calculate.  

6 Conclusions  

We recommend that the use of ICA after PCA instead of using PCA can be more fruitful. It is not theoretically clear 
that why ICA after PCA perform better than PCA alone. Thus, it will be the future extension of this work. 
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Abstract. The standardized fourth central moment is often regarded as the definition of kurtosis and has a history of 
usage for testing normality, multivariate normality and sorting independent components. In principal component 
analysis, PC’s are ordered by corresponding eigen values. But in independent component analysis (ICA), these 
components have no order. Here kurtosis is one way to ordering these components. However, The poor performance 
of the standardized central moments skewness and kurtosis as discriminators for normality has led to seeking 
alternative statistics which of these developed kurtosis statistics are based on quantile and L-moments. One 
advantage of the quantile measures of kurtosis is that they are defined for a wider class of distributions than the 
classical measure of kurtosis since they do not depend on the existence of the 4th moment. In this paper, we propose 
a robust alternative measure of kurtosis based on quantile and an attempt has been made to compare performances of 
propose kurtosis estimator with other kurtosis measure that is found best in recent works. We use both simulated and 
real data and investigate the performance under a variety of situations and also checking these estimators robustness 
using qualitative robust index. We observe that our proposed quantile kurtosis statistics perform better than the other 
class of quantile kurtosis estimators. We then apply our measure in sorting independent components of two data sets 
and try to examine the capacity for finding groups. In both data sets kurtosis based ordering independent 
components shows the maximum discriminating power. 

Keywords: Quantile, Independent components, normality, Eigen value. 

1. Introduction 

Are your data normally distributed? This is a very common question today. Part of a complete statistical analysis is 
an assessment of assumptions, including any distributional assumptions and source separation using ICA, therefore, 
the assumption of normality should be checked. The fundamental restriction in ICA is that the independent 
components must be non-Gaussian for ICA to be possible. Actually, if just one of the independent components is 
Gaussian, the ICA model can still be estimated (Hyvarinen A. and Oja E. 2001). Therefore, ICA should only be 
applied to data sets where we can find components that have a non-Gaussian(non-normal) distribution. Kurtosis is a 
good indicator of non-Gaussianity. Given this emerging interest in kurtosis in independent component analysis, one 
should ask the following question: how useful are the measures of kurtosis used in previous empirical studies? 
Practically all of the previous work concerning kurtosis in ICA has used the conventional measures of kurtosis 
(Scholz et al. 2004; Scholz and Selbig 2007; Reza et al. 2011 etc). It is well known that the sample mean is very 
sensitive to outliers. Since the conventional measures of kurtosis are essentially based on sample averages, they are 
also sensitive to outliers. Moreover, the impact of outliers is greatly amplified in the conventional measures of 
kurtosis due to the fact that they are raised to the third and fourth powers. The conventional measure is also not 
possible if only second moments doesn’t exists of a distribution. For these reasons, we take an attempt to use 
quantile based kurtosis in ICA for the first time. One advantage of the quantile measures of kurtosis is that they are 
defined for a wider class of distributions than the conventional measure of kurtosis since they do not depend on the 
existence of the 4th moment; their resistance to outliers or robustness toward contaminating distributions are also 
discussed in the literature (Kim and White 2003; Kotz and Seier 2007). In this article, we consider classical kurtosis 
estimator, three quantile based kurtosis measure and L-kurtosis coefficient that is found best in recent works. We 
briefly discuss the quantile based kurtosis estimator that we consider in our study in section II. Section III we 
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propose a robust alternative measure kurtosis based on quantile. In section IV and V we discuss about qualitative 
robust index to compare various measure of kurtosis estimators and finds the overall best performer. we then apply 
our estimator in sorting independents components for finding data clustering. The final section gives conclusion. 

2. Review of some classical measure of kurtosis 

Pearson (1905) first introduced kurtosis as a measure of how flat the top of a symmetric distribution is when 

compared to a normal distribution of the same variance. This conventional measure can be formally defined as the 
standardized fourth population moment about the mean 

    𝐾𝑅1 = 𝐸(𝑋−𝜇)4

(𝐸(𝑋−𝜇)2)2
= 𝜇4

𝜎4
 

where E is the expectation operator,  μis the mean,  𝜇4is the fourth moment about the mean, and  σ  is the standard 
deviation. The normal distribution has a kurtosis of 3, so that the reference normal distribution has a kurtosis of zero. 
The centered conventional coefficients of kurtosis is 

𝐾𝑅1 =
𝑛∑(𝑋𝑖 − 𝑋�)4

(∑(𝑋𝑖 − 𝑋�)2)2
− 3(1) 

where X bar  is the sample mean, and n is the number of observations. 

a. Limitations of the Conventional Measures of Kurtosis 
• The main limitation of KR1 is that it cannot be used when the moments are not finite. The familiar t 

distribution provides an example, in that KR1 is only defined for d.f greater than 4. Similarly, the Cauchy 
distribution does not have finite moments, so kurtosis and the variance do not exist. 

• Another difficulty is that KR1 does not necessarily allow a comparison of non-normal distributions with 
respect to each other, but only with respect to the normal. For example, the normal, Laplace, and t (with 5 
df) have values of KR1 −3 of 0, 3, and 6, respectively, which reflects that the Laplace and t distributions 
are both more peaked with heavier tails than the normal. However, the Laplace is more peaked than the t-5, 
but its value of KR1 −3 is smaller (3 vs.6), so KR1 fails to reflect the greater peakedness of the Laplace. 

• Kim and White (2003) review several of the quantile based measures in the context of the analysis of the 
Standard and Poor index illustrating the extreme sensitivity of KR1 to a single outlier in ∼5, 000 
observations in contrast with the resistance of thE kurtosis measures based on quantiles. 
 

b. Some Quantile Measure of Kurtosis Estimator 
Moors (1988) proposed a quantile kurtosis alternative to KR1. The quantity of moors kurtosis is 

𝐾𝑅2 =
(𝐸7 − 𝐸5) + (𝐸3 − 𝐸1)

(𝐸6 − 𝐸2)  

Where Eiis the ithoctile : that is, Ei= F-1(i/8). Moors justified this estimator on the ground that the two terms, (E7 
−E5) and (E3 −E1), are large (small) if relatively little (much) probability mass is concentrated in the neighborhood 
of E6 and E2, corresponding to large (small) dispersion around μ ±σ. As we do for, KR1 we center the Moors 
coefficient of kurtosis at the value for the standard normal distribution. It is easy to calculate that E1 = −E7 = −1.15, 
E2 = −E6 = −0.68, E3 =−E5 = −0.32 and E4 = 0 for N(0,1) and therefore the Moors coefficient of kurtosis is 1.23. 
Hence, the centered coefficient is given by: 

                                        𝐾𝑅2 =
(𝐸7 − 𝐸5) + (𝐸3 − 𝐸1)

(𝐸6 − 𝐸2) − 1.23                                             (2) 

While investigating how to test light-tailed distributions against heavy-tailed distributions, Hogg (1972, 1974) found 
that the following measure of kurtosis performs better than the traditional measure KR1 in detecting heavy tailed 
distributions: 𝑈𝛼−𝐿𝛼

𝑈𝛽−𝐿𝛽
 ,  where Uα(Lα) is the average of the upper(lower) α quantile defined as: 

𝑈𝛼 = 1
𝛼 ∫ 𝐹−1(𝑦)1

(1−𝛼) 𝑑𝑦and𝐿𝛼 = 1
𝛼 ∫ 𝐹−1(𝑦)𝛼

0 𝑑𝑦 
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For α ∈(0, 1). According to Hoggs simulation experiments, α = 0.05 and β = 0.5 gave the most satisfactory results. 
Here, we adopt these values for α and β . For N(0,1), we have U0.05 = −L0.05 = 2.06 and U0.5 =−L0.5 = 0.80 
implying that the Hogg coefficient with α = 0.05 and β = 0.5 is 2.59.  

Hence, the centered Hogg coefficient is given by:  

                                           𝐾𝑅3 =
𝑈0.05 − 𝐿0.05

𝑈0.5 − 𝐿0.5
− 2.59                                                               (3) 

Another interesting measure based on quantiles has been used in Crow and Siddiqui (1967), which is given by 

𝐹−1(1 − 𝛼) + 𝐹−1(𝛼)
𝐹−1(1 − 𝛽) + 𝐹−1(𝛽) 

forα, β ∈(0, 1). Their choices for α and β are 0.025 and 0.25 respectively. For these values, we obtain F-1(0.975) = 
−F-1(0.025) = 1.96 and F-1(0.75) =−F-1(0.25) = −0.68 for N(0,1) and the coefficient is 2.91. Hence, the centered 
coefficient is: 

                   𝐾𝑅4 =
𝐹−1(1 − 𝛼) + 𝐹−1(𝛼)
𝐹−1(1 − 𝛽) + 𝐹−1(𝛽) − 2.91                                                      (4) 

c. L-Kurtosis Coefficients 
L-moments are expectations of certain linear combinations of order statistics (Hosking, 1992). L-moments exist for 
a real valued random variable, X, iff X has finite mean.  A distribution whose mean exists is characterized by its L-
moments. The first four L-moments for random variable X are defined by: 

λ1= E(X) 

λ2= I/2E(X2:2−X1:2) 

λ3= 1/3E(X3:3−2X2:3+X1:3) 

λ4= 1/4E(X4:4−3X3:4+3X2:4−X1:4) 

    Where          𝜆𝑟 = 𝑟−1 ∑ (−1)𝑘�𝑟−1𝑘 �
𝑟−1
𝑘=0 𝐸𝑋𝑟−𝑘:𝑟 

Xk: n is the k-th order statistic for sample size n , E is the expected value. Royston (1992) provides some calculator 
formulas. L-skewness and L-kurtosis are defined as L-moment ratios: 

𝜏3 =
𝜆3
𝜆2
𝑎𝑛𝑑𝜏4 =

𝜆4
𝜆2

 

The advantages of L-moments over central moments are they 1) suffer less from the effects of sampling variability, 
2) are more robust to outliers in the data, 3) provide better inference capability for small samples about the 
underlying distribution, 4) work on censored data, and 5) can give more efficient parameter estimates than MLE. A 
disadvantage of L-moments is the higher computational requirements. 

3. Propose Alternative Measure of Kurtosis Based on Quantiles 
To overcome the problem of conventional Measures of kurtosis we propose a quantile based kurtosis. Quantiles are 
points taken at regular intervals from the cumulative distribution function (CDF) of a random variable. Dividing 
ordered data into essentially equal-sized data subsets is the motivation for q-quantiles; the quantiles are the data 
values marking the boundaries between consecutive subsets. We use specialized 16-quantiles are called sixteen tiles 
where ordered data dividing 16 equal sized, and finally proposed measure is given by 

𝐾𝑅5 =
(𝐸15 − 𝐸9) + (𝐸7 − 𝐸1)

(𝐸15 − 𝐸1)  

Where Ei is the ith sixteen tile: that is, Ei= F-1(i/16). As we do for ,KR1 we center the proposed coefficient of 
kurtosis at the value for the standard normal distribution. We easily to calculate that E1 = −E15 = −1.53, E7 =−E9 = 
−0.16 for N(0,1) and therefore the coefficient of kurtosis is 0.8975. Hence, the centered coefficient is given by: 
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𝐾𝑅5 =
(𝐸15 − 𝐸9) + (𝐸7 − 𝐸1)

(𝐸15 − 𝐸1) − 0.8975                                               (5) 

4. A Finite Version of Qualitative  Robustness Index 
Qualitative robustness, influence function, and breakdown point are three main concepts to judge an estimator from 
the viewpoint of robust estimation. Nasser et al.(2012) have proposed a definition of finite-version qualitative 
robustness, their estimator with finite breakdown point equal to zero should have empirically lower QRI whereas 
estimators with high breakdown point should have higher QRI. They proposed two versions of SQRI(SQRI 1 and 
SQRI 2): 

𝑆𝑄𝑅𝐼(𝑉𝑒𝑟𝑠𝑖𝑜𝑛 − 1) =
1

1 + max
𝑗
�𝜃� − 𝜃�(𝑗)�

 

𝑆𝑄𝑅𝐼(𝑉𝑒𝑟𝑠𝑖𝑜𝑛 − 2) =
1

1 + max
𝑖≠𝑗

�𝜃�(𝑖) − 𝜃�(𝑗)�
 

It is easy to prove i) It’s maximum value is 1. It’s minimum value is zero or above zero, for example, for simple 
correlation co-efficient, 1/3. The more SQRI is the more qualitative robust the estimator is. Alam et al. (2008) 
compared 15 estimators of simple correlation co-efficient investigating the bias, standard error, MSE, length of 90 
percentile interval, sensitivity curve of each estimator under a variety of situations and also employed probability 
plot, box plot and perspective plot to judge their performances. The normal score estimator showed the best 
performance overall. 

5. Experimental Results 
 

a. SQRI using-Earthquake data 
In this section, we use SQRI-1 and SQRI-2 method for finding qualitative robust measure of kurtosis. In world 
earthquake data, counting by yearly contains 112 observations (1900-2011) and considered magnitude range of 
earthquake 7.0 to 7.9 and 8.0 to 9.9. All data from USGS(United States Geological Survey) which last updated 17 
June 2012. We have made experiments on simulated as well as real world problems to apply SQRI-1 and SQRI-2 
method using 6 estimators of kurtosis coefficient. The results show that the proposed method successfully chooses 
the best robust estimator. The results are given in Table-1 and Table- 2. Detailed information of data sets are given 
below: 

• Data-1: 60 sampled have drown from 112 observations (Earthquake data(1900-2011)from USGS). 
• Data-2: 60 sampled have drown form 112 observations and 5 samples have drown from Cauchy 

distribution with parameter 2. 
• Data-3: 60 sampled have drown form 112 observations and 5 samples have drown from student-t 

distribution with degrees of freedom 2. 
• Data-4: 37 sample have taken from Melanoma skin cancer incidence data during the year (1936 

1972).Source: R, package(lattice). 
 

 
In table-I, when we apply SQRI-1 then our proposed quantile based kurtosis performs well than class of quantile 
kurtosis as well as conventional measure of kurtosis but in some cases it gives approximately similar result 
comparing with L-kurtosis(τ4) and both measures are closer to maximum value 1, which ensures the quality of 
robustness of our measure. And from table-II, we see that when we apply SQRI-2 then our proposed quantile based 
kurtosis performs better than all class of quantile kurtosis as well as L-kurtosis(τ4) and also the value of our measure 
is closer to maximum value 1, which also ensures the quality of robustness of our measure. 
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Fig. 1.Boxplot of six kurtosis estimators using SQRI-1. 

6. Application in ICA 
Independent component analysis (ICA) is a statistical method used to discover hidden factors(sources or features) 
from a set of measurements or observed data such that the sources are maximally independent. The ICA algorithms 
are able to separate the sources according to the distribution of the data. Independent component analysis (ICA) 
(Hyvarinen et al., 2001), and projection pursuit (PP)(Jones and Sibson, 1987), are closely related techniques, which 
try to look for interesting directions (projections) in the data. ICA assumes a model, x = AS where x is a vector of 
observed random variables, A is a d ×d mixing matrix, and S is a vector of independent latent variables. The task 
then is to find A to recover S. A key assumption is usually that the Sjhave different kurtosisesKj, in order to separate 
the different independent components. In practice ICA usually measures interestingness of a linear combination aTx 
in terms of the size of its absolute kurtosis or some related measures. Since for a Gaussian random variables the 
kurtosis is zero, this criterion measures to some extent, non-Gaussianity. 

a. Role of Kurtosis in ICA 
In principal component analysis, pc’s are ordered by eigen value where first eigen value is first pc, second eigen 
value second pc and so on. But in independent component analysis, These components have no order. For practical 
reasons to define a criterion for sorting these components to our interest. One measurement which can match our 
interest very well, is kurtosis. Kurtosis is a classical measure of non-Gaussianity, and is computationally and 
theoretically relatively simple. From purely Gaussian distributed data, no unique independent components can be 
extracted, therefore, ICA should only be applied to data sets where we can find components that have a non-
Gaussian distribution. Examples of super-Gaussian distributions (highly positive kurtosis) are speech signals, 
because these are predominantly close to zero. However, for molecular data sub Gaussian distributions (negative 
kurtosis) are more interesting. Negative kurtosis can indicate a cluster structure or at least a uniformly distributed 
factor. Thus the components with the most negative kurtosis can give us the most relevant information. 

Experiment-1 (Experiment of Employee data): 

In Employee data, contains 10 variables id (Employee Code), Gender, bdate (Date of Birth), educ (Educational 
Level, years), jobcat (Employment Category), salary (Current Salary), salbegin (Beginning Salary), jobtime (Months 
since Hire), prevexp (Previous Experience, months), minority (Minority Classification) and 474 observations. In our 
analysis we use 7 variables excepts 3 unnecessary variables id, bdate and minority. Source of data: SPSS 15 
(Employee data) 
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Table 3.Performances of 6 kurtosis estimators for 7 IC’s 

 
We also see that in fig-2, the best separation on the basis of gender can be found at ICA and ICA on PCA. Where 4 
PCs can explain 90 percent variability of the data. For above analysis we have to use our proposed kurtosis measure 
for ordering IC’s where highest negative kurtosis considered as first IC and second largest negative kurtosis for 
second IC and so on. 

Now we would like to comparative performance of ordering independents components on the basis of kurtosis. 

 
Fig. 2. On the left, by applying PCA to the total data, the result is worse than the result of ICA. However, by using 
PCA for preprocessing before applying ICA, a more strongly discriminating component can be extracted. On the 
right, by ordering IC’s using others kurtosis measures, the result is worse than the result of IC’s ordering on the 
basis of proposed kurtosis measure, as shown on the right. Though L-kurtosis performs well in SQRI-1 and SQRI-2 
but when applying data clustering using ICA, our proposed measures gives better clustering than L-kurtosis as well 
as others measures. 

In table III, every kurtosis estimators identifies Com.4 and Com.5 are IC.1 and IC.2 respectively, apart from KR2 
(Com.5 and Com.6 are IC.1 and IC.2) and Our proposed kurtosis measures (Com.4 and Com.6 are IC.1 and IC.2). 
For this reasons we desire relative performance of Moors, L-kurtosis and our proposed measures in ordering IC’s for 
clustering data. In figure 2, when we applying different techniques for finding cluster on employ data, we found that 
our proposed kurtosis based IC’s gives better performance than other adoptive methods. 

Experiment-2 (Experiment of Crabs data): 

Morphological Measurements on Leptograpsus Crabs data has contains 6 variables and 200 observations of each 
variable. When we applying PCA it only gives two cluster but in applying ICA, ICA on PCA it gives more relevant 
information of the data. Source of data: R, package(MASS). 

 

 

 

 
 

 

Fig. 3. On the left, by applying PCA to the total data, the graph shows two pc’s given only two disorganized cluster 
but in IC’s, two IC’s and ICA on PC’s gives strongly discriminating four clusters when IC’s ordering based on our 
proposed measures. 
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7. Conclusion 
In this paper we have illustrated three quantile measure of kurtosis, L-kurtosis, conventional kurtosis and our 
proposed quantile kurtosis estimators and comparing their robustness through simulation and real data investigation. 
The estimators are compared with regard to recent developed method SQRI-I and SQRI-II that helps us to find 
qualitative robust estimators. Therefore, we have seen, the new quantile kurtosis measures performs better than the 
other class of three quantile based kurtosis and conventional measure of kurtosis as well as L-kurtosis. We then 
apply our measure in sorting independent components in Employee data and Crabs data, and try to examine the 
capacity of PCA, ICA and ICA on PCA for finding groups. In both data sets, our proposed quantile based kurtosis 
ordering ICA on PCA a new visualization technique shows the maximum discriminating power whereas PCA the 
least. 

References 

1. Alam, M.A., Nasser, M. and Rahmatullah Imon, A. H. M. (2008). Sensitivity and influence analysis of 
estimators of correlation coefficients. Journal of Applied Probability & Statistics Vol. 3, no. 1, 119- 136. 

2. Balanda KP, MacGillivray HL (1988), Kurtosis a critical review. Journal of the American Statistical 
Association, 42,111-119. 

3. Crow, E.L. and Siddiqui, M.M. (1967), ”Robust Estimation of Location”, Journal of the American Statistical 
Association, 62, 353- 389. 

4. Groeneveld RA (1998) A class of quantile measures for kurtosis. Am Stat 52: 325-329. 
5.  Hogg, R.V. (1972), ”More Light on the Kurtosis and Related Statistics,” Journal of the American Statistical 

Association, 67, 422-424. 
6. Hogg, R.V. (1974), ”Adaptive Robust Procedures: A Partial Review and Some Suggestions for Future 

Applications and Theory,” Journal of The American Statistical Association, 69, 909-923. 
7. Hosking JRM (1990) L-moments: Analysis and estimation of distributions using linear combinations of order 

statistics. J. Royal Statist. Soc., B 52:105124. 
8. Hosking, J.M.R. (1992) Moments or L-moments? an example comparing two measures of distributional shape, 

The American Statistician, 46, 186-89. 
9.  Huber PJ (1981) Robust statistics. Wiley, London. 
10. Hyv¨arinen, A. and Oja, E.: Independent component analysis: Algorithms and applications. Neural Networks. 4-

5(13):411-430. 2000. 
11. Jones,M. and Sibson, R. What is projection pursuit? J. of the Royal Statistical Society, Ser. A, 150:1-36. 1987. 
12. Kaplansky, I. (1945). A common error concerning kurtosis. Journal of the American Statistical Association, 40, 

259. 
13. Kim TH, White H (2003) On more robust estimation of skewness and kurtosis: simulation and application to the 

S&P500 index. Department of Economics, UCSD, Paper 2003-12. 
14. Kotz, S., and Seier, E. (2008), Kurtosis of the Two-Sided Power Distribution, Brazilian Journal of Probability 

and Statistics, 28, 6168. 
15. LihuaAn, S.Ejaz Ahmed. Improving the performance of kurtosis estimator. Computational Statistics and Data 

Analysis 52, 2669-2681. 2008. 
16. Matthias Scholz, Yves Gibon, Mark Stitt and Joachim Selbig, Independent component analysis of starch 

deficient pgm mutants. Proceedings of the German conference on Bioinformatics. Gesellschaft fur info mark, 
Bonn, pp.95-104,2004. 

17. Moors, J. J. A. (1988), ”A Quantile Alternative for Kurtosis,” The Statistician, 37, 25-32. 
18.  Nasser M, Hamzah AN, Alam (2012), Qualitative Robustness in Estimation. Statistics in the Twenty-First 

Century: Special Volume, PJSOR, Vol. 8, No.3 pages. 
19.  Pearson K (1905) Skew variation, a rejoinder. Biometrika 4:169212. 
20.  Reza, M.S., Nasser, M. and Shahjaman, M. (2011) An Improved Version of Kurtosis Measure and Their 

Application in ICA, International Journal of Wireless Communication and Information Systems (IJWCIS) Vol 1 
No 1. 

21.  Royston, P. (1992) Which measures of skewness and kurtosis are best? Statistics in Medicine, 11, 333 43. 
22. Ruppert, D. (1987) What is kurtosis? an influence function approach, The American can Statistician, 41, 1-5. 
23. Scholz, M., Gatzek, S., Sterling, A., Fiehn, O., and Selbig, J. Metabolite fingerprinting: detecting biological 

features by independent component analysis. Bioinformatics 20, 2447-2454, 2004 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



184 
 

 

 

 

 

A New Index for Measuring Aging Inequality: An Application to Asian Countries 
M. Taj Uddin1, M. Nazrul Islam1  Ahmad Kabir1& Dilip C. Nath2 

1Department of Statistics, Shahjalal University of Science and Technology, Sylhet 
2Department of Statistics, Gauhati University, Assam, India 

 

Abstract: Gini coefficient is an ideal measure of income inequality, it may be applied to measure the aging 
inequality in a society. In this paper, an attempt has been made to develop alternative measures of aging inequality 
based on the Gini index. The study uses the secondary population data of Asian countries collected from the 
international data base, US census Bureau. From the analysis it is observed that the Gini coefficient shows equally 
sensitivity at all levels. The coefficient is more concern for the country which are closed to the line of absolute 
equality. For example, the sensitivity level in the Gini coefficient is observed much higher in Israel than in Qatar. 
The logarithmic transformation of Gini coefficient does not work well because it violates the transfer principle. The 
Geometric measure of Gini coefficient fails to measure inequality because of violating the transfer principle. On the 
other hand, the logarithmic transformation of geometric equivalent of the Gini coefficient works better because it 
shows more sensitivity than the Gini coefficient and satisfies the transfer principle. From the analysis it is also found 
that the trigonometric measure of Gini coefficient works better than the logarithmic transformation of geometric 
equivalent of the gini coefficient because it satisfies transfer principle as well as shows higher sensitivity. Therefore, 
the trigonometric measure of the Gini coefficient is the best measure of aging inequality among the measures 
considered in the study.  

Key words: Inequality, Aging, Gini index, Geometric measure. 

1 Introduction 

Inequality is a fundamental characteristics of all graduated social parameters and conceptualized as ‘‘the average 
difference in the status between any pairs relative to the average status’’ (Blau, 1977b). The overall level of 
inequality in a country, region or population group and more generally the distribution of consumption, income or 
other attributes  is also in itself an important dimension of welfare in that group. Inequality measures can be 
calculated for any distribution not just for consumption, income or other monetary variables but also for land, other 
continuous and cardinal variables (Allison, 1978). 

Although inequality has long been topic of interest to sociologists, few have bothered to carefully specify what they 
mean by the term. It is easy, of course, to distinguish perfect equality from a state of inequality. The lack of rigor 
created difficulty so long as research on inequality emphasized the determinants of individual attainments. But 
recent efforts to test of hypothesis explaining why some societies are less equal than others have necessitated the 
adoption of precise measures of inequality, such as the Gini index or the standard deviation (Jackman, 1974; Hewitt, 
1977; Kelley and Klein, 1977). In the absence of clear criteria for choosing among the numerous measures of 
inequality, researchers have usually based their choice on convenience, familiarity, or on vague methodological 
grounds. Neverthless, the decision to rank one distribution is more unequal than another has theoretical as well as 
methodological implications. In fact, the choice of an inequality measures is properly regarded as a choice among 
alternative definition of inequality rather than a choice among alternative ways of measuring a single theoretical 
construct (Allison, 1978). Although measures of inequality are increasingly used to compare nations, cities, and 
other social units, the properties of alternative measures have received little attention in the sociological literature.  

While studying the traditional measures, it is observed that there are basically two shortcoming of traditional 
measures of population aging. First one is the use of cut off point for old and young age of population. For example, 
the cut off point of old age is 65 for developed countries and 60 years for developing countries. Similarly, the cut off 
point of young age is 15 in developing country and 20 in developed country. Second, the accuracy of any measure 
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increases as the observable range of variability increases. The traditional measures consider the change of age 
cohorts but ignore the total pattern of the age structure of population. It is observed that when the slope of trend line 
(the regression coefficient) was used to measure of aging that overcome the shortcoming of traditional measures of 
aging, (Kii, 1982). 

Nath and Nazrul (2009) proposed new indices taking into account both tails of age distribution and investigated the 
aging process of some Asian countries especially focussing with Bangladesh population. An improved measure of 
aging speed with its application for Bangladesh population has been proposed by Islam and Nath (2010). Both the 
studies indicates the aging as one of the emerging problems in Bangladesh. 

Though the Gini index of concentration appeal to most economist who rank income distribution in empirical studies, 
but it was also used in risk analysis and financial theory. Hence it is not surprising to see that the Gini index use as a 
measure of dispersion in portfolio analysis (Atkinson, 1970; Shalit and yitzhaki, 1984; Yitzhaki, 1982 and Shalit, 
1985). 

For variables like age, where utility is neither strictly increasing nor especially relevant, the flat sensitivity of the 
coefficient of varriation (CV) makes it appropriate choice (Allison, 1978). An empirical example of the frequency 
distribution among 12 occupational categories of U.S. men at selected ages in 1952, 1962 and 1972 was given by 
Hauser et al. (1975). The Gini index values for  U.S. men aged 35-44  during the three periods were 0.353, 0.300 
and 0.318 respectively, a decline in inequality over time (Blau (1977a). 

The measures,  the coefficient of variation (CV) and the Gini index(G) in statistics texts are only appropriate for 
variables measured on a ratio scale, like income or age, which have a theoretically fixed zero point (Mueller et al., 
1977). While developing the Gini index of inequality for individual data, it is observed that this index is a simple 
measure of dispersion and concentration whose fields of application are not confined to income distribution 
(Shalit,1985). 

Gini coefficient is computed from distributions of deaths by age in real populations. In order to avoid a bias due to 
different age structures, a standard population age structure was used for weighting. This approach is the same as 
that in economics since age at death and population distributions are independent from each other, exactly like 
income and population in econometrics. The use of Gini coefficient for the analysis of inequality in health in the 
1980s, stressed that the individual-based measurement of inequality in health is a way to a universal comparability 
of degrees of inequality over time and across countries (Illsey and Le Grand, 1987).  

Optimal grouping techniques (OGT) were first used for income distribution to determine Gini index (Aghaevli and 
Mehran, 1981; Devis and Shorrocks, 1989) . The OGT were also used to determine the cut off point to age 
distribution of population. By using OGT to the US population, it is found that the age at which one becomes an 
older person has dramatically increased. For example, the entry age into oldness was 48.7 years in 1930 while 57.6 
years in 2004. The values of Gini index that address in the contex of age distribution of US population was 0.42 in 
1950 and 0.36 in 2000 (D’Albis and Collard, 2011).The existing formula of Gini coefficient were used to develop 
some alternative measure of economic inequality. The developed measures were applied to the data set of 96 
countries’ on distribution of income from world development indicator (Mojumder, 2007). 

Dalton (1920) proposed that measures of inequality ought to increase whenever income is transferred from poorer 
person to a richer person, regardless of how poor or how rich or the amount of income transferred. Following a 
suggestion by Pigou (1912), Dalton also proposed the condition that a transfer of income from a richer to a poorer 
person, so long as that transfer does not reverse the ranking of the two, will result in decrease inequity. This is 
known as the Pigou–Dalton principle (Sen, 1973). 

If we consider a particular distribution of age with n-number of groups or individuals, for same amount of transfer of 
ages between any two groups, Gini coefficient shows equal sensitivity provided the transfer occurs between two 
successive groups or individual. Moreover, we can observe that the Gini coefficient shows more concern for 
countries, which are close to the line of absolute equality. In order to address some of the above mentioned issues, 
the other indices like variance, coefficient of variation and standard deviation have also been considered, but those 
have incompetent either because of their total concentration on differences around mean or because of violating the 
Pigou-Dalton condition. The Pigou-Dalton condition implies that any transfer from smaller group (poor group) to 
higher group (rich group), other thing remaining the same, would always increase the inequality measure. In line 
with the same one may also think that any transfer from higher group (rich group) to smaller group (poor group), 
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other thing remaining the same, would always decrease the inequality measure (Sen, 1999). In the above situation, it 
is necessary to develop some measures or modify the usual formula of Gini coefficient that fulfil the mentioned 
issues. In this paper, an attempt is made to develop  some alternative measures of population aging inequality based 
on Gini coefficient by  using secondary data for Bangladesh and some other selected countries of the world. 

2 Data and Methodology 

The study uses the secondary population data collected from international data base, US census Bureau (www. 
census.gov/population/data/idb) for 2011. Alternative aging indices have been applied along with conventional 
aging indices: proportion of older people, proportion of persons aged less than 15 years, proportion of person aged 
between 15 and 59 years to the Bangladesh population as well as 50 Asian countries. To see the sensitivity level of 
the alternative measures, special focus is given on Bangladesh, Chaina, India, Israel, North Korea, Nepal, Qatar, 
Singapore, Sri Lanka and Thailand. 

2.1 Gini-coefficient of inequality 

The Gini coefficient is usually defined in terms of the Lorenz curve (Ray and Singer, 1973). It is the most popular 
measure of distributional inequality. The Lorenz curve is a graphical device used to represent distributional 
inequality. The Gini coefficient is a numerical measure of inequality based on the Lorenz curve. Much of the 
literature is concerned with income inequality. With a few notable exceptions, the result of Gini coefficients also can 
be applied to other quantitative variables (Allison, 1978). The Gini coefficient varies between 0 (complete equality) 
and 1 (complete inequality). 

2.2 Criteria for a good measure of inequality 

Mean independence: This means that if all incomes were doubled, the measure would not change.  

Population size independence: If the population were to change, the measure of inequality should not change.  

Symmetry: If you and I swap incomes, there should be no change in the measure of inequality.  

Pigou-Dalton Transfer sensitivity: Under this criterion, the transfer of income from rich to poor reduces measured 
inequality.  

Decomposability: This means that inequality may be broken down by population groups or income sources or in 
other dimensions. The Gini index is not easily decomposable or additive across groups. That is, the total Gini of 
society is not equal to the sum of the Gini coefficients of its subgroups. 

Note that The Gini coefficient satisfies all the criteria mentioned above except the decomposability criteria. 

2.3 The Gini coefficient 

There are a number of ways in which the Gini coefficient can be expressed and interpreted. Many researchers 
derived it  as a measure of inequality as it satisfies the axioms (criteria) of an ideal measure. The existing formula 
for Gini coefficients are as follows: 
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Where, ),..,2,,1( niyi =  is the income/age of the i-th person, 
),..,2,1( njy j =

is the income/age of the j-th 

person, µ is the average income/age and nyyy ≤≤≤ ....21 . Equation (1) is a measure of dispersion divided by 
twice the mean. It is the average absolute difference between all pairs of individuals. Specifically (1) is known as 
Gini coefficient of mean difference given by Kendall and Stuart (1977). They also define this coefficient as ‘one half 
of the average value of absolute differences between all pairs of incomes divided by the mean income’. We will 
apply this index to measure the aging inequality of population. Equation (2) is given by Dasgupta et al. (1973) which 
is more mathematically tractable and computationally convenient for individual level data. Note that the first term in 
(2) involves a weighted sum of all the scores, where the weight applied to each score is its rank in the distribution. 
Equation (3) is due to Sen (1973) and it  shows the income-waiting system in the welfare function behind the Gini 
coefficient. 

2.4 Modification of the formula of Gini coefficient 

Researchers (Yitzhaki, 1994; Milanovic, 1997; Larman and Yitzhaki, 1985 and Pyatt et al., 1980) in the field of 
measurement of inequality have always been in the quest of presentimg of simple and easy way to calculate Gini 
coefficient keeping its objective. Milanovic (1997) claims that the formula developed by him to measure the 
inequality is easy to calculate even in using a simple hand calculator. We are trying to modify the existing formula 
of Gini coefficient. The formula given in equation (1), (2) and (3) are almost same (Anand, 1997). Therefore we can 
choose any one of them for modification. We choose expression (1) for modification among existing formulas. In 

this paper we are working with the distribution of age. Let iy and jy
is the share/proportion of persons belonging to 

one particular age group and we assume that nyyy ≤≤≤ ....21 . Thus, mean of iy is n
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Age structure of population can be categoried into three broad groups namely children, active force and elderly. 

Since the data set consists of 3 different age groups (i=j=3), the expression (4) can be rewritten as 
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After some straight forward simplification, the expression (5) can be written as follows: 
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Ignoring the multiplier, the expression becomes 

321 )1()0()1( yyyG ++−=                                                                                                        (7)  

where ,1y 2y and 3y  represent the proportion of elderly , the proportion of children  and the proportion of active 

population and satisfied the condition 321 yyy ≤≤ . 

2.5 Logarithmic transformation of Gini coefficient 

In order to make Gini coefficient more rational in terms of sensitivity, we take the natural logarithm and modify the 
equation (4) and (5) as follows: 
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For 3 different groups, the expression becomes 
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Since it violates the transfer principle of an ideal measure of inequality, we should look for other measures. 

2.6 Geometric equivalent of Gini coefficient 

Majumder (2007) developed a geometric formula of Gini coefficient based on the Lorenz curve and the line of 
absolute equality. In order to find a simple and alternative derivation of Gini’s coefficient with robustness and 
accuracy, we will look forward to some other alternative geometric measure as follows: 

 
Source: Majumder (2007), p. 17 

From the Figure 1, it is clear that the diagonal line has divided the rectangle into two equal triangles. For each 
triangle, base=height=1, as sum of proportion equal to unity. The area of triangle is  
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From the figure 1, it shows that the area beyond the Lorenz curve is the sum of area of n small triangles and (n-1) 
rectangles. The area of each triangle is:  
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The total area beyond the Lorenz curve is  
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We may standardise the above expression (10) with the multiplier )2/(2/1 n=µ . 

Therefore equation (10) may considered as an alternative geometric measure of Gini’s coefficient and written as  
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For 3 different groups, the expression (11) becomes 
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2.7 Logarithmic transformation of Geometric equivalent of Gini coefficient (LTGEG) 

Taking logarithm the expression (11) and (12) become 
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2.8 Trigonometric measures of Gini coefficient (TMG) 
We have developed arithmetic and geometric derivation of Gini coefficient for measuring aging inequality. In order to find 
simpler and alternative derivation of Gini coefficient to measure aging inequality, it is tried to develop trigonometric measure of 
inequality. Mojumder (2007) has developed Trigonometric measure of Gini coefficient to estimate income inequality. We 
demonstrate in a formalized manner how to apply the TMG to the age distribution. It is seen that there are n-numbers of right-
angled triangles below the Lorenz curve corresponding to n number of individuals/groups. The Cotangent is computed and add 
them to get a measure of inequality. By looking at the left hand side complementary angle of each right-angled triangle, one can 
measure cotangent of it, which is nothing but the base of the triangle divided by the perpendicular of it. Therefore, the 
Trigonometric measure based on cotangent is as follows: 
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We can standardise the expression (15) by subtracting n from it and multiplying by )2/(2/1 n=µ . Thus we have 
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For 3 different individuals/groups, the TMG becomes 
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3 Results and Discussion 

The developed  measures of inequality of population aging  have been applied to Bangladesh population as well as 
some other selected countries. We have chosen those countries of Asia which satisfy the rank order condition 

)( 321 yyy ≤≤ . The results of the measures of inequality of population aging have been displayed in Table 1 to 

Table 6. For convenience of the analysis, it is assumed that 1y , 2y and 3y  represent lower end, middle end and 
higher end of the distribution.  

3.1Gini coefficient (G) 

Table 1 and Table 2 show Gini coefficient (G) values for 50 selected countries in Asia.  The G is computed by using 
the equation (6). The minimum and maximum observed value of G is 0.439 (in Israel) and 0.837 (in Qatar) 
respectively which satisfies the hypothetical values (minimum and maximum) of Gini coefficient. Table 3 to Table 6 
show the sensitivity level of indices in responses to 1 percent transfer of ages from one group to another group for 
few selected countries in Asia. Gini coefficient satisfies Pigou-Dalton condition. When reorganisation of ages takes 
place from the smaller group to higher group, value of G increases and vice verca. It is equally sensitive within the 
country in upward direction and downward direction. For example, if we consider Bangladesh, we see that for 1 
percent transfer of ages between two consecutive groups G changes by 1.942 percent from Table 3 to Table 5. This 
is true for all other countries also. It implies that the sensitivity of Gini coefficient within a country or for a 
particular distribution is constant at all levels. Thus it follows from the property of Gini coefficient that equal 
transfer of amount between any two successive groups/individuals changes the Gini coefficient in the same manner 
but for different countries changes may be different.  

From the expression (7), it may be realised that the value of G may be higher in a country where share at the lower 
end are comparatively smaller than the other. Our data support this claim. For example,  the G value of Israel, 
Bangladesh and Qatar are 0.439, 0.515 and 0.837 respectively. Their corresponding share of the lower end are 
0.142, 0.071 and 0.018 respectively (Table 2). It is clear from the analysis that the smaller value of G implies more 
aging society. 

It is also observed that changes of G may be higher in a country where the values of G are comparatively smaller 
than others. For example, when transfer of person ( 1 percent) belongs to specific age interval takes place between 
any two consecutive groups in Israel and Singapore, G changes by 2.28 percent and 1.60 percent respectively in 
these two countries as shown in Table 3 and Table 4. When reorganisations take place between higher group and 
lower group (Table 6), G changes by 4.56 percent and 3.20 percent respectively in these two countries. It conveys 
that Gini coefficient is more concern for Israel than for Singapore. Therefore it is said that the changes of Gini 
coefficient is higher in comparatively equal distribution of ages. If we compare the age distribution of Bangladesh 
and North Korea (Table 1), we  observe that the distribution of age is more equal in the latter than in the former. 
However changes of G are higher for Noth Korea than Bangladesh (Table 3).  

3.2 Logarithmic transformation of Geometric equivalent of Gini coefficient (LTGEG) 

It is observe that the minimum and maximum value of the logarithmic transformation of the geometric index 
(LTGEG) are 3.251 ( in Israel) and 5.393 (in Qatar) as displayed in Table 1 and Table 2. The LTGEG is computed 
by using the expression (14). This index (LTGEG) satisfies Pigou-dalton condition. From the sensitivity analysis of 

the index, it is found that for 1 per cent transfer of person belongs to specific age interval from 1y to 2y , LTGEG 
increases by 1.47 percent and 2.61 per cent in Israel and India respectively (Table 3). Similarly if we transfer 1 per 
cent people belongs to specific age interval between two consecutive groups in upward direction, the sensitivity of 
LTGEG increases gradually. It tells us that the index is not equally sensitive at all levels within a country. On the 
other hand, the index, G is equally sensitive al all level. Also we observe that for 1 per cent transfer from the lowest 

group ( 1y ) to the highest group( 3y ), changes of LTGEG is higher where the variation (inequality) is higher than 
other (Table 6). For example, LTGEG increases by 1.95 per cent (in Israel) and 3.00 per cent (in India). Again if we 
compare the sensitivity levels of the LTGEG in the two countries, we observe that those are much higher in India 
than in Israel. It confirms that the index has more concerned for the countries which are far from the line of equality. 
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When transfer of ages takes place in downward direction from 2y to 1y , 3y  to 1y  and so on, sensitivity level 
gradually decreases (Table 5 and Table 6). However, the extent of increase and decrease in both direction are not 

equal. For example, in India, for 1 percent transfer of person belongs to specific age interval from 1y to 2y , the 

LTGEG increases by 2.61 percent (Table 3). On the other hand, for 1 percent transfer of person from 2y  to 1y  the 
LTGEG decreases by 2.26 percent (Table 5). From the sensitivity analysis, it is observed that, the index, LTGEG 

satisfies the Pigou-dalton condition as well as the rank order condition ( 321 yyy ≤≤ ). 

It is also observed that changes of LTGEG is higher, where share at the lower end is comparatively smaller. For 
example, the changes of LTGEG in Qatar and Israel are 12.60 and 1.47 respectively whereas the share at the lower 
end are 0.018 and 0.142 for these two countries. Therefore it can be said that share of the elderly population is 
higher where the sensitivity of index is higher. It is also clear that this index (LTGEG) is more sensitive than the 
Gini coefficient (G). 

3.3 Trigonometric measures of Gini coefficient (TMG) 

The TMG is computed by using the expression (17). The observed minimum and maximum values of  trigonometric 
measure (TMG) are 3.359 (in Israel) and 56.014 (in Qatar) respectively (Table 1 and Table 2). So this measure 
(TMG) satisfies the hypothetical values. It shows more sensitivity than any other measures as presented in the the 

paper. For example, for 1 percent transfer of person belongs to specific age interval from 1y to 2y , the index 
increases by 12.03 percent in Israel,  19.04 percent in India and 125.92 percent in Qatar (Table 3). Qatar has the 
most unequal distribution of age because of the higher value of the measures (Table 1 and Table 2). Again, when 1 

percent transfer of person takes place from 1y to 3y , the changes of TMG are 14.92 percent in Israel,  20.11 percent 
in India and 126.92 percent in Qatar (Table 5). So it is clear that the sensitivity of TMG is higher when transfer takes 
place between the lowest group and the highest group than the transfer of consecutive groups. From the sensitivity 
analysis of the index, one can say that the sensitivity is smaller where the share of the lower end is comparatively 
higher. This indirectly implies that Israel has more elderly people than India and Qatar. Again, it is clear that 
trigonometric measure (TMG) satisfies the Pigou-dalton condition as well as the rank order condition (

321 yyy ≤≤ ) of age group. Because when 1 percent transfer of person takes place in upward direction, the TMG 
increases and in downward direction the index decreases. 

4 Conclusion 

All the measures (G, LTGEG and TMG) satisfy the rank–order condition ( 321 yyy ≤≤ ). An inequality index 
satisfies the three basic properties: rank-order condition, mean or scale independence and population size 
independence (Anand, 1997). The two of above properties tell that if every one’s age is changed in the same 
proportion and similarly if number of individual/person at each age level is changed by the same proportion, the 
index remain invariant. It is observed that all the measures (G, LTGEG and TMG) discussed here satisfy these 
properties. Therefore, these measures may be considered as an alternative measures of inequality of aging. Again, 
from the performance of the measures CV, G and LTGEG, it is clear that LTGEG is better one. Because it 
overcomes all the difficulties face by other measures CV and G. Again the trigonometric measure (TMG) works 
very well because it follows all the properties of an ideal measure. Also its sensitivity level is higher than any other 
measures. Considering the criteria of measure and the degree of sensitivity, TMG is the best measure of aging 
inequality. 
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Appendix 

Table 1: Distribution of ages and different measures of inequality 

Country Distribution of age Measure of Aging 

1y  2y  3y  
G LTGEG TMG CV 

Afganistan 0.041 0.437 0.522 0.481 4.137 19.686 0.770 

Armenia 0.131 0.176 0.694 0.563 3.523 5.789 0.938 

Azerbaijan 0.090 0.228 0.682 0.591 3.730 7.921 0.929 

Bahrain 0.042 0.205 0.753 0.711 4.441 20.974 1.118 

Bangladesh 0.071 0.343 0.586 0.515 3.759 9.656 0.773 

Bhutan 0.083 0.289 0.627 0.544 3.698 8.065 0.824 

Brunei 0.060 0.255 0.685 0.625 4.038 13.074 0.959 

Burma 0.076 0.275 0.649 0.573 3.798 9.320 0.873 

Combodia 0.058 0.322 0.620 0.561 3.960 12.849 0.843 

China 0.132 0.176 0.691 0.559 3.511 5.687 0.933 

Cyprus 0.152 0.162 0.686 0.534 3.426 5.208 0.916 

Gaza Strip 0.039 0.439 0.521 0.482 4.168 20.626 0.774 

Georgia 0.210 0.156 0.633 0.423 3.160 3.726 0.783 

Hong Kong 0.196 0.116 0.688 0.492 3.351 6.174 0.929 

India 0.084 0.297 0.620 0.536 3.681 7.917 0.809 

Indonesia 0.089 0.273 0.639 0.550 3.665 7.465 0.839 

Iran 0.073 0.241 0.687 0.614 3.897 10.387 0.952 

Iraq 0.047 0.380 0.572 0.525 4.067 16.448 0.797 

Israel 0.142 0.276 0.581 0.439 3.251 3.359 0.674 

Japan 0.313 0.136 0.550 0.237 2.874 3.347 0.623 

Jordan 0.068 0.353 0.580 0.512 3.794 10.370 0.770 

Kazakhstan 0.102 0.242 0.656 0.554 3.600 6.469 0.865 
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Country Distribution of age Measure of Aging 

Korea N. 0.131 0.224 0.645 0.514 3.415 4.646 0.822 

Korea S. 0.160 0.157 0.684 0.524 3.399 5.115 0.911 

Kuwait 0.036 0.258 0.706 0.671 4.486 24.398 1.025 

Loas 0.056 0.367 0.577 0.521 3.939 13.316 0.786 

Lebanon 0.126 0.230 0.644 0.518 3.438 4.845 0.823 

Macau 0.120 0.150 0.730 0.610 3.665 7.358 1.031 

Malaysia 0.078 0.296 0.626 0.547 3.741 8.752 0.827 

Maldives 0.058 0.215 0.727 0.670 4.148 14.413 1.051 

Mongolia 0.059 0.273 0.668 0.609 4.022 13.125 0.926 

Nepal 0.067 0.346 0.588 0.521 3.812 10.572 0.782 

Oman 0.047 0.312 0.641 0.593 4.155 16.884 0.892 

Pakistan 0.062 0.354 0.582 0.520 3.865 11.654 0.783 

Philippine 0.066 0.346 0.588 0.522 3.827 10.834 0.784 

Qatar 0.018 0.127 0.855 0.837 5.393 56.014 1.366 

Saudi Arabi 0.046 0.294 0.660 0.614 4.211 17.801 0.927 

Singapore 0.116 0.144 0.741 0.625 3.717 7.963 1.059 

Sri Lanka 0.119 0.249 0.631 0.512 3.451 4.982 0.799 

Syria 0.055 0.352 0.592 0.537 3.968 13.619 0.807 

Taiwan 0.156 0.156 0.687 0.531 3.418 5.247 0.920 

Tajikistan 0.049 0.339 0.612 0.563 4.094 16.106 0.845 

Thailand 0.135 0.199 0.667 0.532 3.444 4.966 0.872 

Timor-Leste 
(East Timor) 

0.060 0.338 0.602 0.542 3.917 12.340 0.813 

Turkey 0.095 0.266 0.639 0.544 3.618 6.833 0.835 

Turkmenistan 0.064 0.275 0.661 0.597 3.948 11.779 0.907 
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Country Distribution of age Measure of Aging 

UAE 0.019 0.204 0.777 0.758 5.129 49.608 1.185 

Uzbekistan 0.069 0.265 0.666 0.598 3.902 10.819 0.914 

Vietnam 0.080 0.252 0.668 0.588 3.790 8.925 0.906 

Yemen 0.041 0.430 0.529 0.488 4.144 19.701 0.774 

 

Table 2: Distribution of ages and different measures of inequality 

Country  Distribution of age Measures of Inequality 

1y  2y  3y  
G LTGEG TMG CV 

Bangladesh 0.071 0.343 0.586 0.515 3.759 9.656 0.773 

China 0.132 0.176 0.691 0.559 3.511 5.687 0.933 

India 0.084 0.297 0.620 0.536 3.681 7.917 0.809 

Israel 0.142 0.276 0.581 0.439 3.251 3.359 0.674 

Korea N. 0.131 0.224 0.645 0.514 3.415 4.646 0.822 

Nepal 0.067 0.346 0.588 0.521 3.812 10.572 0.782 

Qatar 0.018 0.127 0.855 0.837 5.393 56.014 1.366 

Singapore 0.116 0.144 0.741 0.625 3.717 7.963 1.059 

Sri Lanka 0.119 0.249 0.631 0.512 3.451 4.982 0.799 

Thailand 0.135 0.199 0.667 0.532 3.444 4.966 0.872 
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Table 3: Sensitivity of different measures of Inequality 

Country Distribution of age  
1 percent transfer of ages from 1y  to 2y  

1y  2y  3y  
G LTGEG TMG CV 

Bangladesh 0.071 0.343 0.586 1.942 3.161 22.859 2.099 

China 0.132 0.176 0.691 1.789 1.258 5.465 0.276 

India 0.084 0.297 0.620 1.866 2.608 19.043 1.520 

Israel 0.142 0.276 0.581 2.280 1.470 12.025 1.415 

Korea N. 0.131 0.224 0.645 1.945 1.460 9.413 0.679 

Nepal 0.067 0.346 0.588 1.920 3.372 24.187 2.105 

Qatar 0.018 0.127 0.855 1.194 12.598 125.915 0.286 

Singapore 0.116 0.144 0.741 1.600 1.327 4.584 0.152 

Sri Lanka 0.119 0.249 0.631 1.952 1.710 12.306 0.983 

Thailand 0.135 0.199 0.667 1.879 1.327 7.143 0.437 

 

Table 4: Sensitivity of different measures of Inequality 

Country 
1 percent transfer of age from 2y  to 3y  

G LTGEG TMG CV 

Bangladesh 1.942 0.342 0.612 1.893 

China 1.789 0.724 5.670 2.683 

India 1.866 0.404 1.160 2.260 

Israel 2.280 0.492 3.175 3.066 

Korea N. 1.945 0.582 4.001 2.834 

Nepal 1.920 0.334 0.546 1.837 

Qatar 1.194 0.661 1.181 1.766 

Singapor 1.600 0.844 6.324 2.406 

Sri Lanka 1.952 0.515 2.870 2.729 

Thailand 1.879 0.652 4.934 2.793 
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Table 5: Sensitivity of different measures of Inequality 

Country 
1 percent transfer from 3y  to 2y  1 percent transfer from 2y  to 1y  

G LTGEG TMG CV G LTGGL TMG CV 

Bangladesh -1.942 -0.332 -0.551 -1.776 -1.942 -2.691 -16.971 -1.990 

China -1.789 -0.684 -5.010 -2.650 -1.789 -1.077 -3.292 -0.173 

India -1.866 -0.391 -1.052 -2.172 -1.866 -2.256 -14.590 -1.404 

Israel -2.280 -0.475 -2.862 -2.959 -2.280 -1.321 -9.672 -1.235 

Korea N. -1.945 -0.557 -3.599 -2.779 -1.945 -1.286 -7.109 -0.549 

Nepal -1.920 -0.325 -0.490 -1.722 -1.920 -2.846 -17.640 -2.000 

Qatar -1.194 -0.611 -1.004 -1.748 -1.194 -6.497 -34.641 -0.239 

Singapor -1.600 -0.787 -5.464 -2.383 -1.600 -1.095 -2.094 -0.072 

Sri Lanka -1.952 -0.495 -2.594 -2.660 -1.952 -1.512 -9.661 -0.850 

Thailand -1.879 -0.620 -4.404 -2.751 -1.879 -1.156 -4.966 -0.320 
 

Table 6 : Sensitivity of different measures of Inequality 

Country 
1 percent transfer from 1y  to 3y  1 percent transfer from 3y  to 1y  

G LTGEG TMG CV G LTGEG TMG CV 

Bangladesh 3.885 3.493 23.420 4.122 -3.885 -3.034 -17.573 -3.620 

China 3.579 1.943 10.485 2.978 -3.579 -1.801 -8.951 -2.799 

India 3.732 2.999 20.106 3.987 -3.732 -2.660 -15.739 -3.349 

Israel 4.559 1.945 14.917 4.661 -4.559 -1.813 -12.816 -3.992 

Korea N. 3.890 2.017 13.028 3.644 -3.890 -1.868 -11.094 -3.184 

Nepal 3.841 3.697 24.687 4.070 -3.841 -3.180 -18.176 -3.579 

Qatar 2.388 13.209 126.919 2.102 -2.388 -7.159 -35.822 -1.934 

Singapore 3.199 2.114 10.054 2.645 -3.199 -1.938 -8.411 -2.361 

Sri Lanka 3.904 2.205 14.916 3.844 -3.904 -2.027 -12.515 -3.364 

Thailand 3.758 1.947 11.561 3.352 -3.758 -1.807 -9.887 -2.938 
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Abstract 

Caesarean section (c-section) rates have been increasing dramatically in the past decades around the world. This 
increase has been attributed to multiple factors such as maternal, socio-demographic and institutional factors and isa 
burning issue of global aspect like in many developed and developing countries. Data was collected through a cross-
sectional survey from a proportionate random sample of 1142 women delivering in four private and four public 
hospitals. Logistic regression and Cox proportional hazard models are the statistical tools of the present study. The 
logistic regression of multivariate analysis indicated that the risk of having an previous c-section, pregnancy-induced 
swollen of leg, prolonged labour, higher educational level, mother age  25 years and above, lower order of birth, 
length of baby more than 45 cm and irregular intake of balance diet were significantly predict for caesarean delivery 
(CD). With regard to survival time, using the Cox model, fatal distress, previous c-section, mother's age, age at 
marriage and order of birth were also the most independent risk factors for CD. By the forward stepwise selection, 
the study reveals that the most common factors were previous c-section, mother's age and order of birth in both 
analysis. As shown in the above result suggests that these factors may influence the health-seeking behaviour of 
women. Findings also suggest that program and polices need to address the increase rate of caesarean delivery in 
Northern region of Bangladesh.  

Key words: Caesarean delivery, risk factors, logistic regression, Cox model, Bangladesh 

Introduction 

Deliveries may occur either by caesarean or non-caesarean. Caesarean delivery, also known as caesarean section (c-
section), is a form of childbirth in which a surgical incision is made through a mother's abdomen and uterus to 
deliver the baby. Higher rates of caesarean delivery are associated with increased maternal and neonatal morbidity.(1) 
Miller(2) found that the maternal mortality rate associated with caesarean delivery is 3 to 7 times greater than that 
associated with non-caesarean delivery. In the United States, the mortality rate of infants delivered by caesarean 
birth was 10.1 per 1,000 deliveries.(3) The overall mortality rate from caesarean delivery alone is 6 per 100,000 
procedures.(4) In a study of medical interventions by caesarean sections highlighted that mothers who have their 
babies delivered by caesarean take longer to first interaction with their child when compared with mothers who had 
non-caesarean deliveries.(5)Over the last few years, the rates of c-section have risen substantially in many countries 
such as  United States of America (5% in 1998 to 24.4% in 2001),(6) Chile (40% in 1997 to 42% in 1999),(7) Brazil 
(32% in 1994-1997 to 35% in 2001),(8) Malaysia (10.5% in 2000 to 15.7% in 2006),(9) and Bangladesh (2.5% in 
2003-2004 to 12.2% in 2010),(10) despite, the World Health Organization(11) recommendation standard caesarean 
birth of 10 to 15%. This increase has been attributed to multiple factors such as maternal, socio-demographic and 
institutional factors. The most common ones are maternal age,(12) order of birth,(13) baby weight,(14) socio-economic 
status,(15) high levels of maternal education,(16) previous c-section,(17) obstetric complications and high income 
level.(18,19) 

For the lack of reliable administrative records, no early studies were carried out to identify the possible risk factors 
associated with c-section in Bangladesh. However, several numbers of studies have been conducted in other 
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countries. To find out the significant relationship between mode of delivery (i.e. caesarean or non-caesarean) and 
covariates (independent variables), most of these studies used logistic regression model.(12,20) On the other hand, 
time (it is measured as after marriage to getting one child or previous child to the current children) is one of the 
factors that may play an important role in c-section, but it is not yet to consider in other studies. From the point of 
view, this study also examined the relationship between time to event (i.e. caesarean or non-caesarean) and 
covariates. In these cases, Cox's model has become the most-used procedure for modelling the relationship of 
covariates to a survival or other censored outcomes.(21) Consequently, to get a more complete assessment of risk 
factors, this study considered time as a dependent variable and the concomitant variables (covariates) as independent 
variables and compare the results of empirical data analyzed by logistic regression and Cox proportional hazard 
model. Thus, the objectives of the present study are: (i) to examine the impact of maternal, socio-demographic and 
relevant characteristics on caesarean delivery and (ii) to determine the common risk factors. 

Material and Methods 

Data collection 

 In Bangladesh, both public and private hospitals have facilities for caesarean and non-caesarean deliveries. To 
identify the risk factors that influence the choice of route of delivery in public & private hospitals, this study was 
carried out in Northern region of Bangladesh. The data were collected from four private hospitals and four public 
hospitals. This study is based on a total of 1142 delivery cases. Among them, 652 were caesarean cases and the 
remaining were 490 non-caesareans. They were randomly selected and  proportion to the estimated load of 
deliveries, collected during the period of January to March 2010, which accounted for 60 percent of all deliveries in 
that period. The study was carried out using a cross-sectional design where data were collected by direct interviews 
using a close-ended questionnaire from all women who gave birth during that period. 

Selection of variables 

Webster et al.(22) suggests that women with medical complications near delivery are more likely to undergo c-section 
in order to improve their survival prospects as well as their newborns. Therefore,  maternal factors: prolonged labour 
(more than 12 hours), fetal distress, previous c-section, senseless and swollen of leg, breathing difficulty, child 
aborted around delivery, multiple births, head circumference of newborns, length and  weight of baby are considered 
as risk factors in the present study.Previous researches also suggested that non-medical factors play important roles 
in the decisions to perform c-section.(16)Therefore, a set of socio-demographic factors such as maternal age at birth, 
age at marriage, parity (birth order) and mother’s educational level are included as risk factors for the non medical 
determinants of c-section in this study. Misra et al.(20) and Padmadas et al.(23) have also found that there is a strong 
association between c-section and place of residence. Furthermore, numerous socio-economicand cultural factors 
influence the decision on pattern of feeding and balance diet that may influence the delivery system. Thus, place of 
residence and duration of taking balance diet also is considered as risk factors for c-section.   

Statistical analysis 

To determine the risk factors which are associated with the c-section, based on the different criteria, two multivariate 
techniques were used. They are multiple logistic regression model and Cox proportional hazard model. Logistic 
Regression and Cox proportional hazard models are the most frequently used for analysing data in epidemiological 
and clinical studies.(24) The multiple logistic regression is analogous to multiple linear regressions where the 
dependent measure is dichotomous in nature (coded by the values 0 and 1) and there is more than one independent 
variable; whereas the Cox proportional regression model assumes that the effects of the proportionality of hazards in 
several strata of a predictive variable (names of variables that we expect to predict survival time) are constant over 
time. Due to several assumptions, both techniques yield valid statistical inferences and make reliable predictions 
without stratification. For both techniques, maternal, socio-demographic and other relevant variables were treated as 
independent variables while the dependent variables are (i) the typesof delivery coded as dichotomous (caesarean=1, 
non-caesarean=0) and (ii) duration of time (i.e. after marriage to getting one child or previous child to the current 
children) to the event (i.e. mode of delivery) respectively. The most influential risk factors were estimated separately 
for overall, public and private hospital by forward stepwise selection. The selection procedures are detail discussed 
in Chatterjee & Hadi.(25) A value of P<0.05 was considered statistically significant. All statistical analyses were 
performed using the software Statistical Packages for Social Sciences (SPSS) for windows (version17.0). 
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Results 

The sample comprised of 1142 mothers with the aggregate caesarean section (CS) rate among the participants was 
57.09 %. The CS rate in the public hospital was 30.28% (n=199), while the CS rate in private hospital was 93.47% 
(n=453). The Figure 1 display the survival for mean values for selected covariates in the Cox model over time by 
health facilities. The survival curve represents the probability of mothers who have delivery by caesarean at any 
given time. During the period of below two years, the probability of getting first child from the women in private 
hospital is greater than those who delivered by the caesarean in public hospital. Figure 1 also shows that the rate of 
caesarean cases over time is relatively constant and approximately below 1% after the duration time of 6 years and 
above. The adjusted odds ratio (OR) and hazard ratio (HR) for a CS are shown in Tables 1, 2 and 3 at overall, 
private and public hospital respectively. As shown in Table 1 within overall delivery cases, the binary logistic 
regression of multivariate analysis indicated that the risk of having an previous c-section (p=<0.001, OR=20.184), 
pregnancy-induced swollen of leg (p=0.045, OR=1.334), prolonged labour (p=<0.001, OR=0.172), higher 
educational level (p=<0.001, OR=2.687), mother age > 25 years (p=0.001, OR=2.740), lower order of birth 
(p=0.001, OR=0.744), length of baby > 45 cm (p=0.025, OR=1.456), and irregular intake of balance diet (p=0.042, 
OR=1.870) significantly predict CS delivery. In a Cox's regression model, the multivariate analysis indicated that 
fetal distress, previous c-section, mother's age, age at marriage and order of birth were significantly independent risk 
factors for CS. The risk of having fetal distress and previous c-section had a higher risk as compared to those who 
do not. The hazard ratios of CS for older mothers were higher than their younger counterparts. Women who married 
at age (18-22 years) had a lower risk for CS compared to women who married at an early age (<18 years) and 
married at an older age (23 years and above). Similarly, increased parity (order of birth) had a lower risk as 
compared to lower parity (first order of birth) for CS. 

To examine the caesarean delivery with associated risk factors by types of health facilities, separate models were 
constructed for deliveries in private and public hospitals (Table 2 & 3). Based on the results of logistic regression 
alone, it was found that women who have related to complications around delivery (previous c-section, pregnancy-
induced swollen of leg, prolonged labour) and delivered in public hospitals tend to have higher risk of c-section than 
those who delivered in private hospitals. Furthermore, those who have been pregnancy-induced swollen of leg had 
the greatest impact on the likelihood of caesarean delivery, compared to those who were not (P = 0.001, OR=1.903).  
In public hospitals, the highest odds ratios for caesarean delivery were seen in women aged 30 years and above 
(p=0.047, OR=2.967) as compared to those aged 25 years and below. Similarly, first and second born babies had 
higher odds of being delivered by c-section (p=0.045, OR=0.524) as compared to third or above for deliveries 
occurring in private hospitals. For the length of baby, where compared between the two facilities, we found that this 
determinant factor was also less important in public hospitals as compared to private hospital. By the place of 
delivery, it was a significant determinant of c-section for women delivering in private hospitals, with the strongest 
risk shown for women residing in urban areas. Finally, a c-section was 1.73 times more likely to occur in public 
hospitals to women who rarely take a balanced diet.Conversely, to determine independent risk factors for survival 
time, the Cox's regression model showed that maternal age, age at marriage and parity were only statistically 
significant with c-section in both health facilities. To identify the most influential risk factors for caesarean delivery, 
we carried out a stepwise regression analysis on the variables in Table 1. In the overall and different health facilities, 
the most influential significant variables are listed in Table 4 and 5 respectively. The stepwise selection reveals that 
out of 17 selected variables, seven and five variables remained significant for logistic and Cox's regression analysis 
respectively to predict which patients were at the highest risk for caesarean delivery in overall cases. The most 
common factors were previous c-section, mother's age and order of birth in both analyses (Table 4). From the 
different health facilities in Table 5, the logistic regression analysis indicated in a stepwise manner and the 
significant risk factors are:  prolonged labour, length of baby more than 45cm, urban residence and lower birth order 
were the most determinants of caesarean section in private hospitals, while for public hospitals prolonged labour, 
previous c-section, pregnancy-induced swollen of leg and higher mother's educational level were the most important 
factors. In a foregoing study using the Cox's regression model by stepwise method,  it is also found that mother's 
age, age at marriage and order of birth were the most common influential variables among the selected variables in 
private and public patients.   

In addition, a few numbers of studies have analytically examined the factors that influencing the recent increase in 
caesarean rates. An analysis of six countries: Bangladesh, Colombia, Dominican Republic, Egypt, Morocco and 
Vietnam based on the institutional, socio-economic and community factors that influence caesarean section 
examined by their respective studies.(26) This study reveals that maternal age is significant in all countries except 
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Colombia. The risk of a caesarean birth generally increases with age; it is slightly lower for the last age group in the 
case of Dominican Republic. Parity is a significant determinant of caesarean section and the risk of undergoing a 
caesarean declines with increasing parity in all countries. Moreover, previous caesarean births confer the highest risk 
factor for subsequent caesarean in all countries. Multiple births were significant in Colombia and Bangladesh only. 
This factor is less prominent in Bangladesh if compared with other countries. Among socio-economic factors, place 
of residence was significant only in the bivariate analysis but not when socioeconomic factors were controlled for. 
Level of education is highly significant only in Colombia, where increasing education leads to a higher risk for a 
caesarean section. Bangladeshi women with primary education have a lower odds of caesarean compared to women 
with no education, whereas the odds are higher for women with higher education in the Dominican Republic and 
those with secondary education in Morocco. 

Discussion 

The study examined the maternal, socio-demographic and other relevant determinants of caesarean delivery in the 
northern region of Bangladesh. The result from the logistic regression analysis showed that previous c-section, 
pregnancy-induced swollen of leg, prolonged labour, maternal educational level, mother's age of more than 25 years, 
low birth order, length of baby more than 45cm and irregular intake of a balanced diet were important determinants 
of c-section. Conversely, two newly independent risk factors (fetal distress and age at marriage) were also found to 
determinants of c-section by the Cox's regression model. Furthermore, the association of these determinants with c-
section varied by the different health facilities. By the stepwise selection in logistic regression analysis, we 
confirmed that demographic characteristics such as length of baby, place of  residence and order of birth were more 
important in private facilities whereas mothers complication such as prolonged labour, previous c-section, 
pregnancy-induced swollen of leg were more significant determinants in public facilities. Moreover, the Cox's 
model found that only one factor, which is included in mother complication as fetal distress was an independent risk 
factor for c-section in public facilities.  

In the multivariate analysis, educational level, maternal age and parity were found the significant non-clinical factors as 
the best efficient models in the logistic model. Our results also confirmed by other studies.(27) The findings of the present 
study may indicate that educated women tend to delay giving birth, thus increasing their likelihood of having c-section. 
Therefore, it has been suggested that delivery by caesarean birth is a complicated health issue in a country level and also a 
global perspective. From the point of view, awareness and pregnancy educational programs need to focus on educating the 
mothers, particularly new mothers, on appropriate delivery types when their health and specific status. Such programs may 
also help in getting more relaxed and comfortable. Nevertheless, complete and reliable information should be given to the 
mothers so that they do not opt for caesarean section in a state of panic or ignorance. Moreover, this study found that 25 
and above ages of mothers are at higher pregnancy risks. There is a gradual decrease in fertility after age of 25 and 
above.(10) In this connection, this study also suggests that 20-24 ages should be safer for pregnancy. As previously 
mentioned, the significant non-clinical factors found in this study were irregular intake of balance diet and age at marriage. 
To avoid caesarean, these policies would be helpful: (i) add more proteins, carbohydrate and vitamins in daily intake (ii) 
avoid late marriage and pregnancy to avoid unnecessary completion.  On the other hand, place of residence is one of the 
most important factors in determining whether to perform a c-section in private or public hospital. It seems that women 
residing in urban areas of the northern region were more likely to undergo c-section in private hospitals. This also 
indicates the importance of social status in determining the type of delivery.  

Conclusion 

The above discussion leads to the conclusion that delivery by c-section is a complicated health issue. Efforts to 
reduce c-section birth in developing countries like the northern region of Bangladesh will require a comprehensive 
approach to address patients’ variables, care giver practices and hospital policies. In order to addressing the 
reduction of caesarean rate in the northern region, these significant factors: previous c-section, pregnancy-induced 
swollen of leg, prolonged labour, maternal educational level, mother's age of more than 25 years, age at marriage, 
low birth order, length of baby more than 45cm and irregular intake of a balanced diet can be considered to 
predictors for c-section. Finally, from the statistical point of view, this study also suggests that these factors may 
influence the health-seeking behaviour of women. Furthermore, the findings from this study show directions for 
further research to disentangle the information sources, social network factors and decision making related to use of 
caesarean section. There is a need for qualitative research to explore how social support/network systems diffuse 
knowledge about delivery care particularly birthing experiences and caesarean choices.  
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Table 1.  Logistic and  Cox's  regressions of the effects of selected characteristics on c-section: Overall cases 

Selected variables Results of logistic 
regression analysis 

Results of Cox's regression analysis 

P- value Odds ratio 
[Exp (β) ] 

P- value Hazard  ratio [Exp 
(β) ] 

Fetal Distress 
(No) 
Yes 

 
- 

0.734 

 
1.000 
1.087 

 
- 

0.001 

 
1.000 
1.012 

Previous c-section 
(No) 
Yes 

 
- 

<0.001 

 
1.000 

20.184 

 
- 

0.053 

 
1.000 
9.802 

Pregnancy Induced Senseless 
(No) 
Yes 

 
- 

0.194 

 
1.000 

23.408 

 
- 

0.736 

 
1.000 
11.102 

Multiple Birth 
(No) 
Yes 

 
- 

0.848 

 
1.000 
1.120 

 
- 

0.214 

 
1.000 
1.019 

Pregnancy-Induced Swollen of Leg 

(No) 
Yes 

 
- 

0.045 

 
1.000 
1.334 

 
- 

0.304 

 
1.000 
1.107 

Pregnancy-Induced Breathing Difficulty 

(No) 
Yes 

 
- 

0.860 

 
1.000 
1.061 

 
- 

0.991 

 
1.000 
1.001 

Prolonged Labour 
(No) 
Yes 

 
- 

<0.001 

 
1.000 
0.172 

 
- 

0.432 

 
1.000 
0.954 

Mother's Education 
(Primary and below) 
Secondary 
Higher 

 
- 

<0.001 
<0.001 

 
1.000 
2.199 
2.687 

 
- 

0.585 
0.778 

 
1.000 
1.159 
1.532 

Mother's Age: years 
(<20) 
20-24 
25-29 
30+ 

 
- 

0.111 
0.001 

<0.001 

 
1.000 
1.397 
2.740 
5.078 

 
- 

<0.001 
<0.001 
<0.001 

 
1.000 
1.126 
1.485 
2.058 

Age at Marriage: years 
(<18) 

 
- 

 
1.000 

 
- 

 
1.000 
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Selected variables Results of logistic 
regression analysis 

Results of Cox's regression analysis 

P- value Odds ratio 
[Exp (β) ] 

P- value Hazard  ratio [Exp 
(β) ] 

18-22 
23+ 

0.708 
0.859 

0.931 
1.062 

<0.001 
<0.001 

0.577 
1.009 

Order of Birth 
(1) 
2 
3+ 

 
- 

0.001 
0.161 

 
1.000 
0.744 
0.339 

 
- 

<0.001 
0.140 

 
1.000 
0.432 
0.284 

Length of Baby: cm 
(<45) 
45+ 

 
- 

0.025 

 
1.000 
1.456 

 
- 

0.057 

 
1.000 
1.074 

Weight of Baby: kg 
(<2.5) 
2.5+ 

 
- 

0.067 

 
1.000 
0.743 

 
- 

0.171 

 
1.000 
0.499 

Head  Circumferences: cm 
(<32) 
32+ 

 
- 

0.652 

 
1.000 
1.084 

 
- 

0.178 

 
1.000 
1.004 

Residence 
(Rural) 
Urban 

 
- 

0.353 

 
1.000 
0.854 

 
- 

0.818 

 
1.000 
0.517 

Ever had a Child Aborted 
(No) 
Yes 

 
- 

0.199 

 
1.000 
0.578 

 
- 

0.816 

 
1.000 
0.340 

Duration of Taking Balance Diet 
(Often) 
Once a week 
Rarely 

 
- 

0.003 
0.042 

 
1.000 
1.457 
1.870 

 
- 

0.422 
0.592 

 
1.000 
1.206 
1.456 

Intercept 
-2 log likelihood 
Cox &Snell R2

 

Nagelkerke R2 

-0.254 
2997.819 

0.542 
0.573 

 
 

-2 log likelihood 
Model chi-square 

Degrees of freedom 
P value 

13765.195 
398.947 

23 
0.000 

        Note:  Reference categories are in parentheses 
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Table 2. Logistic and Cox's regression of the effects of selected characteristics on c-section: Private hospitals 

Selected variables Private hospitals 

P-value Odds ratio 
[Exp (β) ] 

P-value Hazard ratio 
[Exp (β) ] 

Fetal Distress 
(No) 
Yes 

 
- 

0.113 

 
1.000 
1.325 

 
- 

0.231 

 
1.000 
1.035 

Previous c-section 
(No) 
Yes 

 
- 

0.231 

 
1.000 
6.721 

 
- 

0.403 

 
1.000 
2.216 

Pregnancy Induced Senseless 
(No) 
Yes 

 
- 

0.105 

 
1.000 
9.543 

 
- 

0.214 

 
1.000 
3.543 

Multiple Birth 
(No) 
Yes 

 
- 

0.324 

 
1.000 
1.321 

 
- 

0.617 

 
1.000 
1.011 

Pregnancy-Induced Swollen of Leg 
(No) 
Yes 

 
- 

0.274 

 
1.000 
1.882 

 
- 

0.944 

 
1.000 
1.239 

Pregnancy-Induced Breathing 
Difficulty 

(No) 
Yes 

 
 
- 

0.215 

 
 

1.000 
1.254 

 
 
- 

0.321 

 
 

1.000 
1.132 

Prolonged Labour 
(No) 
Yes 

 
- 

<0.001 

 
1.000 
0.026 

 
- 

0.848 

 
1.000 
0.822 

Mother's Education 
(Primary and below) 

Secondary 
Higher 

 
- 

0.443 
0.759 

 
1.000 
0.499 
0.716 

 
- 

0.741 
0.978 

 
1.000 
0.247 
0.496 

Mother's Age: years 
(<20) 
20-24 
25-29 
30+ 

 
- 

0.979 
0.511 
0.319 

 
1.000 
1.019 
1.949 
4.693 

 
- 

<0.001 
<0.001 
<0.001 

 
1.000 
1.003 
1.212 
2.043 

Age at Marriage: years 
(<18) 
18-22 
23+ 

 
- 

0.999 
0.961 

 
1.000 
1.001 
1.053 

 
- 

<0.001 
<0.001 

 
1.000 
1.528 
2.143 
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Selected variables Private hospitals 

P-value Odds ratio 
[Exp (β) ] 

P-value Hazard ratio 
[Exp (β) ] 

Order of Birth 
(1) 
2 

3+ 

 
- 

0.045 
0.982 

 
1.000 
0.524 
0.132 

 
- 

0.052 
<0.001 

 
1.000 
0.279 
0.128 

Length of Baby's: cm 
(<45) 
45+ 

 
- 

<0.001 

 
1.000 
0.104 

 
- 

0.848 

 
1.000 
0.181 

Weight of Baby's: kg 
(<2.5) 
2.5+ 

 
- 

0.170 

 
1.000 
2.268 

 
- 

0.981 

 
1.000 
1.998 

Head  Circumferences: cm 
(<32) 
32+ 

 
- 

0.390 

 
1.000 
0.567 

 
- 

0.856 

 
1.000 
0.381 

Residence 
(Rural) 
Urban 

 
- 

0.006 

 
1.000 
4.606 

 
- 

0.542 

 
1.000 
1.938 

Ever had a Child Aborted 
(No) 
Yes 

 
- 

0.178 

 
1.000 
0.345 

 
- 

0.770 

 
1.000 
0.231 

Duration of Taking Balance Diet 
(Often) 

Once a week 
Rarely 

 
- 

0.177 
0.997 

 
1.000 
2.451 
8.231 

 
- 

0.177 
0.997 

 
1.000 
1.287 
3.311 

Intercept 
-2 log likelihood 
Cox &Snell R2

 

Nagelkerke R2 

4.382 
1123.014 

0.510 
0.539 

 -2 log likelihood 
Model chi-square 

Degrees of freedom 
P value 

5022.353 
189.472 

23 
0.000 

        Note: Reference categories are in parentheses 
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Table 3. Logistic and Cox's regression of the effects of selected characteristics on c-section: Public hospitals 

Selected variables Public hospitals 

P-value Odds ratio 
[Exp (β) ] 

P-value Hazard  ratio 
[Exp (β)] 

Fetal Distress 
(No) 
Yes 

 
- 

0.133 

 
1.000 
1.573 

 
- 

0.017 

 
1.000 
1.238 

Previous c-section 
(No) 
Yes 

 
- 

<0.001 

 
1.000 
8.988 

 
- 

0.177 

 
1.000 
3.754 

Pregnancy Induced Senseless 
(No) 
Yes 

 
- 

0.121 

 
1.000 

10.985 

 
- 

0.478 

 
1.000 
4.857 

Multiple Birth 
(No) 
Yes 

 
- 

0.516 

 
1.000 
1.599 

 
- 

0.117 

 
1.000 
1.303 

Pregnancy-Induced Swollen of 
Leg 
(No) 
Yes 

 
 
- 

0.001 

 
 

1.000 
1.903 

 
 
- 

0.224 

 
 

1.000 
1.281 

Pregnancy-Induced Breathing 
Difficulty 

(No) 
Yes 

 
 
- 

0.325 

 
 

1.000 
1.522 

 
 
- 

0.549 

 
 

1.000 
1.201 

Prolonged Labour 
(No) 
Yes 

 
- 

<0.001 

 
1.000 
0.201 

 
- 

0.369 

 
1.000 
0.480 

Mother's Education 
(Primary and below) 

Secondary 
Higher 

 
- 

0.035 
0.141 

 
1.000 
1.657 
1.816 

 
- 

0.791 
0.071 

 
1.000 
1.274 
1.461 

Mother's Age: years 
(<20) 
20-24 
25-29 
30+ 

 
- 

0.087 
0.008 
0.047 

 
1.000 
1.974 
2.795 
2.967 

 
- 

<0.001 
<0.001 
<0.001 

 
1.000 
1.355 
2.154 
2.374 

Age at Marriage: years 
(<18) 
18-22 
23+ 

 
- 

0.673 
0.796 

 
1.000 
0.893 
0.883 

 
- 

<0.001 
<0.001 

 
1.000 
0.515 
0.667 
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Selected variables Public hospitals 

P-value Odds ratio 
[Exp (β) ] 

P-value Hazard  ratio 
[Exp (β)] 

Order of Birth 
(1) 
2 

3+ 

 
- 

0.225 
0.008 

 
1.000 
0.713 
0.294 

 
- 

<0.001 
<0.001 

 
1.000 
0.553 
0.224 

Length of Baby's: cm 
(<45) 
45+ 

 
- 

0.098 

 
1.000 
1.498 

 
- 

0.063 

 
1.000 
1.226 

Weight of Baby's: kg 
(<2.5) 
2.5+ 

 
- 

0.223 

 
1.000 
0.758 

 
- 

0.138 

 
1.000 
0.653 

Head  Circumferences: cm 
(<32) 
32+ 

 
- 

0.394 

 
1.000 
0.804 

 
- 

0.082 

 
1.000 
0.630 

Residence 
(Rural) 
Urban 

 
- 

0.420 

 
1.000 
0.821 

 
- 

0.450 

 
1.000 
0.782 

Ever had a Child Aborted 
(No) 
Yes 

 
- 

0.237 

 
1.000 
0.485 

 
- 

0.672 

 
1.000 
0.307 

Duration of Taking Balance Diet 
(Often) 

Once a week 
Rarely 

 
- 

0.044 
0.225 

 
1.000 
1.442 
1.736 

 
- 

0.431 
0.791 

 
1.000 
1.112 
1.425 

Intercept 
-2 log likelihood 
Cox &Snell R2

 

Nagelkerke R2 

-1.194 
1665.899 

0.522 
0.553 

 -2 log likelihood 
Model chi-square 

Degrees of freedom 
P value 

7196.245 
223.726 

23 
0.000 

        Note: Reference categories are in parentheses 
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Table 4. Stepwise regression of the effects of selected characteristics on c-section: Overall cases 

Results of logistic regression by stepwise selection 

Most influential variables among 
selected variables 

P-value Odds ratio [Exp (β) ] 

Prolonged Labour 

(No) 

Yes 

 

- 

<0.001 

 

1.000 

0.174 

Previous c-section 

(No) 

Yes 

 

- 

<0.001 

 

1.000 

20.537 

Mother's Education 

(Primary and below) 

Secondary 

Higher 

 

- 

<0.001 

<0.001 

 

1.000 

2.047 

2.502 

Mother's Age: years 

(<20) 

20-24 

25-29 

30+ 

 

- 

0.105 

<0.001 

<0.001 

 

1.000 

1.358 

2.856 

5.766 

Order of Birth 

(1) 

2 

3+ 

 

- 

0.073 

<0.001 

 

1.000 

0.703 

0.316 

Duration of Taking Balance Diet  

(Often) 

Once a week 

Rarely 

 

- 

0.002 

0.056 

 

1.000 

1.501 

1.874 

Length of Baby's: cm 

(<45) 

45+  

Constant 

 

- 

0.019 

0.029 

 

1.000 

1.467 

0.664 

Results of Cox's regression by stepwise selection 
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Most influential variables among 
selected variables 

P-value Hazard  ratio [Exp (β) ] 

Mother's Age: years 

(<20) 

20-24 

25-29 

30+ 

 

- 

<0.001 

<0.001 

<0.001 

 

1.000 

1.325 

1.553 

2.254 

Age at Marriage: years 

(<18) 

18-22 

23+ 

 

- 

<0.001 

<0.001 

 

1.000 

0.693 

1.103 

Order of Birth 

(1) 

2 

3+ 

 

- 

<0.001 

<0.001 

 

1.000 

0.402 

0.341 

Fetal Distress 

(No) 

Yes 

 

- 

0.001 

 

1.000 

1.213 

Previous c-section 

(No) 

Yes 

 

- 

0.049 

 

1.000 

10.203 
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Results of logistic regression by stepwise selection 

Most influential 
variables among 
selected variables 

Private hospital Most influential variables 
among selected variables 

Public hospital 

P-value  Odds ratio 
[Exp (β) ] 

P-value   Odds ratio 
[Exp (β) ] 

Prolonged Labour 
(No) 
Yes 

 
- 

<0.001 

 
1.000 
0.029 

Prolonged Labour 
(No) 
Yes 

 
- 

<0.001 

 
1.000 
0.218 

Length of Baby: cm 
(<45) 
45+ 

 
- 

<0.001 

 
1.000 
0.174 

Previous c-section 
(No) 
Yes 

 
- 

<0.001 

 
1.000 
7.747 

Residence 
(Rural) 
Urban 

 

 
- 

0.004 

 
1.000 
4.070 

 

Pregnancy-Induced 
Swollen of Leg 

(No) 
Yes 

 
 
- 

0.001 

 
 

1.000 
1.845 

Order of Birth 
(1) 
2 

3+  
Constant 

 
- 

0.013 
0.218 

<0.001 

 
1.000 
.897 
.233 

78.643 

Mother's Education 
(Primary and below) 

Secondary 
Higher 

Constant 

 
- 

0.081 
<0.001 
<0.001 

 
1.000 
1.433 
2.599 
0.366 

Results of Cox's regression by stepwise selection 

Mother's Age: years 
(<20) 
20-24 
25-29 
30+ 

 
- 

<0.001 
<0.001 
<0.001 

 
1.000 
1.045 
1.311 
2.254 

Mother's Age: years 
(<20) 
20-24 
25-29 
30+ 

 
- 

<0.001 
<0.001 
<0.001 

 
1.000 
1.374 
2.178 
2.572 

Age at Marriage: years 
(<18) 
18-22 
23+ 

 
- 

<0.001 
<0.001 

 
1.000 
1.673 
2.353 

Age at Marriage: years 
(<18) 
18-22 
23+ 

 
- 

<0.001 
<0.001 

 
1.000 
0.619 
1.212 

Order of Birth 
(1) 
2 

3+ 

 
- 

0.053 
<0.001 

 
1.000 
0.381 
0.235 

Order of Birth 
(1) 
2 

3+ 

 
- 

<0.001 
<0.001 

 
1.000 
0.654 
0.407 

Fetal Distress 
(No) 
Yes 

 
Not found 

Fetal Distress 
(No) 
Yes 

 
- 

0.007 

 
1.000 
1.518 

Note: Reference categories are in parentheses 
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Abstract. Age at first marriage is one of the most important elements determining the rate of population growth in 
developing countries like Bangladesh. Early marriage directly influences early conception.  For this purpose, the 
present study utilizes the nationally representative survey data of Bangladesh Demographic and Health Survey, 
(BDHS-2007). The cross-tabulation and Logistic regression analyses have been used to estimate the factors affected 
on age at first marriage in Bangladesh. Respondent’s education, husband’s education, region, working status of 
respondents have been found significant effect on age at first marriage by both cross-tabulation and Logistic 
regression analyses. Beside these factors, type of place of residence, husband’s occupation, access to mass media, 
socioeconomic status have been found significant effect on age at first marriage by cross tabulation. Our intention 
has tried to raise awareness of the situation and, where necessary, to stimulate action. Findings need to be 
scientifically utilized in developing suitable programs addressing the case of early marriage particularly in Barisal, 
Khulna and in Rajshahi.  

Keywords: Adolescence, Age at first marriage, Contingency table, odds ratio. 

1. Introduction 

Bangladesh is the 9th most populous country in the world with a total population of 142.319 million (Census, 2011). 
Early marriage and early birth are common phenomena in our society resulting higher fertility rate. Despite the low 
socio-economic indicators, Bangladesh is the best example of a country with strong family planning program effort, 
which has brought about significance decline in fertility. The total fertility rate (TFR) has declined from 7 births per 
women in the 1970 to 2.7 in 2007(BDHS-2007), which is still quite high compared to its area and resources. This 
high fertility is characterized by low age at marriage and low contraceptive use rate, mostly among adolescents. 
Bangladesh has one of the world’s highest rates of early marriage. According to UNICEF (2011) figures, 66% of 
Bangladeshi girls are marriage before the age of 18 and approximately a third of women aged 20 to 24 were married 
by the age of 15. Early marriage is known to have dangerous consequences for the health and development of girls.  

In much of the developing world, adolescent and child marriage continues to be a strong social norm, particularly 
for girls. Early female marriage is associated with a number of poor social and physical outcomes for young women 
and their offspring. On average, girls who marry as adolescents attain lower schooling levels, have lower social 
status in their husbands’ families, report less reproductive control and suffer higher rates of maternal mortality and 
domestic violence (Jensen and Thornton, 2003) In addition, these individual outcomes suggest a number of larger 
social consequences of early marriage, including higher population growth, greater spread of disease, and a higher 
incidence of orphans. 

Primarily, girls that marry young experience intense pressure to become pregnant. For example, in Bangladesh an 
estimated third of all teenage girls between the ages of 15 and 19 are mothers or pregnant (IRIN News July 2009). 
Early pregnancy is known to involve considerable health risks. Firstly, for younger mothers who are still in the 
process of maturation, maternal mortality rates are much higher. Teenage mothers are twice as likely as older 
mothers to die during childbirth (IRIN News July 2009). Secondly, for babies born to mothers younger than 14, it is 
50% more likely for the baby to die than if born to a mother over 20 years of age (IRIN News July 2009). Early 
marriage also denies and limits girl’s education possibilities, obliging them to drop out of school. Girls are 
subsequently lacking in skills and unable to integrate the labour market. As a result, their social status is lowered and 
mobility restricted, contributing to a society in which young women are lacking in agency, freedom of movement 
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and power. Domestic violence is also believed to be more prevalent in the case of early marriage. Early marriage is 
associated with early childbearing as, in most cases particularly in the developing countries; the main purpose of 
marriage is to have children. Early childbearing is also related to low status of women and adverse health risks on 
the mother and child. Young mothers are more likely to experience pregnancy related complications and less able to 
deal with them, which often lead to maternal deaths (Zabin and Kiragu, 1998). Children born to young mothers are 
usually subject to elevated risks of morbidity and mortality (Zabin and Kiragu, 1998; Ikamari, 2005). Some studies 
indicate that marrying at an early age in certain parts of the world leads to higher rates of divorce (Jones, 1992; 
VandenHeuvel and McDonald, 1994). 

There are relatively few empirical generalizations about the social and economic determinants of age at first 
marriage. It is generally believed that rural tradition fosters early marriage, while urbanization and other forces of 
modernization lead to marriage postponement. In recent decades there has been a general rise in the average age at 
first marriage in Asia, though the initial age levels and rate of change have varied considerably from country to 
country. Early marriage which is also referred to as child marriage is common all over the globe and has inflicted 
dangerous and devastating effects on young children (especially females) who are completed to tie the knot in most 
cases. While the age at marriage is generally on the rise, early marriage-marriage of children and adolescents below 
the age of 18 is still widely practiced (UNICEF, 2001). Early marriage of female children is rampant in Bangladesh, 
especially in slum areas, where there is a noticeable lack of back infrastructure, services and basic shelter. Those 
areas are characterized by substandard housing and squalor and lacking in tenure security. For female, the problem 
of early marriage is acute not only in slum areas but throughout the country as well. State’s legal provision on 
minimum age at first marriage in Bangladesh generally is 18 years for female to access in marriage relationship. The 
average age at first marriage for female in Bangladesh is 18.7 years (BBS, 2009).  

Early marriage is more frequent for female than their male counterparts. In rural Bangladesh there are many social 
pressures to marry of pubescent girls (Aziz and Maloney, 1985). If the marriage of a pubescent girl is delayed, her 
parents and sometimes the girl herself are made to feel guilty. Similar scenarios are more common in slum areas. 
Poverty is one of the major factors under-pining early marriages. Where poverty is acute, a young girl may be 
regarded as an economic burden and parents looking for early marriage of their daughters as an alternative way of 
reducing the burden. Bangladesh is a developing country where industrialization starts to begin in the recent year. 
When industrialization takes place, the urbanization starts. The growth of cities has always been accompanied by the 
growth of slums, where a huge number of people live. Deteriorating socio-economic conditions of slum dwellers is a 
major cause of unstable and fragile life of the women living there. Early marriage also has implications for the well-
being of families, and for society as a whole. It extends a women’s potential childbearing capacity, which itself 
represents a risk to mother (Arjun et al., 1991). Late marriage always cut the reproductive span of a woman and 
when marriage has occurred at an earlier age then she has more time to produce birth throughout her reproductive 
life span. Under these circumstances, early marriage may bring some physical and mental complexities to the 
mothers. Progress made by Bangladesh regarding this issue, especially those factors that are related to early 
marriage and sequentially early conception has extremely slow. However, no systematic effort till date has been 
strongly undertaken by civil society organizations (CSOs) and public or private organizations as well. Thus, this 
study is making a humble effort to make an assessment regarding early marriage, so that, it can have a clear image 
of the current situation of the regarding matters in adolescent women marriage in Bangladesh. 

2. Objectives of the study 

In this study, an attempt has been made to examine the predictors of age at first marriage in Bangladesh. There are 
many factors that influencing on age at first marriage. Thus, greater attentions have to be paid to find out the factors 
that are influencing on early marriage and ultimately the growth of population. However, the specific objectives of 
this research are:  

i. To find the percentage of age at first marriage of adolescent women by various socio-economic variables; 

ii. To determine whether age at first marriage vary among adolescent women of Bangladesh by selected socio-
economic and demographic characteristics and 

iii. To examine the effects of available socio-demographic factors on age at first marriage. 
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3. Data and Methodology 

This study uses data extracted from the 2007 Bangladesh Demographic and Health Survey (BDHS-2007), which 
conducted during the period from 24 March to 11 August 2007, on behalf of the Government of Bangladesh by 
National Institute for Population Research and Training (NIPORT), with funding from the United States Agency for 
International Development (USAID)/Dhaka. The sampling frame for the survey considered all households in 
Bangladesh from which a nationally representative sample of 10,819 households was selected; 10,461 were 
occupied. Of the households occupied, 10,400 (99.4%) were successfully interviewed. In these households, a total of 
11,178 ever-married females aged less than 50 years were identified as eligible for individual interview. Of them, 
10996 females (or 98.4%) were successfully interviewed. Among the 10996 ever-married females, the numbers of 
urban and rural respondents are 4151 (37.75%) and 6845 (62.25%), respectively. The sample had been taken 5 years 
prior to BDHS-2007 survey. Out of 10996 ever-married females, 1348 (12.26%) are found to age under age 20, 
known as adolescents. The associations between age at first marriage and selected explanatory variables have been 
tested by applying cross-tabulation analysis. The cross-tabulation analysis is an important in first step for studying 
the relationship of age at first marriage with several characteristics. However, such analysis fails to address age at 
first marriage predictors completely because of ignoring other covariates. Hence, Logistic regression analysis has 
also been adopted in order to estimate independent effects of each variable while controlled for others. This analysis 
has considered all the covariates that have found significant in cross-tabulation analysis.  

3.1 Linear logistic regression method 

For a single variable, the logistic regression model is of the form, 

Prob (event) =
xe

xe
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ββ

ββ
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Or, equivalently , Prob (event) = 
)1 0(-e 1
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xββ +

+  

Where β0 and β1 are the regression coefficients estimated from the data and X is the independent variable. 

For, more one variable the model is  
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 Where z = β0 +β1 X1 +β2 X2 +………+βP XP 

 

In this model the parameter are estimated by the maximum likelihood method. Here the probability lies between 0 
and 1 while the relationship between the probability and the independent variables is non-linear. In this model, the 
regression coefficients imply that how much change of dependent variable by a one-unit change of independent 
variables. A statistic that is used to take at the partial correlation between the dependent variable and each of the 
independent variables is the “R” statistic. The independent variables are fitted to the logistic model at a time by 
stepwise selection procedure. The process continues to add new variable to the regression equation at each step until 
the regression is satisfactory. 
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Dependent variable Age at first marriage less than or equal to 15 years is “0” 

Otherwise (above age 15 years )  

         
Independent Variables Categories 

Respondent Education 0 = Illiterate 

1 = Primary literate 

     Religion 0= Muslim 

1= Non-Muslim 

Region 

 

0= Barisal 

1= Chittagong 

2= Dhaka 

3=Khulna 

4= Rajshahi 

  

 

 

 

 

 

 

 

 

 

 

Husband’s occupation 0= Agriculture 

1= Business 

2= Service 

3= Others 

Type of place of residence 0= Rural 

1= Urban 

Husband’s education 0= Illiterate 

1= Primary literate 

2= Secondary and higher 

Access to mass media 0= no access 

1= have access 

Socio-economic status 0= Poor 

1= Middle 

2= Rich 

Working status 0 = Not working 

1 = Working and so on 
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4. Analysis   

The distributions of age at first marriage by socio-economic, bio-demographic variables are shown in Table-1 and 
Table-2: 

Table 1: Percentage and Cross tabulation of adolescent respondents’ age at first marriage by different characteristics 

Background Characteristics 

Age at first marriage 

at median age Chi-square Significance Level 

≤ 15 years  >15 years 

Respondent’s education 

Illiterate 

Primary literate 

Secondary and higher 

 

74.8 

74.2 

 56.8 

 

25.2 

25.8 

43.2 

 

 

43.069 

 

 

0.000 

Religion 

Muslim 

Non-Muslim 

 

64.2 

57.7 

 

35.8 

42.3 

 

1.623 

 

0.123 

Region 

Barisal 

Chittagong 

Dhaka 

Khulna 

Rajshahi 

Sylhet 

 

66.3 

55.1 

61.6 

71.3 

72.0 

53.2 

 

33.7 

44.9 

38.4 

28.7 

28.0 

46.8 

 

 

 

29.904 

 

 

 

0.000 

Type of place of residence 

Rural 

Urban 

 

66.1 

58.3 

 

33.9 

41.7 

 

7.519 

 

0.006 

Husband’s occupation 

Agriculture 

Business 

Service 

Others 

 

69.8 

54.3 

54.1 

67.6 

 

30.2 

45.7 

45.9 

32.4 

 

 

25.892 

 

 

0.000 

Husband’s education 

Illiterate 

Primary literate 

Secondary and higher 

 

75.9 

70.4 

50.9 

 

24.1 

29.6 

49.1 

 

 

70.721 

 

 

0.000 
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Background Characteristics 

Age at first marriage 

at median age Chi-square Significance Level 

≤ 15 years  >15 years 

Access to mass media 

No access 

Have access 

 

72.3 

60.2 

 

27.7 

39.8 

 

17.491 

 

0.000 

Socio-economic status 

Poor 

Middle 

Rich 

 

72.2 

67.5 

54.2 

 

27.8 

32.5 

45.8 

 

 

38.875 

 

 

0.000 

Respondent currently working 

No 

Yes 

 

73.9 

61.7 

 

26.1 

38.3 

 

11.844 

 

0.001 

Total 63.7(859) 36.3(489)   
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Table 2: Logistic regression estimates of age at first marriage 

Factors Coefficient (β) Odds ratio[exp(β)] 
Respondent’s education 
Illiterate(RC) 
Primary literate 
Secondary and higher 

 
- 

0.109 
       0.641*** 

 
- 

1.115 
1.899 

Region 
Barisal(RC) 
Chittagong 
Dhaka 
Khulna 
Rajshahi 
Sylhet 

 
- 

    0523** 
 0.256 
-0.233 
-0.269 

       0.891*** 

 
- 

1.686 
1.291 
0.792 
0.764 
2.438 

Type of place of residence 
Rural(RC) 
Urban 

 
- 

0.112 

 
- 

1.119 
Husband’s occupation 
Agriculture(RC) 
Business 
Service 
Others 

 
- 

0.094 
0.260 

                   -0.105 

 
- 

1.099 
1.297 
0.900 

Husband’s education 
Illiterate(RC) 
Primary literate 
Secondary and higher 

 
- 

0.113 
    0.750*** 

 
- 

1.120 
2.116 

Access to mass media 
No access(RC) 
Have access 

 
- 

0.221 

 
- 

1.247 
Socio-economic status 
Poor(RC) 
Middle 
Rich 

 
- 

-0.116 
 0.077 

 
- 

0.890 
1.080 

Respondent currently working 
No(RC) 
Yes 

 
- 

0.374** 

 
- 

1.453 

Constant -2.068*** 0.126 

 

5. Discussion 

The distributions of age at first marriage by socio-economic, bio-demographic variables are shown in Table-1 & 
Table-2  

5.1 Cross Tabulation 

In this analysis, the dependent variable, age at first marriage is categorized into two groups i.e. one is, before and at 
median age at first marriage (15 years) and another one is above 15 years. We use χ2 test for the independency of 
attributes. From the Table-1 it is seen that all of the independent variable except religion come out significant at bi-
variate level or 0.05 percent level and the brief description of the Table-1. From the table1it reveals that 
respondent’s education has a strong significant relation with age at first marriage. Adolescent respondents who have 
no formal education married early. The data shows that higher educated respondents have tendency to marry later 
than that of primary educated adolescent respondents. 43.8 percent higher educated adolescent respondents married 
after median age following by 25.8 and 25.2 percent of primary and illiterate respondents.   
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Among divisions, in Rajshahi marriage occurred early i.e. before or at median age 72.0 percent adolescent 
respondents married and the next higher proportion is in khulna division (71.3 percent). Barisal (66.3 percent), 
Dhaka (61.6 percent), Chittagong (55.1 percent) and Sylhet (53.2 percent) are the successive descending order of 
proportions of marriage before or at median age. This regional differentiation is observed because of 
industrialization, urbanization and education did not evolve uniformly in all regions. It is noticed from the table that 
the respondents who live in rural area have tendency to marry early than urban respondents. 66.1 percent rural 
respondents married before or at median age with compare to 58.3 urban respondents. Chi-square test at 0.1 percent 
level of significance shows that there is a strongly positive association between place of residence and age at first 
marriage. 

From the table we can expatiate on the occupation of husbands, which has significant effect on female adolescents’ 
age at first marriage. Husband who has better occupation usually marry a woman who is conscious about her life. 
The data reveals that 45.9 percent respondents whose husbands are in service married after median age followed by 
business (45.7 percent), others (32.4 percent) and agriculture (30.2 percent). Husband’s education is not as strong as 
women’s education but has significant association on respondent’s age at first marriage. The respondents whose 
husband’s are illiterate, 75.9 percent, married on or before median age first marriage than the respondents whose 
husband’s have primary (70.4 percent) and higher (50.9 percent) level of education.  Because educated husbands are 
likely to marry educated females. 

Respondents’ currently working status also has significant effect on age at first marriage. Table shows that the 
respondents, who are not currently working, married early disparity to other respondents who are working. 73.9 
percent adolescent women who are not currently working married before or at median age while 61.7 percent 
adolescent women who are currently working married at the same interval. Access to mass media has highly 
significant effect on age at first marriage. It is observed that the adolescent women who have no access in media 
married early as compare to the adolescent women who have access in media. Similarly, Socio-economic status is 
one of the factors, which directly affect on age at first marriage. Because the respondents who are come from rich 
family marry later age as compare to other status family. The rich status respondent has get all the privilege from 
society like as education, access to mass media and other facilities which will directly affect on age at first marriage. 
In this study, 54.2 percent rich adolescent women married before or at median age while the percentages of other 
status are middle (67.5 percent) and poor (38.6 percent) in the same interval. 

5.2 Logistic regression 

Here we consider the variables which are significant in cross tabulation up to 5% significance level. Table-2 gives 
the estimation of the logistic regression coefficients (β) corresponding to the independent variables, significance 
probability and relative odds for each categorical variable. Respondent’s education is found to be statistically 
significant on age at first marriage. The odds ratio for the respondents who have secondary and higher education is 
1.899. This implies that the likelihood of getting married after 15 years of adolescent women with secondary and 
higher education is 1.899 times higher than that of getting married below or at 15 years of illiterate adolescent 
women. The analysis further shows that, Region has a strong significant effect on age at first marriage. The odds 
ratio for the Chittagong and Sylhet are 1.686 and 2.438 respectively. It implies that the respondents who lived in 
Chittagong division are 1.686 times more likely to marry at later ages as compared to the respondents who lived in 
Barisal division. Moreover, the respondents who lived in Sylhet division are 2.438 times more likely to marry after 
age 15 years as compared to the respondents who lived in Barisal division. 

Husband education is found to have a highly significant influence on age at first marriage of respondents. The odds 
ratio for the husbands who have secondary and higher education is 2.116, indicates that they are 2.116 times more 
likely to marry  after 15 years than the respondents whose husbands have no formal education. It is also observed 
from the table that occupation of respondent is statistically significant on age at first marriage. Regression 
coefficient indicates that there is a positive relation between working women and age at first marriage. The odds 
ratio for working women is 1.453, which indicates that they are 1.453 times more likely to marry at later ages with 
compare to those who are not in working.  
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6. Conclusion 

This study investigates the predictors of age at first marriage in Bangladesh among female adolescents. It has been 
utilized the national representative data from the Bangladesh Demographic and Health Survey (BDHS -2007). Both 
cross-tabulation and Logistic regression analysis techniques have been applied to identify the important predictors of 
age at first marriage. Since age at first marriage is one of the important proximate determinants of population size, 
the present study also analyzed the age at first marriage by teenage females.  Patterns of marriage show that about 
63.7 percent respondents were married up to age 15 years. The median age at first marriage is found to be 15 years, 
which is 3 years less than legal age at first marriage of females in Bangladesh. The result suggests that early 
marriage among females is a multidimensional phenomenon. None the less, logistic regression analysis exhibits that 
explanatory variables such as respondent’s education, husband’s education, region and respondents working status 
are important in explaining differentials of age at marriage of the Bangladeshi adolescents. Of all the variables 
respondent’s education and husband’s education makes by far the strongest contribution to the variability in age at 
first marriage of the adolescents. The findings of the present study have clear policy implications. To increase age at 
first marriage to check the growth rate of population, topmost importance should be attached to education of the 
respondents. If literacy rate can be increased it would develop a sense of national awareness and wide outlook 
among them.  

Hence, all-out efforts should be taken to weed out female’s illiteracy. Initiatives must also be taken to ensure at least 
secondary education level among girls. In this context, possibility of free education for females up to secondary 
level can be justified, which will accelerate the females towards higher ages at first marriage. Husband’s level of 
education has impact on age at first marriage. Hence, it can be suggested that male’s educational must be improved 
which will help to reduce childhood marriage. Women who are currently working are more aware of their marriage. 
For this reason the Government should come forward to create job opportunities for women. Geographical region of 
residence is found to be a significant predictor of age at first marriage. Therefore, economic disparity should be 
reduced and uniform distribution of national income must be ensured across the country. If the aforementioned 
recommendations can be implemented properly, the age of first marriage of adolescent women will be increased at 
expected level and accordingly the rate of infant and maternal mortality can be reduced, which occur due to 
conception in early age. 
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Abstract. The study attempts to investigate the health care utilization among married young women during 
pregnancy, childbirth and postpartum in Bangladesh.  The nationwide data of Bangladesh Demographic and Health 
Survey-2007 is used to focus on births that occurred in the five years preceeding the survey period. The study 
revealed that during pregnancy above 51 percent of respondents received Antenatal Care (ANC), followed by 
childbirth (19 percent) received assistance, above 21 percent of mother received postnatal Care (PNC) from 
medically trained health provider. It is found that above 20 percent received 4+ antenatal visits for pregnancy, about 
83 percent received T.T. injection, about 16 percent of respondent have taken place their delivery at health facility 
during last live birth. The study adopted various statistical techniques viz., univariate, bivariate and logistic 
regression analysis. Logistic regression analysis revealed that education and wealth index are positively related with 
ANC, delivery care and PNC of young married women around the time of birth The study suggests, it is important 
that programs aimed at improving maternal health include targeting young women, especially those from rural areas, 
with low levels of education and from poor household, given their high risk around the time of birth. 

Keywords: Last live birth, antenatal care, maternal health, postnatal care, married young women.  

1 Introduction 

In recent years, young women, especially adolescent health care utilization is one of the sensitive health issues 
among program planners around the world. Concept of adolescent or adolescence is shadowy in modern society and 
the definition varies from culture to culture. According to international standards, the term “adolescents” refers to 
people aged 10-19; and “youth” refers to people aged 15-24.  Both of them aged (10-24) years considered as young 
people (Dehne et al., 2006). The care of mother during pregnancy and before childbirth is termed as antenatal care. 
A well-designed antenatal care program can be implemented to detect and treat pregnancy-induced complications. 
Likewise, delivery of a child is a very crucial moment which requires a safe and healthy environment and needs to 
be attended by a skilled hand with modern and medical technology. Among married young women, adolescents are 
particularly vulnerable to such situations that lack reliable health information and consequently lack of knowledge to 
make responsible choices regarding their reproductive behavior.  

Morbidity prevalence among the adolescents was found to be quite high compared to national average of 19 percent 
(BBS, 2006).Adolescents constitute a different subgroup in terms of magnitude of the problems they encounter 
including lack of knowledge on reproductive health, low usage of contraceptives, early childbearing, low access to 
antenatal and maternal health care, age specific fertility rate as high as 144 per 1000 live birth (NIPORT, 2001, 
Quraishi et al., 2004, Hossain et al., 2002, Rob et al., 2006, Ahmed SM., 2006). The first hour, days and weeks after 
childbirth are a dangerous time for both mother and new born infant. Among above 500,000 women who died each 
year due to complications of pregnancy and most of the deaths occur during or immediately after childbirth (Ahman 
et al., 2007; Hardon, 1995; Lawn et al., 2005; Ronsmans et al., 2006; WHO, 2008a; WHO, 2005).  

2 Objectives 

2.1General objective 

The general objective of the present study is to examine the issues of antenatal and maternal health service 
utilization of married young (adolescents and youth) women in Bangladesh.  
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2.2 Specific objectives 

 To examine the differentials and determinants of source of antenatal care from which received ANC during 
last pregnancy of married young women according to selected background characteristics. 

 To examine the differentials and determinants of place of delivery and assistance during delivery of 
married young women during their last live birth according to selected background characteristics  

 

 To examine the differentials and determinants of received postnatal care from qualified health provider of 
married young women during their last live birth according to selected background characteristics. 

3 Data and methodology 

The data extracted from most recent nationwide survey of Bangladesh demographic and health survey, 2007 
(BDHS-2007). In this paper, the statistical techniques namely univariate analysis, bivariate analysis and binary 
logistic regression analysis are used.  

4 Measurement of variables 

BDHS-2007  data collected information through a national wide representative sample of 10,996 ever-married 
women aged 10-49 years, which are included 10,893 (weighted) women whose age at first marriage is less than 25 
years and their current age is within 15-49 years and also restricted to those mothers whose last births occurred five 
years prior to survey date. The sample of this study comprised a total of 4,854 married young women.  

4.1 Dependent variable 

The variable source of ANC  is grouped into three categories viz., qualified health provider; unqualified health 
providers and none means do not received any ANC. Number o antenatal visits for pregnancy is grouped as no 
antenatal visits or zero visit, 1-2 visits, 2-3 visits and 4+ include 4-20 visits. Received T.T injections before given 
birth are divided into two categories as ‘no’ means did not take any dose and ‘yes’ means taken at least 1. The 
variable place of delivery is categorized as home, at health facility and others. Assistance during delivery is grouped 
into three categories viz., unqualified health provider; qualified health provider and none means do not received any 
assistance during delivery.  The variable received PNC is divided into two categories as received PNC from 
qualified health provider and do not received PNC from qualified health provider.  

The recent scenario of source of antenatal care, postnatal care (PNC), number of ANC visits, number of T.T 
Injections received, place of delivery and assistance during delivery of married young women is presented in Figures 
1, 2, 3, 4, 5 and6 below:   

 
Figure 1&2: Percentage of married young women by source of antenatal care during their last 
pregnancy and PNC, BDHS-2007 

0

20

40

60

Qualified Unqualified None

51.3 

8.6 

40 

Pe
rc

en
ta

ge
 

ANC provider 

21.2, 
21% 

78.8, 
79% 

Yes No



225 
 

 
Figure 3&4: Percentage of married young women by number of ANC visits and number of T.T Injections 

received during their last pregnancy, BDHS- 2007 

 
Figure 5&6: Percentage of married young women by place of delivery& source of assistance during delivery, 

BDHS- 2007 

A new variable “received ANC” is used in logistic regression analysis which is created by combining three variables 
such as source of ANC, number of ANC visits and received T.T injection during their last pregnancy. Also logistic 
regression is performed considering received ANC, place of delivery at health facility, delivery conducted by a 
medically trained health provider and women receive PNC from qualified health provider as dependent variables 
which we have dichotomized by assigning Yi=1 if yes occurred or 0, otherwise and for 

Place of delivery: Yi = 1, at health facility. 

                               = 0, at home. 

4.2 Independent Variables 

The study has dealt with a large number of explanatory variables, the selected socio-cultural, program related and 
demographic variables which are used in this paper. Here, 16 independent variables have been used to explain the 
dependent variables. For the analytical purposes, all the independent variables are recoded.  In this paper, the 
respondents are divided into four categories according to their years of schooling as no education, primary, 
secondary and higher. Partner education is also divided into four categories which is same as respondent education. 
Religion is divided into two categories as Muslim and Non-Muslim. The occupation of respondent and partner has 
been classified as unemployed, agricultural worker, professional worker, Business and production worker. But when 
studied health care utilization, Partner occupation are recategorized as manual and non-manual. Involvement with 
NGO activities is categorized as individual involved with only one program, involved with more than one program 
and not involved with any program. Mass media has been divided into three categories for both the media (listening 
radio and watching television), maintained no media, maintained only one media and maintained both media. In this  
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study  the  current age of  women  are  grouped  into  five categories  such as 15-19, 20-24, 25-29, 30-34  and 
35+(35-49) years of age. Age difference between spouses are grouped into three categories such as upto 5 years, 6-
10 years and 11+ (11 and above) years. Number of living children is grouped as no living children, 1-2 children and 
3+ children (3-12). Desire for future children is grouped as wanted, not wanted and undecided. 

5 Results and Discussion 

5.1 Differentials of Antenatal and Maternal health care utilization of married young women 

From the bivariate analysis it is found that almost all the independent variables included in this analysis have 
significantly associated with all the studied dependent variables viz., received antenatal care, antenatal visits during 
last pregnancy, receiving T.T injection before birth, place of delivery, assistance during delivery and PNC from 
qualified health provider of married young women during their last live birth, except only the characteristic age 
difference between spouses. The significant variables are discussed below 

5.1.1 Differentials of received antenatal care from either qualified or unqualified health provider during last 
pregnancy of married young women by selected background characteristics 

The received antenatal care was found significantly associated with level of education. Among highly educated 
women 91.1 percent received antenatal care from qualified health provider whereas it was found 44.0 percent whose 
education level was primary. 67.4 percent having secondary education and 28.8 percent uneducated women. As 
expected 62.9 percent of illiterate women did not seek any antenatal care from health provider while the rate was the 
lowest for higher educated women (5.8 percent). A similar result holds for partner education. About 82.0 percent 
women received antenatal care from qualified health provider whose husbands have higher education compared with 
34.6 percent women having uneducated husbands. Thus the proportion of received antenatal care from qualified 
health provider increased with the increase of the level of education of both husband and wives. 

The source of receiving antenatal care significantly varied according to respondent occupation. The highest 
prevalence of received ANC from qualified health provider was observed among the respondents who were 
professional worker (74.8 percent). From the findings it is also found that the respondents who were agricultural 
worker, lowest percentage of them (39.8 percent) received ANC from qualified health provider compared to other 
profession. Among the respondents whose husbands were engaged in non-manual work, about 20 percent higher 
received ANC from qualified health provider than whose husbands were engaged in manual work. 

Place of residence and division were found significant with the source of antenatal care. Table 6 shows that the 
proportion of women who received ANC from qualified health provider was substantially higher in urban areas 
(70.9 percent) than that of in rural areas (46.2 percent). On a regional basis, Barisal division shows  the lowest 
prevalence of received ANC (43.0 percent) from qualified health provider, while Khulna division hold the highest 
percentage (62.2 percent) of receiving antenatal care of married adolescents and youth women. 

With regard to religion, the prevalence of receiving antenatal care from qualified health provider was higher among 
Non-Muslim women (55.1 percent) than Muslim counterparts (51.0 percent). There was no significant association 
between religion and source of antenatal care. A significant association was found between source of antenatal care 
and wealth index. It is found from the findings that the women who come from richest economic status, received 
more ANC from qualified health provider (82.9 percent) than those who were from poorest economic status (30.8 
percent). Respondent age at first marriage and age at first birth were associated of receiving ANC from qualified 
health provider during pregnancy. From the findings, it is found that early married (47.3 percent) (less than 18 years) 
and early  childbeared (46.1 percent) married  adolescents and youth women were less likely to go qualified health 
provider for ANC during pregnancy compared to those who married  at age 18-24 years (69.4 percent) and begun 
childbearing  at 19-24 years (60.9 percent). 

From the findings it was found that about 59.4 percent of respondent who had one to two living child were more 
likely to receive ANC care from qualified health provider for their first birth compared with women who had three 
or more living children (37.8 percent). The ANC prevalence rate was higher among the women who maintained both 
media radio and television (64.1 percent) compared to those women who did not maintain any of them (36.4 
percent).  
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5.1.2 Differentials of number of antenatal visits during last pregnancy of married young women by selected 
background characteristics  

The number of antenatal care visits considered an important in detecting and preventing an adverse pregnancy 
outcome (Carolli et al., 2001).  From study,, it is found that about 61 percent married young women who were 
higher educated received ANC four times or above whereas the same time ANC received by uneducated women 
only 6.8 percent. Among the respondents whose husbands were higher educated, 51.2 percent of them received 
ANC four or above times compared with uneducated husbands. Only 8.8 percent of their wives received four or 
above times ANC visits. The occupation of respondents and their husbands had substantial effect on number of 
ANC visits. The women who were professional worker visited highest (4+ visits) (34.3 percent) than those who 
were unemployed visited lower (21.7 percent).  The women whose husbands were engaged in non-manual work 
received 4+ ANC visits (30.1 percent) than those whose husbands were in manual work (13.0 percent). Four or more 
times ANC visits were the highest among married young women in Khulna division (24.6 percent) and was the 
lowest in Sylhet (12.2 percent) (Table 4). About 37.3 percent of urban women received 4+ ANC visits which was 
higher than rural women (15.7 percent). Non-Muslims were received more (4+) ANC visit (25.6 percent) than their 
Muslim counterpart (19.7 percent). The percentage of receiving 4+ ANC were increased gradually with the 
improved of economic status. 

The respondents who had 1-2 living children received higher (4+) ANC visits (25.2 percent) compared with those 
who had no living children (17 percent). The married adolescents and youth women who married early and begun 
childbearing early less likely to receive four or more times ANC visits (16.5 percent and 15.5 percent) than those 
who were married and begun childbearing latter (37.0 percent and 28.1 percent). The women who were maintained 
both media (radio and TV) received 4+ ANC visits which was higher (about 26 percent) than those who did not 
maintain any media (10.9 percent). 

5.1.3 Differentials of receiving T.T injection before birth of married young women by selected background 
characteristics 

Tetanus toxoid (TT) injections are given to pregnant women to prevent neonatal tetanus. If a woman has received no 
previous TT injections, she needs two doses of TT during pregnancy or before birth for full protection. However, a 
woman may require only one or no TT injection during pregnancy if she has been vaccinated before; depending on 
the number and timing of past injections. A total of five doses give lifetime protection (BDHS, 2007). The education 
of respondent and their husbands were strongly associated with the level of receiving T.T injection before birth of 
married young women. It is found from the findings that highest about 87 percent of secondary and higher educated 
women taken TT injection before birth compared with uneducated women (73.6 percent). Similarly, the women 
received TT injection higher whose husbands were higher educated (87.2 percent) than uneducated husbands (77.5 
percent). 

Among all respondents 84.3 percent were professional worker, received TT injection during their last pregnancy. On 
the other hand, the respondent whose husbands were engaged in non-manual work received T.T injection higher 
(83.9 percent) compared with those women whose husbands were engaged in manual work (81.4 percent). On the 
regional basis, the highest recipient of T.T injection was found in Barisal (87.7 percent). Above 87 percent of 
women received T.T injection before birth belongs to the richest wealth index while 78.8 percent belongs to poorest 
wealth index. The result showed that the respondents who were pregnant with no living child received T.T injection 
higher (88.7 percent) than those who had 3 or more children (75.9 percent). Mass media plays significant effect on 
receiving TT injection. The women who were maintained both media (radio and TV), 86.2 percent of them received 
TT injection before birth which was higher than those who did not maintain any media (78 percent). 

5.1.4 Differentials of place of delivery of married young women during their last live birth by selected 
background characteristics 

In   developing countries, many women prefer to deliver at home with the help of family members or a known and 
trusted traditional birth attendant (Akhter et al., 1996).The findings showed that child delivery still universally 
occurs at home in Bangladesh. Women and their husband education have a positive impact on place of delivery. The 
percentage of deliveries occurred at health facilities increased from 3.0 percent among illiterate women to 7.5 
percent among women with some primary education. It is gone up to 57.3 percent for women with higher education. 
Similarly, educated husbands were more concern about delivery complications. The result shows that delivery at 
health facility are more common for women whose husbands have completed higher education (46.9 percent) 
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compared with only 5.1 percent women whose husbands had no education.The percentage of deliveries takes place 
at health facilities was higher among those women who were professional worker (30.9 percent) than other. 
Husband occupation is an indicator of social status. The study shows that the women whose husband engaged in 
non-manual work were more likely to delivery at health facility (24.3 percent) compared with 9.2 percent among 
those whose husbands have engaged in manual work. 

Rural residences were associated with a greater likelihood of the home delivery. About 31.9 percent of urban 
deliveries compared to only 11.2 percent of rural deliveries, took place in a health facility. When divisional 
variations are examined, the highest levels of hospital /clinic base delivery were found in Khulna division (22.4 
percent) and lowest in Sylhet and Barisal divisions (9.6 percent and 10.0 percent) respectively. About 21 percent of 
Non-Muslim women were more likely to deliver at health facility centre compared with 15 percent Muslim women. 
It has been shown that increased income has a positive effect with a greater likelihood of deliveries at hospital/clinic. 
About 43.4 percent of deliveries took place at health facility among women in the highest wealth status compared 
with 5.1 percent women in the lowest wealth index. 

Age at first marriage and age at first birth has effect on the likelihood of deliveries at hospital /clinic. About 33.0 
percent of deliveries took at health facility among those women whose age at first marriage was 18-24 years 
compared to those whose age at first marriage was less than 18 years (11.6 percent). Similarly, the women who 
begun childbearing early, most of their birth occurred at home (89.4 percent) and only 10.4 percent at health facility 
compared with those who begun childbearing later, 23.7 percent of their delivery occurred at health facility. The 
reason may be that, early married and early child beared women have no proper knowledge about the complication 
during delivery. Among the respondents who had no child loss experience, 17.2 percent of their deliveries have 
taken place at health facility compared with who had child loss experience (8.8 percent). Women who were exposed 
to any mass media like radio, television may be more concern about delivery complications. About 20 percent 
deliveries occurred at health facility among women who were exposed to one or more media, compared with 7.0 
percent deliveries that were not exposed to any mass media. Women who were not involved with any NGO 
activities were more likely (17.6 percent) to take delivery at health facility compared to who were involved with 
more than one NGO program (13 percent). 

5.1.5 Differentials of delivery assistance from either qualified or unqualified health provider of married 
young women during their last live birth by selected background characteristics 

Increasing the proportion of   births deliver by skilled health personnel constitutes one of the main indicators of 
maternal health in the Millennium Development Goals (UNFPA, 2003). Women education has shown strong 
positive relationship with the utilization of skilled birth assistance during delivery. About 5 percent births are 
assisted by skilled birth attendant of married young women having no education, while it was higher among women 
who have higher education (61.4 percent). Similarly, educated husbands have shown positive relationship with 
delivery care among women. About 55 percent of births among married adolescents and youth women were 
delivered with assistance from skilled birth attendant whose husbands have higher level of education. The 
percentage was low among women whose husbands have no education (6.6 percent).  Among women who were 
professional worker received higher assistance (37.8 percent) during delivery from qualified health provider than 
other women. Husband occupation also has substantial effect on delivery care. About 28.6 percent of women used 
skilled birth attendant for delivery whose husbands were engaged in non-manual work compared with 12.1 percent 
births for women whose husband were engaged in manual work. 

The proportions of births among women were delivered with assistance from skilled attendant were substantially 
higher in urban areas (38.2 percent) than that in rural areas (13.9 percent). There is significant variation between 
division and delivery assisted by skilled birth attendant among women. On a regional basis, the lower levels of 
delivery assisted by skilled birth attendant during delivery were found in Sylhet and Barisal divisions (11.4 percent 
and 14.2 percent), while Khulna division arrived the highest levels (27 percent) among married adolescents and 
youth women. The practice of skilled birth attendant during delivery was higher among Non-Muslim women (23.7 
percent) than Muslim women (18.6 percent). About 50.9 percent of women used skilled birth attendant for delivery 
who belonged in the highest wealth status, compared with only 5.3 percent births in the lowest wealth quintile. The 
result suggests that early married and early child beared women were less likely to practice medically trained health 
provider for delivery (14.7 percent and 13.4 percent) than those delayed married and begun childbearing later (38.3 
percent and 28.0 percent). Women who had child loss experience 11.8 percent of birth delivered with the assistance 
of skilled health provider which was lower than those who had no experienced (20.8 percent). It has been observed 
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from the findings that there was association between mass media and delivery care. The women who were 
maintained more than one media, about 26 percent of them assisted by qualified heath provider than those who did 
not maintain (8.7 percent). Among the women who were involved with one or more NGO program less likely to 
assist by qualified health provider (about 16 percent) than those were not involved (21.1 percent). 

5.1.6 Differentials of postnatal care from qualified health provider of married young women for their most 
recent birth by selected background characteristics 

The proportions of receiving postnatal care from qualified health provider of married young women was noticeably 
higher among higher educated women (65.8 percent), women who were professional worker (39.3 percent), women 
whose husband were higher educated (56.5 percent) and engaged in non-manual work (30.9 percent), births in urban 
areas (38.8 percent), births in Khulna division (28.5 percent), compared with other category respectively. This 
proportion also higher for those who were from highest wealth index (51.8 percent) compared with other category 
wealth index women. Non-Muslim married young women were more likely to receive postnatal care from qualified 
health provider (25.1 percent) than Muslim counterpart (20.9 percent). 

The early married (less than 18 years) and early child beared (less than 19 years) mothers were less likely to receive 
postnatal care (17.1 percent and 16 percent) than late married (18-24 years) and late child beared women (19-
24years) (39.7 percent and 30.1 percent). Adolescents have taken less PNC (20.7 percent) than youth (23.6 percent).  
The likelihood of receiving postnatal care from qualified health provider was higher for first births (43.4 percent) 
among women, compare with women having one or two living child (26.2 percent) and women having three or more 
child (12.2 percent). Women who had child loss experience 15.2 percent of them received PNC from qualified 
health provider which was lower than those who had no experienced (22.7 percent). The women who were 
maintained more than one media, about 29.8 percent of them received PNC from qualified heath provider than those 
who did not maintain (10.8 percent). Among the women who were involved with more than one NGO program less 
likely to receive PNC from qualified health provider (about 18 percent) than those were not involved with NGO 
(23.5 percent). 

6. Multivariate Analysis 

In this section, for four dependent variables such as receiving ANC, place of delivery, assistance during delivery and 
PNC from qualified health provider have been explained through four different dichotomous logistic regression 
models. Among four models, two models namely receiving ANC and PNC from qualified health provider have been 
presented in Tables 1&2. Rest of two models have been discussed but not presented in tables. Inclusion of a large 
number of covariates in an analysis may be arised the multicolliniarity problem. Keeping this point in mind, this 
analysis considers the significant covariates that were found free from multicollinearity.  

6.1 Factors affecting the use of health care services in case of antenatal care during last pregnancy of married 
young women 

Table 1 show that respondent education is significant factor influencing the ANC services received by the women. 
Respondents having higher education were more likely to receive ANC services compared to those having no 
education. The odds ratio shows that higher educated women were 4.8 times more likely to receive ANC services 
than no educated women. Husband education shows significant impact on receiving ANC among women. With 
reference to women having uneducated husbands, women who have higher educated husband were about 1.6 times 
more likely to receive ANC. From the result it is found that women occupation has an insignificant effect on 
receiving ANC. Women who are professional worker were 1.3 times more likely to receive ANC than unemployed. 
Women whose husbands work in ‘white colour’ profession i.e. involve in non- manual occupation had the most 
chance (odds ratio=1.2 times) of receiving antenatal care services than those whose husbands involve with manual 
occupation. 

Place of residence is positively associated with receiving antenatal care. Women residing in urban areas were about 
1.4 times more likely to go for antenatal care as compared to their rural counterpart. Division has significant impact 
on receiving antenatal care of married adolescents and youth women. Women of Khulna division were 1.7 times 
more likely to receive ANC during pregnancy than Barisal division. Women who lived in Dhaka division were 0.95 
times less likely to receive ANC than Barisal division. Women’s economic status shows significant effect on 
receiving ANC. The odds ratios corresponding to the wealth index suggested that, with reference to poorest women, 
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middle, richer and richest women’s were 1.2, 1.6 and 2.8 times more likely to receive ANC. Number of living 
children has no significant impact on receiving ANC. 

Age at first marriage and age at first birth has no significant impact on receiving ANC of married young women. 
Women who were married between age 18-24 years and begun childbearing within age 19-24 years were 1.15 and 
1.18 times more likely to receive ANC than those who were married below age 18 years and begun childbearing 
below age 19 years. As expected, it is found from the result that, exposure to mass media has a significant effect on 
receiving ANC among women. Married adolescents and youth women who maintained one media (radio or TV) 
were 1.2 times more likely to receive ANC than those who do no maintain any media. A slight variation was found 
who maintained both media. 

6.2 Factors affecting place of delivery at health facility of married young women during their last live birth 

Highly significant impact was observed between women education and place of delivery. As expected, higher 
educated women were 6.9 times more likely to have deliveries at health facility. This may be due to educated 
women associated with higher wealth status and they used to live in urban area. Husband education also found 
significant impact on women’s place of delivery. With reference to women having uneducated husbands, the odds 
ratio shows that women who have  higher educated husbands were 2.3 times more likely to have deliveries at health 
facility.As expected, it is observed that women whose husbands engaged in non-manual work were 1.1 times more 
likely to have delivery at health facility than those whose husbands were engaged in manual work. From the result, 
significant variations among place of residence were observed. Women living in the urban areas had 1.6 times 
higher probability of having deliveries at health facility compared with rural women. On a regional basis, women of 
Chittagong (OR=1.09), Dhaka (OR=1.61), Khulna (OR=2.11) and Rajshahi (OR=1.3)   divisions were significantly 
more likely to have deliveries at health facility than Barisal division. Only women of Sylhet division were 0.99 
times less likely to have deliveries at health facility than women of Barisal division.   

 Result obtained from the fitted model indicated that religion has significant impact on women’s place of delivery. 
Non-Muslim women were 1.7 times more likely to have deliveries at health facility, compared with Muslim 
counterparts. The result also found that wealth index has a significant effect to have deliveries at health facility of 
married adolescents and youth women. The occurrence of delivery at health facility was increased with the better 
wealth status. The odds ratio indicates that the women having highest wealth index were 2.6 times more likely to 
have deliveries at health facility than those having lowest wealth index. It is expected that early married women 
were less likely to have delivery at health facility than those who married at age group 18-24 years; age at first 
marriage has no significant impact on women’s place of delivery. On the other hand, age at first birth was an 
important factor influencing women’s place of delivery. Respondents who gave their first birth at the age group 19-
24 years were 1.5 times more likely to occur delivery at health facility than among those who had given birth below 
19 years. Exposure to Mass media and NGO activities has no significant effect on women’s place of delivery. The 
result shows that women, who maintain one or both media and involve more than one NGO activities, were more 
likely to have delivery at health facility than those who did not maintain any media and involve with one or no NGO 
activities. Also child loss experience has no significant impact on women’s place of delivery.  

6.3 Factors affecting delivery conducted by a medically trained health provider of married young women 
during their last live birth 

The study showed that educational attainment of women and their husband have shown significant and positive 
effect on receiving assistance at the time of delivery by medically trained health provider. Higher educated women 
were 3.5 times more likely to receive delivery assistance from a medically trained health provider than uneducated 
women. Similarly, the odds ratio indicates that women who have higher educated husband were significantly 2.9 
times more likely on the delivery assistance from a medically trained health provider than uneducated husbands. 
Respondent occupation has significant effect on receiving assistance at the time of delivery from medically trained 
health provider. The result shows that women who work in agriculture were 0.7 times less likely and professional 
worker were 1.09 times more likely to receive assistance during delivery from qualified person than those who are 
unemployed. The result also shows that, husband occupation has no significant effect on receiving assistance during 
delivery from medically trained provider among women. 

Residence is an important predictor of receiving delivery assistance from a qualified health provider. Urban women 
were 1.74 times more likely to receive delivery assistance from qualified person. A significant variation between 
region and delivery assistance from qualified person were also observed. Women from Khulna and Dhaka divisions 
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were 1.7 and 1.15 times more likely to receive delivery assistance from a qualified health provider than Barisal 
division. Non-Muslim women were significantly 1.5 times more likely to use delivery assistance from a medically 
trained provider than Muslim women. The effect of wealth status to receive delivery assistance from a medically 
trained health provider of married adolescents and youth women in Bangladesh is important significant determinant. 
Women who belong in the highest wealth status were about 4 times more likely to receive delivery assistance from a 
qualified health provider than belong in the poorest status. 

Age at first marriage was not found significant predictor regarding assistance during delivery from qualified health 
provider among women. On the other hand, significant impact was observed between age at first birth and assistance 
during delivery from qualified person among women. Respondents who have given their first birth at the age group 
19-24 years were 1.4 times more likely to receive delivery assistance from qualified health provider than those who 
have given birth below 19 years.  Exposure to mass media was found significant impact on receiving assistance 
during delivery from qualified health provider. Women who maintained one and more than one media were 1.2 and 
1.3 times more likely to receive assistance during delivery from qualified person than those who did not maintain 
any media. Involvement with any NGO activities and child loss experience has no significant effect on receiving 
assistance during delivery from qualified health provider. 

6.4 Factors affecting received postnatal care (PNC) from qualified health provider of married young women 
during their last live birth       

A large proportion of women were lack of such care.  On an average, 66 percent of births occurred by skilled birth 
attendants all over the world, but some parts of Africa and Asia have shown much lower coverage (WHO, 2008b). 
The fact that two thirds of maternal and newborn deaths occur in the first two days after birth due to the inadequate 
care (Campbell et al., 2006; Lawn et al., 2005). The finding presented in Table 2 indicates that women and their 
husband education are significant predictors on receiving PNC from qualified health provider of married young 
women. Care from qualified person after delivery was consequently increasing with the increased in education of 
women and their husbands. Higher educated women and women whose husbands were highly educated were 4.5 
and 2.2 times more likely to receive health care from qualified person after delivery than uneducated women and 
their uneducated husband. Women occupation has small significant effect on taking care from qualified health 
provider after delivery.  Women who were professional worker and engaged with small or large business were 1.03 
and 1.04 times more likely to receive PNC after delivery from qualified person. Husband occupation was not found 
significant predictor. An important significant effect of residence was found on receiving PNC from qualified health 
provider. Women living in urban areas were 1.6 times more likely to receive PNC from qualified person. Non-
Muslim women and women in Khulna division were 1.3 and 1.4 times more likely to receive PNC from qualified 
health provider. Women wealth status has small significant effect on receiving PNC from qualified health provider. 
The odds ratio corresponding to the wealth index suggested that, with reference to the poorest women, richest 
women were 2.7 times more likely to receive PNC from qualified person. Significant impact was observed between 
age at first birth and receiving PNC from qualified person among women. Respondents who gave their first birth at 
the age group 19-24 years were 1.3 times more likely to receive PNC from qualified health provider than among 
those who gave birth below 19 year. The result shows that women maintaining mass media has a significant 
influence on receiving PNC from medically trained provider. Women who were maintaining more than one media 
were 1.5 times more likely than those who did not maintain media. The reason may be existing mass media of 
Bangladesh were broadcasting sufficient awareness program against women health care after delivery. Women who 
had child loss experience were 1.3 times more likely to receive PNC from qualified person than those who had no 
experience. 
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Table 1: Logistic regression estimates of receiving antenatal care during last pregnancy of married young 
women by background characteristics, BDHS- 2007 

 Received Antenatal Care  during pregnancy 

Characteristics  Coefficient 

        (β)                                         

  S.E Wald              
statistics 

Odds  ratio 

   Exp(B) 

 95% C.I for Exp(B) 

Lower Upper 

Respondent education: 

No education® 

Primary 

Secondary 

Higher 

------ 

0.421 

0.817 

1.573 

------ 

0.087 

0.103 

0.288 

73.102 

23.470 

63.014 

29.871 

1.000 

1.523*** 

2.263*** 

4.820*** 

------ 

1.285 

1.850 

2.742 

------ 

1.806 

2.769 

8.473 

Partner  education: 

No education® 

Primary 

Secondary 

Higher 

------ 

0.095 

0.403 

0.442 

------ 

0.083 

0.098 

0.169 

19.429 

1.292 

16.802 

6.840 

1.000 

1.099 

1.497*** 

1.555** 

------ 

0.934 

1.234 

1.117 

------ 

1.294 

1.815 

2.166 

 Respondent occupation:  

Unemployed® 

Agriculture worker 

Professional 

Business 

Production worker 

------ 

-0.086 

0.225 

0.113 

    -0.114 

------ 

0.092 

0.191 

0.262 

0.125 

3.459 

0.882 

1.389 

0.187 

0.834 

1.000 

0.917 

1.252 

1.120 

0.892 

------ 

0.767 

0.862 

0.670 

0.699 

------ 

1.098 

1.818 

1.872 

1.139 

Partner occupation: 

Manual® 

Non-Manual 

------ 

0.179 

------ 

0.075 

------ 

5.771 

1.000 

1.197* 

------ 

1.034 

------ 

1.385 

Place of residence: 

Urban 

Rural® 

0.349 

------ 

0.101 

------ 

11.979 

------ 

1.418** 

1.000 

1.163 

------ 

1.728 

------ 

Region: 

Barisal® 

Chittagong 

------ 

0.028 

------ 

0.147 

41.804 

0.036 

1.000 

1.028 

------ 

0.771 

------ 

1.371 



233 
 

 Received Antenatal Care  during pregnancy 

Characteristics  Coefficient 

        (β)                                         

  S.E Wald              
statistics 

Odds  ratio 

   Exp(B) 

 95% C.I for Exp(B) 

Lower Upper 

Dhaka 

Khulna 

Rajshahi 

Sylhet 

-0.053 

0.509 

0.433 

0.103 

0.141 

0.166 

0.145 

0.175 

0.142 

9.369 

8.918 

0.347 

0.948 

1.663** 

1.542** 

1.108 

0.719 

1.201 

1.161 

0.787 

1.250 

2.304 

2.049 

1.561 

Wealth Index: 

Poorest® 

poorer 

Middle 

Richer 

Richest 

------ 

-0.012 

0.226 

0.494 

1.021 

------ 

0.096 

0.105 

0.119 

0.152 

58.776 

0.015 

4.645 

17.326 

44.985 

1.000 

0.988 

1.254* 

1.639*** 

2.775*** 

------ 

0.818 

1.021 

1.299 

2.059 

------ 

1.194 

1.540 

2.068 

3.739 

Number  of living Children: 

0® 

1-2 

3+ 

------ 

0.527 

0.087 

------ 

0.313 

0.316 

37.216 

2.843 

0.075 

1.000 

1.694 

1.090 

------ 

0.918 

0.587 

------ 

3.127 

2.024 

Age at first marriage: 

Less than 18 years® 

18-24 years 

------ 

0.144 

------ 

0.122 

------ 

1.393 

1.000 

1.155 

------ 

0.909 

------ 

1.468 

Age at first birth: 

Less than 19 years® 

19-24 years 

------ 

0.169 

------ 

0.091 

------ 

3.424 

1.000 

1.184 

------ 

0.990 

------ 

1.417 

Maintain  mass media (TV & Media): 

no media®  

one media 

both media 

------ 

0.244 

0.300 

------ 

0.079 

0.105 

12.111 

9.445 

8.192 

1.000 

1.276** 

1.350** 

------ 

1.092 

1.099 

------ 

1.490 

1.657 

Constant -1.432 0.346 17.096 0.239***   

                ® Represent reference category;       *** P<0.001;** P<0.01; * <0.05 
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Table 2: Logistic regression estimates of receiving postnatal care from qualified health provider of married young 
women during their last live birth by selected background characteristics, BDHS-2007 

 Received PNC from qualified health provider  

Characteristics  Coefficient 
(β) 

S.E    Wald           
statistics 

Odds  ratio  
 Exp(B)       

 95% C.I for Exp(B) 

Lower Upper 

Respondent education: 

No education® 
Primary 
Secondary 
Higher 

------ 
0.331 
1.161 
1.518 

------ 
0.147 
0.149 
0.223 

91.400 
5.051 

60.594 
46.202 

1.000 
1.392* 
3.193*** 
4.564*** 

------ 
1.043 
2.384 
2.946 

------ 
1.857 
4.277 
7.071 

Partner  education: 

No education® 
Primary 
Secondary 
Higher 

------ 
-0.068 
0.327 
0.796 

------ 
0.129 
0.132 
0.170 

34.438 
0.282 
6.157 

21.843 

1.000 
0.934 
1.386* 
2.217*** 

------ 
0.726 
1.071 
1.588 

------ 
1.202 
1.795 
3.095 

Respondent occupation:  

 Unemployed® 
Agriculture worker 
Professional 
Business 
Production worker 

------ 
-0.277 
0.027 
0.039 
-0.168 

------ 
0.142 
0.170 
0.365 
0.170 

4.593 
3.783 
0.026 
0.012 
0.975 

1.000 
0.758* 
1.028 
1.040 
0.845 

------ 
0.574 
0.737 
0.509 
0.606 

------ 
1.002 
1.433 
2.127 
1.180 

Partner occupation: 

Manual® 
Non-Manual 

------ 
0.051 

------ 
0.092 

------ 
0.307 

1.000 
1.053 

------ 
0.878 

------ 
1.262 

Place of residence: 

Urban 
Rural® 

------ 
0.465 

------ 
0.107 

------ 
18.737 

1.000 
1.592*** 

------ 
1.290 

------ 
1.966 

Region: 

Barisal® 
Chittagong 
Dhaka 
Khulna 
Rajshahi 
Sylhet 

------ 
-0.058 
-0.029 
0.329 
-0.181 
-0.161 

------ 
0.195 
0.191 
0.210 
0.197 
0.240 

12.840 
0.089 
0.024 
2.465 
0.845 
0.448 

1.000 
0.944 
0.971 
1.390 
0.835 
0.851 

------ 
0.644 
0.668 
0.922 
0.568 
0.532 

------ 
1.383 
1.412 
2.095 
1.227 
1.364 

Religion: 

Muslim® 
Non-Muslim 

------ 
0.278 

------ 
0.145 

------ 
3.658 

1.000 
1.321 

------ 
0.993 

------ 
1.757 
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 Received PNC from qualified health provider  

Characteristics  Coefficient 
(β) 

S.E    Wald           
statistics 

Odds  ratio  
 Exp(B)       

 95% C.I for Exp(B) 

Lower Upper 

Wealth Index: 

Poorest® 
poorer 
Middle 
Richer 
Richest 

------ 
-0.098 
-0.103 
0.391 
0.986 

------ 
0.161 
0.165 
0.163 
0.178 

68.413 
0.369 
0.392 
5.720 

30.509 

1.000 
0.907 
0.902 
1.479* 
2.679*** 

------ 
0.662 
0.652 
1.073 
1.889 

------ 
1.243 
1.246 
2.037 
3.801 

Age at first marriage:  

Less than 18 years® 
18-24 years 

------ 
0.213 

------ 
0.132 

------ 
2.604 

1.000 
1.237 

------ 
0.955 

------ 
1.603 

Age at first birth: 

Less than 19 years® 
19-24 years 

------ 
0.236 

------ 
0.111 

------ 
4.489 

1.000 
1.266* 

------ 
1.018 

------ 
1.575 

Maintain  mass media(TV & Media): 

no media®  
one media 
  both media 

------ 
0.181 
0.434 

------ 
0.112 
0.129 

11.741 
2.633 

11.342 

1.000 
1.198 
1.544** 

------ 
0.963 
1.199 

------ 
1.491 
1.988 

Exposure to NGO activities: 

Not  involved ® 
Involved (one)  
Involved (>1)  

------ 
-0.007 
0.053 

------ 
0.100 
0.149 

0.148 
0.004 
0.126 

1.000 
0.993 
1.054 

------ 
0.817 
0.787 

------ 
1.208 
1.412 

Child loss experience: 

No® 
Yes 

------ 
0.243 

------ 
0.116 

------ 
4.400 

1.000 
1.275* 

------ 
1.016 

------ 
1.599 

Constant -3.032 0.240 159.554 0.048***   

                ® Represent reference category;     *** P<0.001; ** P<0.01; * <0.05 

7. CONCLUSION AND RECOMMENDATION 

From the bivariate analysis it is found that almost all the independent variables included in this analysis have 
significant association with six dependent variables viz., source of ANC, received antenatal visits, receiving T.T 
injection, place of delivery, assistance during delivery and PNC from qualified health provider of married young 
women during their last live birth, except the characteristic age difference between spouses. From the findings of 
four logistic regression estimates, the following conclusions have drawn.  

From the result of the logistic regression estimate of received ANC of married young women during their last 
pregnancy (Table 1), it is found that respondent and partner education, partner occupation, residence, administrative 
division, wealth index, maintain mass media are the significant predictors. Education and wealth index are positively 
related with received ANC of married young women. Higher educated and richest women are more likely to receive 
ANC than uneducated and poorest women. Women who were from Khulna and Rajshahi divisions and lived in 
urban areas were more likely to receive ANC compared with other divisions and rural inhabitants. It is also found 
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from the analysis that the respondent who maintains mass media were more likely to receive ANC than those who 
did not maintain.  

According to the logistic regression estimates of place of delivery at health facility of married young women, the 
following variables appear as the significant predictors to have deliveries at health facility: Respondent and partner 
education, residence, administrative division, religion, wealth index, age at first birth. The rest of the independent 
variables are not found statistically significant. According to the logistic regression estimates of assistance during 
delivery from medically trained health provider of married young, the following variables appear as the significant 
predictors: Respondent and partner education, respondent occupation, residence, administrative division, religion, 
wealth index, age at first birth, exposure to mass media. The rest of the independent variables are not found 
statistically significant. According to the logistic regression estimates of receiving PNC from medically trained 
health provider of married young women (Table 2), the following variables appear as the significant predictors: 
Respondent and partner education, respondent occupation, residence, wealth index, age at first birth, exposure to 
mass media, child loss experience. The rest of the independent variables are not found statistically significant.  

In reducing reproductive health risks facing young people, the Government of Bangladesh (GOB) need to act out 
some policies and programs which are given below: Proper campaign should be governed in favour of the 
institutional assistance on or before pregnancy for the safety of the mothers and newborns. Besides these, to build up 
the confidence of the rural illiterate inhabitants on modern health care facilities through motivation. The number of 
clinics within a short distance also be established for providing health education and improving quality of care to 
bring the health care services at the doorstep. 

There is further need for investigation with regard to the effects of programmatic and cultural factors on the 
antenatal and maternal care seeking behavior of Bangladeshi adolescent women. It is therefore expected that they 
should be integrated in to the government’s main stream health care system. 
Integrate reproductive health services should be ensuring that the staff is receptive to young people and will be 
guaranteed their privacy. Young people feel shy to take the services due to lack of privacy or confidentiality.  
Since most adolescent mothers (as well as overall mothers) in Bangladesh give birth at home, fieldworks should be 
given more attention to the family  planning  needs of such mothers, particularly  through  focused counseling and 
improved referral mechanisms. Expand education and communication on Reproductive health of young women and 
create more employment opportunities to increase their status in society, using the mass media, the Internet and 
telephone hotlines. 

Conduct research on the reproductive behavior of young people and on their perceptions about their reproductive 
health needs. Involve young people in the design of reproductive health programs to ensure the programs are 
relevant and understood and motivate young people to take responsibility for their health. 

The risks related to reproduction at adolescent age could be avoided if the age at marriage can be raised up to 20 
years for girls.  Health care utilization is a crucial part of the reproductive health, particularly for adolescents. The 
reproductive health of an adolescent jeopardized through early marriage and parenthood can somehow be tried to 
improve with skilled medical care and safe motherhood practice during pregnancy, delivery and after delivery. 

Today’s young people are the parents and leaders of tomorrow. Invest in their well being will be the most important 
actions that can be taken today. They should be equipped with the knowledge and information about reproductive 
health. So that they can take care of themselves and become knowledgeable and responsible parents in future of this 
nation.  
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Abstract. Though Bangladesh is committed to the fifth millennium development goal target of reducing its maternal 
mortality ratio by three-quarter by 2015, the scope of research on this issue is so limited as because the maternal 
morbidity data is scarce in Bangladesh. In this paper the prospective data on maternal morbidity in rural Bangladesh 
(collected by BIRPERHT) have been employed to trace out the high-risk and life-threatening factors associated with 
pregnancy related complications. The Subject Specific-Generalized Estimating Equations (SS-GEE) model with 
random effect structure is used for multivariate binary data for the repeated observations. The findings indicate that 
risk of suffering from pregnancy complications is higher for high economic status, lower age at marriage, not visited 
for medical check-up, outside home workers and having miscarriage or abortion. Comparing with the available 
literatures, SS-GEE model with random effect structure is well fitted for the prospective repeated observation data. 

Keywords: Multivariate binary response, Repeated observations, Subject Specific-Generalized Estimating 
Equations, Random effect, Pregnancy complications. 

 

1 Introduction 

Bangladesh is committed with target of reducing its maternal mortality rate by 75 percent between 1990 and 2015 to 
the fifth Millennium Development Goals (MDG-5) (MDG report, 2006). Antenatal care, professional attendance at 
delivery and postnatal care services are most significant determinants for reducing such a rate and to prevent infant 
mortality as well. However, these services are inadequately developed in the least developing countries like, 
Bangladesh. Utilization of antenatal care services amplified significantly, from 24 percent in 1991 to 60 percent in 
2004 (Collin et al.,2007). Choolani and Ratnam (1995) reported that female literacy is expected to be a very prolific 
strategy to change the tide of maternal mortality. Antenatal care is an important predictor of safe delivery and 
provides health information and services that can improve maternal and infants health (Bloom et al., 1999; WHO 
and UNICEF, 2003). Economic barriers to utilization of facility-based care are outlawed among poor, even where 
the actual care is free-of-cost (Chowdhury et al., 2006; Pitchforth et al., 2006; Afsana, 2004). Islam and Odland 
(2011) observed that cultural issues, distance, infrastructure and socio-economic status are important determinants of 
maternal healthcare-seeking behavior. It is extracted that preceding maternal deaths, most of the pregnancies are 
attended either by traditional practitioners or are not attended at all (Goodburn et al., 1995). The levels of maternal 
mortality in Bangladesh are remarkably low given the extremely low levels of uptake of maternity care 
(BMHSMMS, 2003). Regardless of improvements, pregnancy-related complications remain the leading cause of 
maternal death and disability among women of childbearing age (Gill and Ahmed, 2004), irrespective of different 
Indigenous, non-Indigenous and cultural groups. In Bangladesh, the most important determinants of maternal 
mortality are eclampsia, septic abortion, postpartum sepsis, obstructed labor and ante-partum and postpartum 
hemorrhage (Rochat et al., 1981; Koenig et al., 1988; Fauveau et al., 1989). Severe anemia boosts-up the risk of 
mortality while there is a poor evidence of increased risk associated with moderate anemia (Rush, 2000).Bhatia 
(1995) observed that in India, 18 percent of the women reported complications during antenatal period and an equal 
proportion during childbirth. The most common likelihood-based methods for analyzing multivariate binary data are 
multivariate probit and multivariate logit models that consider univariate normal and logistic distributions as 
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univariate margins respectively (Joe, 1997). On the other hand, the generalized estimating equations (GEE) 
methodology, an estimating equation based method, proposed by Zeger and Liang (1986) is extensively used for 
analyzing multivariate binary response data (Liang and Zeger, 1986).Akanda et al. (2005 a) observed that the 
estimator of the correlation based on conditional residuals yielded more efficient estimates than the usual GEE 
estimator that was based on unconditional residuals.  In another study, the estimates obtained were very analogous to 
the results obtained by using a weighted least squares (WLS) methodology (Akanda et al., 2005 b). The GEE 
estimates for Food supplement, economic status, wanted pregnancy, gainful employment, education, number of 
pregnancies, and age at marriage obtained under the assumption of exchangeable correlation provide more efficient 
estimators as compared to the independence and autoregressive correlation structures (Akanda and Khanam, 2007). 
Utilizing GEE method, Latif et al. (2008) observed that taking special food during the pregnancy period reduces the 
number of complication irrespective of different correlation structures. Age at marriage has a significant effect on 
pregnancy related complicacies (Akhter et al., 1996). The risk of suffering from complications is extensively higher 
among the women in case of unwanted pregnancy, lower level or no schooling, lower age at marriage (< 15 years), 5 
or more pregnancies prior to the index pregnancy (Gulshan et al., 2005).In this paper, an attempt is made to spot out 
the covariates entangled with some life-threatening and high-risk complications that sandwich among the rural 
women during antenatal period with an application to random effect Subject Specific-GEE (SS-GEE) model. 

2 Data 

The primary source of data for the present study was taken from Bangladesh Institute of Research for Promotion of 
Essential and Reproductive Health and Technologies (BIRPERHT) survey during the period from November 1992 
to December 1993 on maternal morbidity in the rural areas of Bangladesh. With the motive to identify the risk 
factors for maternal morbidity in Bangladesh, BIRPERHT conducted this survey and collect prospective repeated 
observation data. All the pregnant women of duration at most six months of the selected unions comprised the 
sample. All the selected women were followed till 90 days after delivery. The data on socio-economic, background, 
pregnancy-related care and practice, extent of morbidity during the index pregnancy, delivery and postpartum period 
or abortion were collected on 1020 women. Out of these 1020 women, 993 had at least one antenatal follow-up, and 
1005 had information on pregnancy termination. Finally, 1006 had at least one postpartum follow-up. Since 
progressively large proportions of selected pregnant women were lost to follow after 4 follow-ups, we consider up to 
4 follow-ups for the present dissertation. Table 2 shows the exact number of respondents interviewed during each 
follow-up. 

3 Variables 

The factors that contribute to maternal morbidity are too numerous to enumerate. The causes are multiple, 
interrelated and tiered. Information on socio-economic and demographic characteristics, pregnancy related care and 
practice, morbidity during the period of follow-up as well as in the past, information concerning complications at the 
time of delivery and during the postpartum period, etc. were also collected for all the selected pregnant women. 

In the light of objectives of this study, pregnancy complication variable is computed by gathering the major life-
threatening antenatal complications hemorrhage, oedema, excessive vomiting, and fits or convulsion. In this study 
the response variable is considered as binary taking the value 1 if at least one of the complications was present. 
Notationally, it can be defined as- 





=
otherwise. 0;

ons,complicatimajor   theof oneleast at  suffers woman  theif 1;
y

 
Among the available covariates, only five important covariates are considered in this study, which are: economic 
status of the respondents, age at marriage, antenatal check-up, place of work, and any miscarriage/abortion on the 
basis of significance probability (p<0.05). All these covariates are coded as binary with the reference categories, less 
than average for economic status, less than 16 years for age at marriage, not visited for antenatal check-up, at home 
for place of work, and no for miscarriage/abortion respectively. 

4 Method 

In this study, subject specific random effect model is applied to observe the association between certain covariates 
with repeated observations on status of complications at different follow-ups. Here Generalized Estimating Equation 
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(Zeger and Liang, 1986; Liang and Zeger, 1986) has been applied to the data of one to four repeated binary 
observations of the mother registered at BIRPERHT and we used R-programming   to analyze the data and to get the 
estimates.  

Suppose we are in a setting with m subjects (or clusters) and in  observations per subject where 
′

= 






iinYiYiYiY ,,2,1 
is a 1×in  vector of dichotomous responses, iX ( )pixixix ,,2,1 =

be an pni ×  
design matrix for p covariates, then the general linear mixed model (Laired and Ware, 1982) is given by 

iiviZiXiY εβ ++=
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. β and vi 
are called fixed and random effects respectively. The random effects, vi, are used to model the random variation in 
the Zi covariates at different levels of the data. It also represents the deviation of the intercept of a specific subject 
from the average intercept in the group to which that subject belongs. The random intercept model implies marginal 
compound-symmetry model where the effect of the random intercept is absorbed in the marginal covariance 
structure. 

It is hypothesize that the underlying distribution for random effects in the model that serves as the genesis of the 
within-panel correlation. In other words, it can be said that the correlation among individual responses within the 
same subject (patient) is accounted for by adding a subject-specific random effect term to the logit.  

There are three items we must address to build models for SS-GEE: i) a distribution for the random effect, ii) the 
expected value which depends on the link function and the distribution of the random effect, iii) the variance 

function of the usual variance and the random effect. This formulation assumes a single random effect iν  following 

the Gaussian distribution with mean zero and variance
2
νσ .  The expression for the marginal mean for the logit link 

has no closed form solution, but may be approximated by 
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According to Zeger et al. (1988) the equation of variance-covariance matrix is obtained by- 
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Where J is a vector of indicator variables. The first term is a matrix of variance components for the random effect 

and the second term is a matrix of the dispersion parameter, and where, mean vector )(1
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According to Zeger et al. (1988), the expression for 
( ) ( )itVaityV µφ=)(

 is nothing but diagonal matrix
=)( ityV
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 of Zeger and Liang (1986). To estimate the parameters of SS 

logistic regression model by the method of GEE we put itµ  and iV iV~=  to the generalized estimating equation of 

Zeger and Liang (1986) given by
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, then solve for β  to get the estimates 

of SS-parameters (
SSβ ). 

In practice the random effect terms are unobserved and this leads to complications when we consider estimation of 

the regression coefficients
SSβ  and the estimate of the variance covariance matrix of the estimated SS-parameters 

is given by 
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5 Results 

Respondents entered into the study at different times in their pregnancies; hence we observe that after the first two 
follow-ups the number of respondents decreased sharply. The most remarkable feature of different surveys 
conducted in South Asian countries is that the towering majority of respondents undergo some identifiable problem 
or illness during pregnancy or during labor and delivery. 

Table 1 depicts percentage distribution of respondents by complications during pregnancy and by selected 
characteristics. Data show that 25 percent of the respondents of low economic status suffer from one of the 
pregnancy complications as compared to that of 29.5 percent of the respondents of high economic status. Although it 
is surprising that respondents belonging to higher socio-economic status have reported higher percentage with 
complications during pregnancy, there might be some explanations. Women from lower socio-economic status are 
exposed to more physical labor during pregnancy that might help them to avoid some of the complications. It is also 
observed that the prevalence of complications is relatively low for those with age at marriage 16 or higher as 
compared to those who reported their age at marriage less than 15 years inclusive (Table 1). In rural areas of 
Bangladesh, the gap between the age at marriage and birth of first child is not much. 
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Table 1. Percentage distribution of selected socio-demographic covariates by complications during pregnancy of the 
selected respondents 

Covariates Category 
Pregnancy complications Value of χ2 statistic 

(d.f) 
p-
value No Yes 

Economic status Low 75.3 24.7 
6.99 (1) 0.008 

  High 70.5 29.5 

Age at marriage  

   

70.2 29.8 
6.81 (1) 0.009 

  >15 years 74.6 25.4 

Antenatal check-
up 

  

Not visited 79.8 46.9 
245.05 (1) 0 

Visited 53.1 20.2 

Place of work  At home 72.1 27.9 

12.17 (1) 0 
 

Out side 54.8 45.2 

        

Any miscarriage/ No 72.4 27.6 
4.62 (1) 0.032 

abortion Yes 67.7 32.3 

 

Table 2. Distribution of respondents interviewed during selected follow-up period by complications’ status 

 Complications 

 No Yes Total 

Follow-up Frequency Percentage Frequency Percentage Frequency Percentage 

1 592 59.7 400 40.3 992 97.3 

2 678 73.9 239 26.1 917 89.9 

3 599 77.7 172 22.3 771 75.6 

4 478 80.5 116 19.5 594 58.2 

 

So those who get married at very young age begin their childbearing at a younger age as well and at that time, 
physiologically they are unfit to become a mother. The respondents who did not attend the antenatal check-up 
suffered from complications at a higher proportion (47 %) than those who attended the check-up (20.2%). The table 
also shows that the proportion of respondents with complications decreases with level of their working place. 
Among the respondents who work at home, 27.9 percent reported complications during pregnancy, whereas 45.2 
percent of the respondents working outside of home encountered pregnancy complications. This may be considered 
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as the reflector of the fact that women having safe and comfortable working place can avoid some complications 
during pregnancy as compared to the other counterparts. The high-risk group women are those who have had 
experienced any miscarriage or abortion. These types of deliberate or accidental hazards always accelerate the risk 
for reproductive women. It is observed that the life-threatening or high-risk complications are prevalent at a higher 
proportion among the high-risk groups. Thirty two percent of the women with any miscarriage or abortion reported 
to have complications as compared to that of 27.6 percent among those who do not experienced any miscarriage or 
abortion. 

Table 2 represents the follow-up distribution of respondents with or without complications. We observe that the 
number of respondents decreases rapidly as number of follow up increases. However, the distribution of available 
respondents shows that at the first follow up, more than 40 percent had one or more complications. 

In this part of the study, we present the estimates of the coefficients of the covariates obtained under the assumption 
of random effect structure. The following table (Table 3) provides the estimates of the parameters of the link 
function along with their estimated standard error, associated Wald test and the odds ratio. We observe that 
economic status, age at marriage, antenatal check-up, place of work, and any miscarriage or abortion are significant 
at 1% level. The prevalence of the complications appears to be significantly higher among the respondents of better 
economic status. The odds ratio shows that there is 50 percent increase in the risk of suffering from pregnancy 
complications among the women of higher economic status as compared to that of women of lower economic status. 
It is noteworthy that women with age at marriage more than15 years are less likely (one-fourth) to experienced 
pregnancy 

Table 3. SS-GEE estimates for pregnancy complications under the assumption of random effect structure within the 
responses 

Covariates Estimated 
Coefficients 

Estimated 

Standard Error 

Wald Statistic Odds 
Ratio 

Constant -0.0452 0.0637 1.2401 0.8739 

Economic status 0.5104 0.0825 8.9205** 1.4928 

Age at marriage -0.1197 0.0439 6.0170** 0.7466 

Antenatal check-up -0.3408 0.0325 7.2234** 0.5928 

Place of work 0.2537 0.0237 9.6289** 1.4894 

Any miscarriage/abortion 0.1893 0.0549 5.9927** 1.7259 

Chi-square value = 928.2137 p-value = 0.000 
** Significant at 1% level. 

complications as compared to their less than 16 years of age at marriage counterparts. It is startling that the 
prevalence of complications is reportedly higher during the initial stage of pregnancy and decrease significantly at 
the advanced stage. It is observed that there are 41 percent decrease in the risk of suffering from pregnancy 
complications among the reproductive women who have visited for antenatal check-up to that of women who are not 
taking antenatal check-up. Women who work outside of home are 1.49 times likely to encountered one of the above 
complications as compared to their homely counterparts. As compared the respondents with no miscarriage or 
abortion, pregnancy complications increase substantially (73%) for respondents having miscarriage(s) or abortion(s). 
Table 3 represents that all the covariates used in the present study are highly significant under the random effect 
assumption. In addition to the positive association between economic status and prevalence of pregnancy 
complications, we find that place of work, and any miscarriage or abortion exert positive effect and age at marriage, 
antenatal check-up negative effect as well. 
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6 Discussions and Conclusion 

Pregnancy related complications are very common in the rural areas of Bangladesh. In this study an endeavor has 
been made to identify the factors associated with some life-threatening complications commonly confronted by the 
rural reproductive women during childbearing tenure utilizing random effect SS-GEE model. All the covariates 
included in this study have been found to be highly significant (1%) in both bivariate and multivariate analysis. The 
generalized estimating equations approach is employed in order to analyze the repeated observations during 
pregnancy emerging from a follow-up study. Women from lower socio-economic status are exposed to more 
physical labor during pregnancy, which might help them to avoid some of the complications. It is demonstrated by 
the model that the risk is significantly higher among the respondents who reported their age at marriage lower than 
16 years. In other words, lower age at marriage has an accumulated effect in the subsequent pregnancies as well. 
This shows the health problems associated with marriage at very young ages in the rural areas of Bangladesh. Those 
who reported their age at marriage more than fifteen years are less likely to suffer from pregnancy complications 
during index pregnancy. Similarly, the results confirmed the belief that the risk of suffering from complications 
decreases with an increase in the duration of pregnancy. This might be attributable to the psychological factors 
associated with every pregnancy. There are some researchers has been found similar pattern for prevalence of 
complications during pregnancy with economic status and age at marriage (Latif et al., 2008; Salam and Khanam, 
2007; Gulshan et al., 2005)  

However, there is a negative association between age at marriage, and antenatal check up and prevalence of 
complications. Fromthis study, we would recommend that the SS-GEE model with random effect structure indicates 
better predictors than the GEE model with different correlation (independence, exchangeable and autoregressive) 
structures (Latif et al., 2008; Salam and Khanam, 2007; Akanda and Khanam, 2007; Gulshan et al., 2005). That is, 
the GEE model with random effect structure for repeated observations is fitted well. 
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Abstract. Partial least square (PLS) regression is gaining popularity in different branches of research due to its 
flexibility in use. However, it is relatively new in public health research. PLS combines features from principal 
component analysis and multiple linear regression. It suits the situation that standard regression would fail to solve 
when high collinearity exists among predictors. In this study we attempted to predict 5 birth size measurements 
simultaneously from a set of 10 maternal factors using PLS regression and compared its performance with principal 
component (PC) regression.  The data was taken from women with singleton live births (n=14,506) participating in a 
large community-based, double-masked, cluster-randomized, placebo-controlled maternal vitamin A or β-carotene 
supplementation trial in rural Bangladesh. All the maternal factors except maternal vitamin A and β-carotene 
supplementation had a significant (p<0.001) effect in predicting infant size at birth. Among them, preterm delivery 
had the largest negative influence on infant’s size (β = -0.27; p<0.001). PLS regression required only 2 components 
to predict infant’s size where as PC regression required 5 components. In summary, PLS regression is a useful, 
efficient method to predict infant size at birth using maternal factors.   

 

1 Introduction 

There is an interest among maternal and child health researchers to understand the association between infant size at 
birth and maternal socio-demographic and health factors. It is universally recognized that size at birth is an 
important indicator of fetal and neonatal health on an individual and population level. Birth weight in particular is 
strongly associated with fetal, neonatal, and postneonatal mortality, and with infant and child morbidity[1, 2]. 
However, fetal growth is largely, but not solely, determined by the availability of nutrients from the mother before 
and during gestation, as well as placental capacity to supply these nutrients in sufficient quantities to the fetus [3], 
and birth size can reflect the intrauterine environment. Variation in socioeconomic status can often be expected to 
determine maternal diet, health and other more proximal maternal exposures that may affect birth size, which may 
confer on some SES factors an ability to predict birth size [4].  

Birth weight is often the exclusive birth size measure used to evaluate fetal growth. However, other measurements 
like length and head, chest, and arm circumferences may be important in predicting long-term outcome [5]. In 
exploring the health effects of different exposures, observational epidemiologic studies often deal with data that 
include both a set of exposure variables and a set of outcome variables. More often the variables are interrelated to 
some extent and consequently multicollinearity often exists.  Routine statistical approaches such as multiple linear 
regression or principal component regression are usually challenged with multiple testing. Specifically, using 
separate statistical significance tests for each regression equation when there are multiple outcomes substantially 
increases the risk of Type 1 error [6]. Additionally, the multiple linear regression or principal component regression 
is not able to address the correlation structure among the dependent variables. Since partial least squares (PLS) 
regression is used to predict a set of dependent variables from a set of independent variables and is not affected by 
multicollinearity, it can address the correlation structure among the dependent variables as well, and has the 
potential to be a useful method to predict infant size at birth from maternal factors.   
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Partial Least Squares (PLS) regression, developed by Harman Wold in the 1960’s, generalizes and combines 
features from Principal Component Analysis (PCA) and multiple linear regression[7, 8]. Its goal is to predict or 
analyze a set of criterion variables simultaneously from a set of predictors among which multicollinearity may 
occur, particularly in case of a large set of predictor variables, and describe their common structure. We aim to 
predict infant size at birth from maternal factors using PLS regression and compare this method with other 
frequently used methods like multiple regression, principle component regression, and ridge regression. We also 
want to introduce this powerful technique to the public health researcher as it is relatively new in this field. 

2 Materials and methods 

2.1 Data 

The data reported in this analysis were collected during a field based study assessing the efficacy of maternal 
vitamin A or β-carotene supplementation on maternal and infant mortality through 6 months of age from July 2001 
to January 2007. Details are available elsewhere [9, 10].  In brief, this study was conducted in a contiguous ~435 sq 
km area in rural northwestern Gaibandha and Rangpur Districts of Bangladesh, with a population of ~650,000. Birth 
size measurements were collected as part of a newborn placebo-controlled, single-dose vitamin A supplementation 
trial that was nested into the maternal trial [11]. Live-born infants were visited for dosing by field staff as soon as 
possible after birth (median (IQR) hrs: 7 (2,18)).  Singleton liveborn infants measured within 72 hours of birth 
(median (IQR) hrs: 18 (9, 36), n=16,290, (75% of 21,585 singleton live born infants) were included. (Among these 
infants, 14,506 (89% of 16,290) had complete data and were included in this analysis.   

On enrollment into the parent trial, consenting mothers were interviewed about household socioeconomic condition, 
education, demographic characteristics, previous pregnancy history, recent morbidity history and 7 day food intake 
and mid-upper arm circumference. A Living Standard Index (LSI) was constructed using principal component 
analysis from household socio-economic variables and was used to describe socio-economic status[4]. At 3 months 
postpartum another interview was completed to collect dietary, morbidity, antenatal care (ANC) received, and 
events and care received during labor and delivery, among other postpartum factors. At the birth visit (median age 
(IQR) hrs: 18 (9, 36), which was conducted supplementing the newborn with either of the trial supplements, one of 
56 standardized, female anthropometrists measured newborn weight, length, and mid-upper arm, head, and chest 
circumferences. Birth weight was measured to the nearest 10g using a Tanita BD-585 digital pediatric scale (Tanita 
Corporation, Tokyo, Japan). Length was measured to the nearest 0.1 cm using an affixed headboard and movable 
footplate that had been fashioned for use with the Tanita scale. Circumferential measurements were made to the 
nearest 0.1 cm with a Ross insertion tape (Abbott Laboratories, Columbus, OH). All measurements, except for 
weight, were measured in triplicate following standard methods[12] . The maternal characteristics included in this 
study are: age at enrollment, parity, mid upper arm circumference (cm), education (yrs), living standard index, 
number of ANC visits, and maternal trial supplementation. Additional infant characteristics included preterm (<37 
week of gestation) delivery and infant gender (female/male).  

2.2 Partial Least Squares Regression 

Suppose there are q dependent variables, Y1, Y2, . . . Yq and p independent variables, X1, X2, . . . Xp. The aim of 
multivariate PLS is to find one set of components that yields good linear models for all the Y variables. The model 
will have the form 

Y� = βk0 + βk1T1 + ⋯ + βkmTm … … … … (1) 

for k=1,2, . . . q, where each of the components, T1,T2 . . . Tm, is a linear combination of the X variables. It should be 
noted that the same components occur in the model for each Y variable; only the regression coefficients change. 
PLS regression finds latent variables stored in a matrix T that model X and simultaneously predict Y. The latent 
vectors could be chosen in a number of different ways. In fact, any set of orthogonal vectors spanning the column 
space of X could be used to play the role of T. In order to specify T, additional conditions are required. For PLS 
regression this amounts to finding two sets of weights denoted w and c in order to create a linear combination of the 
columns of X and Y such that these two linear combinations have maximum covariance. Therefore, the algorithm 
for PLS regression is as follows: 
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Step 1: Transform X and Y in to Z-score and store in matrices X0 and Y0 

Step 2: Compute the correlation matrix between X0 and Y0, R1=X0
TY0 

Step 3: Perform singular value decomposition (SVD) on R1 and produce two sets of orthogonal singular vectors w1 
and c1 corresponding to the largest singular value, λ1. 

Step 4: The first latent variable for X is given by T1= X0
Tw1. 

Step 5: Normalize T1 such that T1
TT1=1 

Step 6: The loadings of X0 on T1 is computed as P1=X0
TT1and X�1 = T1

TP1. 

Step 7: Compute U1=Y0c1 and Y�1 = U1c1
T=T1b1c1

T ... ... ... (3),  

 Where, b1=T1
TU1 

The scalar b1 is the slope of the regression of Y�1 on T1. Equation (3) shows that Y�1 is obtained as linear regression 
from the latent variable extracted from X0. Matrices X�1 and Y�1 are then subtracted from the original X0 and Y0 
respectively to give deflated X1 and Y1. 

Step 8: X1=X0-X�1 and Y1=Y0-X�1 

Step 9: The first set of latent variables has now been extracted. Matrices X1 and Y1 now become the input matrices 
for the next iteration and play the roles of X0 and Y0, respectively. From the SVD of matrix R2=X1

TY1, we get w2, 
c2, T2 and b2 and the new deflated matrices X2 and Y2. 

Step 10: The iterative process continues until X is completely decomposed in to L components (where L is the rank 
of X). When this is done, the weights (i.e., all the w’s) for x are stored in the J by L matrix W (whose l-th column is 
wl). 

The latent variables of X are stored in matrix T, the weights for Y are stored in C, the latent variables of Y are stored 
in matrix U, the loadings for X are stored in matrix P and the regression weights are stored in a diagonal matrix B. 
The regression weights are used to predict Y from X. 

Therefore, the predicted Y scores (in the form of Z-scores) are given by  

Y� = TBCT = XBPLS ... ... ...   (4) 

Where BPLS=PT+BCT, where PT+ is the Moore-Penrose pseudo-inverse of PT. BPLS has J rows and K columns. 

We performed approximate t tests of regression coefficients based on jackknife variance estimates[13]. Root-Mean 
Square Error of Prediction (RMSEP) was used to select the number of components necessary for the PLS and PC 
regression model. We also used it to measure the performance of both PLS and PC regression analysis. The root-
mean square error of prediction (RMSEP) tells us about the fit of the model to the data set used. It is defined as, 

RMSEP = �∑ (yi−y�i)2n
i=1

n
     ... ... ... (5) 

where the yı�  are the values of the predicted variable when all samples are included in the model formation, and n is 
the number of observations.  

To compare the performance of PLS regression over PC regression we calculated the Pearson’s correlation 
coefficients between the predicted and observed values with different number of components. 

3 Results 

Pair wise correlations and scatter plots of the variables are presented in Figure 1. Except for maternal vitamin A and 
β-carotene supplementation during pregnancy, all other variables are variably but significantly correlated with each 
other, which indicates multicollinearity among predictors if using classical multivariate regression.  

Table 1 presents the standardized PLS regression coefficient with 2 components. Except for prenatal 
supplementation status, all other variables have significantly (jackknife p-value<0.001) contributed in predicting 
infant’s size at birth. Preterm delivery was the most influential variable which was negatively associated with 
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infant’s size at birth. Maternal age, parity, and MUAC, and infant’s gender have almost identical effects on birth 
size. Loading and scatter plots of the 1st and 2nd component for the maternal factors are presented in Figure 2. The 
loading plot (first panel) shows that preterm delivery dominates on both the components. Infant’s gender had more 
effect on component 2 compared to component 1. Living standard index (LSI), number of visits for antenatal care, 
maternal MUAC and age have similar effects on both components. The second panel of Figure 2 showed four 
different groups among the participants. 

These four groups were depicted due to the interaction effect of preterm delivery and infant gender, two variables 
which dominated the relationship. Also the Multivariate Analysis of Variance (MANOVA) showed interaction 
effect of preterm delivery and infant’s gender on the infant’s size at birthwas significant (data not shown, F=161.83, 
P<0.001). 

To compare PLS regression and PC regression performance, root mean squared error of prediction (RMSEP) were 
calculated using different number of components for both the regression models. Figure 3 presents the MSEP for 
both cross validation and adjusted cross validation were plotted against the number of component used in the model. 
From this figure it is obvious that only 2 components optimized the predictive ability of PLS regression where as in 
PC regression 5 components were needed to optimize the predictive ability of the model. 

 
Fig 1. Pair wise correlation and scatter plot matrix of the study variables 

 

The Pearson’s correlation coefficients between the predicated values (by PLS regression with 2 components and PC 
regression with 2, 3, 4, and 5 components respectively) and observed values of infant’s size measurements were also 
presented in Table 2. It is observed that predicted values with 2 principal components had very poor correlation with 
observed values. But the correlations between predicted values with 5 components in PC regression and observed 
values are closer to the correlation between predicted values with only 2 components in PLS regression and 
observed values. Notably, the 2 PLS components that were derived from maternal factors explained only ~26% of 
the total variation had a predictive ability that was comparable to the 5 PC components model that explained ~73% 
of total variation. Thus, it is not necessary to have a large variability explained by the components of the original 
variable to have a better predictive ability.  
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It is also worth noting that  the correlations between predicted values with 5 components in PC regression and 
observed values are closer to the correlation between predicted values with only 2 components in PLS regression 
and observed values. 

4 Discussion 

The PLS regression revealed that all the maternal variables examined, except vitamin A and β- carotene supplement 
allocation status, had significant associations with birth size. Preterm delivery had the greatest significant negative 
effect on birth size. In terms of predictive ability PLS regression performed better with only 2 components than PC 
regression with its included 5 components.  PLS regression was used in this study because there is an indication of 
colinearity among the maternal factors that needed to be considered in order to predict 5 dependent variables 
simultaneously with all of the independent variables, thereby addressing the correlation structure among the 
dependent variables. The PLS method simultaneously predicts a set of  

Table 1. Standardized PLS regression coefficients using 2 components with Jackknife SE and p-value to predict 
infant’s size at birth from maternal factors 

Maternal 
factors 

Weight Length MUAC Head 
circumference 

Head 
circumference 

β  
(SE) 

p-value β 
(SE) 

p-value β 
(SE) 

p-value β 
(SE) 

p-value β 
(SE) 

p-value 

Age 0.10 
(0.01) 

<0.001 0.09 
(0.00) 

<0.001 0.10 
(0.01) 

<0.001 0.07 
(0.01) 

<0.001 0.10 
(0.01) 

<0.001 

Parity 0.11 
(0.00) 

<0.001 0.10 
(0.01) 

<0.001 0.09 
(0.01) 

<0.001 0.09 
(0.01) 

<0.001 0.10 
(0.00) 

<0.001 

MUAC 0.11 
(0.01) 

<0.001 0.10 
(0.01) 

<0.001 0.11 
(0.01) 

<0.001 0.09 
(0.01) 

<0.001 0.11 
(0.01) 

<0.001 

Education 0.03 
(0.00) 

<0.001 0.03 
(0.01) 

<0.001 0.03 
(0.01) 

0.001 0.02 
(0.01) 

0.009 0.03 
(0.00) 

<0.001 

LSI 0.06 
(0.00) 

<0.001 0.05 
(0.01) 

<0.001 0.07 
(0.01) 

<0.001 0.03 
(0.01) 

<0.001 0.06 
(0.00) 

<0.001 

Prematurity -0.27 
(0.01) 

<0.001 -0.27 
(0.01) 

<0.001 -0.19 
(0.01) 

<0.001 -0.29 
(0.01) 

<0.001 -0.25 
(0.01) 

<0.001 

No of ANC 
visit 

0.06 
(0.01) 

<0.001 0.05 
(0.00) 

<0.001 0.07 
(0.01) 

<0.001 0.04 
(0.01) 

0.001 0.06 
(0.01) 

<0.001 

Viamin A supp 0.01 
(0.01) 

0.467 0.00 
(0.01) 

0.592 0.01 
(0.01) 

0.371 0.00 
(0.01) 

0.733 0.00 
(0.01) 

0.468 

β-carotene 
supp 

-0.01 
(0.01) 

0.178 -0.01 
(0.01) 

0.224 -0.01 
(0.01) 

0.142 -0.01 
(0.01) 

0.300 -0.01 
(0.01) 

0.176 

Infant’s gender 
(M=1/F=0) 

0.12 
(0.01) 

<0.001 0.12 
(0.01) 

<0.001 0.07 
(0.01) 

<0.001 0.16 
(0.01) 

0.001 0.11 
(0.01) 

<0.001 

 

Abbreviations: MUAC, Mid-Upper Arm Circumference; LSI, Living Standard Index; Mom MUAC, Maternal Mid-
Upper Arm Circumference. 
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Fig 2. Loading plot and score plot for the first two components 

dependent variables from a set of independent variables,instead of using separate regression models for each 
dependent variable, eliminating the need for multiple testing and thus reducing the type-I error.  The PLS procedure 
gives a global view of the predictive relationship between maternal factors, in this instance, and indicators of infant 
size at birth 

Fig 3. Root mean squared error of prediction (RMSEP) using different number of components for PLS and PC 

regression analysis 

Variable selection is one of the most important tasks in regression analysis. The variance of a regression coefficient 
increases when increasing the number of independent variables introduced into the model. Therefore, it is 
statistically advantageous to reduce the number of explanatory variables in a given model. PLS can be viewed as a 
good method to do regression analysis, because the components are selected so that they describe the dependent 
variables as much as possible. The main goal for a PLS method is to minimize the number of variables introduced 

  

  
PC regression PLS 

 

Weight Height MUAC MUAC Height Weight 

HC CC CC HC 

Number of components Number of components 
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into a model. As a result, the PLS method provides more stable estimates than other regression methods. Criteria 
that give penalties on the number of variables, like Akaike Information Criterion (AIC), or those where model 
performance is evaluated, like the Mallows Cp criteria, also give rise to the need to include more variables than the 
PLS method [14]. 

Table 2: Comparison between partial least squares and principal component regression-Pearson’s correlation 
coefficient between the predicted and observed value with different number of components 

 
Infant’s size 

PLS 
regression 

Principal component regression 
(Number of components) 

2components 2  3  4  5 

Weight  0.385 0.016 0.276 0.281 0.383 
Length 0.372 0.014 0.240 0.243 0.365 
MUAC 0.318 0.011 0.251 0.267 0.321 
Head circumference 0.375 0.030 0.217 0.218 0.371 
Chest circumference 0.368 0.012 0.257 0.272 0.368 

Variance explained (Rx
2) 23.64% 38.82% 52.92% 63.14% 72.82% 

 

PLS extracts from the independent and dependent variables a number of orthogonal latent variables not restricted to 
the minimum number of variables between the two sets (dependent and independent sets) that account for most of 
the variation of original variables. So in the PLS method like PC, the challenge of choosing an optimum number of 
latent variables remains in order to obtain the best generalization for the prediction of dependent variables. The 
validation period is used to determine the number of latent variables that presents the lowest value of MSEP. With 2 
components, PLS regression provided the minimum MSEP,in contrast to PC regression that required 5 
components.In PLS regression, a pair of components is chosen from the dependent and independent variables so that 
they are closest to each other. However, in PC regression a component is chosen from the independent variables 
which captures most of the variability and it does not take into account how close it is to the dependent variables. 
This is why a smaller number of components in PLS regression is needed to still enable better prediction. The 2 PLS 
components extracted to predict size at birth explained only ~24% variation of the maternal factors; however, for PC 
regression, 5 components were chosen that explained ~73% variation of the maternal factors.  This aspect of 
efficiency provides a basis for obtaining better prediction without necessarily needing to explain a large amount of 
variability of the independent variables by the extracted components in PLS regression. 

The relationships between infant size at birth and maternal socio-demographic factors have important implications. 
Although the different indicators of infant size at birth (weight, length and head, chest and arm circumference) are 
highly correlated, the combination of all the indicators of infant’s size captures more information than a single 
measurement in isolation. Many studies exploring the association between maternal characteristics and infant size at 
birth have been conducted.  These studies commonly use multivariate regression methods which do not allow for 
multiple dependent variables. Rather, they fit separate regression models for each dependent variable eventually 
increasing type-1 error with each test for each model. PLS regression offers a multivariate tool to the public health 
research community to understand a phenomenon, such as birth size, which can be measured via several informative 
indicators that comprise more than one dependent variable.  PLS allows the researcher to predict a complex outcome 
from a set of interrelated independent variables.    
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Abstract. Background: Smokeless tobacco (SLT), commonly used in many countries, is associated with various 
health effects and should given ‘most urgent and immediate priority’ intervention to reduce the effects.  

Data and Methods: Data was obtained from GATS survey; information from 2009 individuals aged 15 years and 
above living in Bangladesh using smokeless tobacco products was analysed for this paper. Descriptive analysis and 
comparison of characteristics to gender was done. Logistic regression was used for advance analysis. 

Results:   Respondents from rural area (56.45%) use more smokeless tobacco products than from urban area 
(43.55%); average age was 47 yrs with standard deviation (SD) 15.50. Female (69.89%) were more likely to use 
smokeless tobacco than male (30.11%). Prevalence of using smokeless tobacco was high among the less educated 
and illiterate respondents and among the low income people (homemaker/ house worker, daily laborer, land 
owner/farmer etc). It was found that prevalence of using smokeless tobacco products daily is significantly higher 
among females (p-value=0.001). But the average number of using smokeless tobacco products was high among 
males. It is also observed that males were more interested to stop using smokeless tobacco products than females (p-
value=0.001). Respondents of urban area are 1.4 times more likely to plan about quitting smokeless tobacco use; 
males are 2.7 times more likely than females; less than daily users are 3.2 times more likely than daily user and older 
people are less likely in quitting smokeless tobacco use. 

Conclusion: Older females of Bangladesh should promoted cessation of using smokeless tobacco products to reduce 
associated mortality. 

Keywords: Chi-square test, t-test, Mann-Whitney U-test, Logistic Regression. 

1 Introduction  

Smokeless tobacco (SLT), commonly used in many countries, is associated with various health effects. Smokeless 
tobacco is used by some ethnic minority groups, particularly those from South Asia. Bangladesh is one of the largest 
tobacco consuming countries in the world. Over 58% of men and 29% of women use some form of tobacco, whether 
smoked (both cigarettes and bidis) or smokeless (Barkat et al. 2012). Smokeless tobacco is tobacco that is not 
burned such as chewing tobacco, oral tobacco, spit or spitting tobacco, dip, chew and snuff. Smokeless tobacco use 
is common among women and men both, 28% of women and 26% of men use smokeless tobacco (Barkat et al. 
2012). Chewing tobacco is most commonly used by the Bangladeshi community with 9% of men and 19% of 
women (Tobacco and ethnic minorities: Action on smoking and health fact sheet, 2011). Also there are many types 
of smokeless tobacco such as betel quid or pan, zarda, khoinee (dried tobacco and slaked lime). Smokeless tobacco 
contains 28 cancer-causing agents (carcinogens). Smokeless tobacco is a known cause of human cancer; it increases 
the risk of developing cancer of the oral cavity. Smokeless tobacco is also strongly associated with leukoplakia—a 
precancerous lesion of the soft tissue in the mouth that consists of a white patch or plaque that cannot be scraped off. 
Smokeless tobacco is associated with recession of the gums, gum disease, and tooth decay. (Centers for disease 
control and prevention: Smokeless tobacco fact sheets, 2011). 
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Research on tobacco has been started from long ago and still is going on. Most of them are related to Tobacco 
Smoking. Very few works has been done on smokeless Tobacco (Accortt et al.,2002; Bofetta and Strsif, 2009; 
Henley et al., 2005; Gupta et al., 2007;  Huhtasaari et al., 1999; Bedi et al., 1995; Lin W-Y et al., 2008; Rahman et 
al., 2011; Rahman et al., 2012). Still there are many scopes to work on this area, especially to know the nature and 
attitudes of the smokeless tobacco users. Therefore we will do a statistical analysis on “Smokeless Tobacco Use in 
Bangladesh.” Main target of this paper is to know the attitudes of smokeless tobacco users in Bangladesh. In 
addition, secondary targets are to know the socio-demographic status of the smokeless tobacco users and the trend of 
smokeless tobacco uses by gender and residence. 

2 Data and Methodology 

The data was collected by Global Adult Tobacco Survey Collaborative Group. Global Adult Tobacco Survey 
(GATS), Version 2.0. Atlanta, GA: Centers for Disease Control and Prevention, 2010. The survey was conducted in 
14 countries: Bangladesh, Brazil, China, Egypt, India, Mexico, Philippines, Poland, Russia, Thailand, Turkey, 
Ukraine, Uruguay and Vietnam from 2008 to 2010. We will use only the data of Bangladesh which consist 
information on 9629 respondents aged 15 years and above. GATS was a multistage geographically clustered sample 
design to produce nationally representative data. Survey information was collected using handheld device. Details 
about the survey methods, questionnaire, and definitions of various terminologies can be found in Giovino et al 
(2012), Kalsbeek et al (2012) and Global Adult Collaborative Group. Global Adult Tobacco Survey (GATS): quality 
assurance, guidelines and documentation, version 2.0. 

For this paper, the data set has been screened out for smokeless tobacco users. Obtained screened 2009 data set has 
been analyzed in this paper. First, the descriptive analysis has been performed. Mean (standard deviation), median 
(inter-quartile range), frequency (percentage) etc. are used for that. Then a comparison of the characteristics has 
been done to gender. Chi square test, Mann-Whitney U test and independent-sample t-test have been used whichever 
applicable. Logistic regression has been used for advanced analysis.   

2.1 Analysis 

Table#1 shows characteristics of study subjects. Respondents from rural area (56.45%) use more smokeless tobacco 
products than from urban area (43.55%); average age is 47 yrs with standard deviation (SD) 15.50. Female (69.89%) 
are more likely to use smokeless tobacco than male (30.11%). Prevalence of using smokeless tobacco is high among 
the less educated and illiterate respondents and among the low income people (homemaker/house worker, daily 
laborer, land owner/farmer etc). Among the selected household items very few of the smokeless tobacco users have 
high class household items. Among current smokeless tobacco users, 94.44% are daily users and 8.56% are less than 
daily users. On an average the people of Bangladesh start to use smokeless tobacco daily at age 27 yrs with SD 
13.53. Among the daily users, average no. of using betel quid with zarda per day is 3 with inter quartile range (IQR) 
0-6, whereas the figure is for other smokeless tobacco products is 0 (IQR 0-5). We have found that after wake up a 
large portion of respondents (8.46%) use smokeless tobacco products daily within 5 minutes. Among the less than 
daily users (average age 27 yrs with SD 12.90) use only betel quid with zarda and the average number is 2 (IQR, 1-
5). About 29.32% respondent tried to stop using the tobacco products within last one month, 45.89% are planning to 
stop in future and 45.50% are not interested to try to stop. Most of the users (6.82%) are tried to stop smokeless 
tobacco by using counseling, including at a cessation clinic. About 92.33% users believe that smokeless tobacco 
causes serious illness including 70.08% for stroke, 72.13% for heart attack and 78.80% for bladder cancer and it 
differs significantly to residence (p-value=0.004).  About 67.35% of user supported to increase taxes on tobacco 
product.  
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Table # 1: Characteristics of the study subjects. 

Characteristics N=2009 

Demographic Characteristics   

Residence (%)  

Urban 875(43.55) 

Rural 1134(56.45) 

Gender (%)  

Male 605(30.11) 

Female 1404(69.89) 

The month of DOB, Median(IQR) 5(2-8) 

Age (yrs), Mean (SD) 47.06(15.50) 

Educational Level (%)  

No formal schooling 1099(54.70) 

Less than primary school completed 306(15.23) 

Primary school completed 225(11.20) 

Less than secondary school completed 217(10.80) 

Secondary school completed 60(2.99) 

High school completed 31(1.54) 

College/University completed 21(1.05) 

Post graduate degree completed 22(1.10) 

Occupation (%)  

Government employee 33(1.64) 

Non-Government employee 87(4.33) 

Business-small  131(6.52) 

Business-large 12(0.60) 

Farming (land owner & farmer) 142(7.07) 

Agricultural worker 63(3.14) 



257 
 

Industrial worker 30(1.49) 

Daily laborer 110(5.48) 

Other self-employed 69(2.94) 

Student 6(0.30) 

Homemaker/Housework 1103(54.90) 

Retired  30(1.49) 

Unemployed, able to work 30(1.49) 

Unemployed, unable to work 62(3.09) 

Other (specify) 109(5.43) 

Household items (%)   

Electricity  1077(53.61) 

Flush toilet 71(3.53) 

Fixed telephone 40(1.99) 

Cell phone  1069(53.21) 

Television  671(33.40) 

Refrigerator 187(9.31) 

Radio  177(8.81) 

Car  3(0.15) 

Moped/scooter/motorcycle 63(3.14) 

Washing machine  5(0.25) 

No. of rooms are used for sleeping, Median (IQR) 1(1-2) 

Types of material of the roof of house (%)  

Katcha /Bamboo/thatched/straw 129(6.42) 

tin/tiled 1702(84.72) 

Cement/concrete 160(7.96) 

Other 17(0.85) 
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Current smokeless tobacco users (%)  

Daily 1837(94.44) 

Less than daily 172(8.56) 

Current daily smokeless tobacco users  

Age at first started smokeless tobacco *daily*, Mean(SD)  27.02(13.53) 

Use of average no. of smokeless tobacco products, Median 
(IQR) 

 

Betel quid with zarda  

Per day 3(0-6) 

Per week 0(0-3) 

Others  

Per day 0(0-5) 

Per week 0(0-3) 

Time to first start smokeless tobacco after wake up (%)  

within 5 minutes 170(8.46) 

6 to 3o minutes 519(25.83) 

31to 60 minutes 383(19.01) 

more than 60 minutes 764(38.03) 

Current less than daily smokeless tobacco users  

Age at first start smokeless tobacco daily, Mean(SD) 27.43(12.90) 

Use of smokeless tobacco products per week, Median (IQR)  

Betel quid with zarda    2(1-5) 

Smokeless tobacco cessation among current daily & current 
less than daily users 

 

Tried to stop using smokeless tobacco (%) 596(29.67) 

Duration of time to try to stop smokeless tobacco (%)  

Months 120(5.97) 
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Weeks 114(5.67) 

Days 244(12.15) 

Less than 1 day (24 hours) 111(5.53) 

Way of trying to stop smokeless tobacco (%)  

Counseling, including at a cessation clinic 137(6.82) 

Nicotine replacement therapy, such as the patch or gum 5(0.25) 

Traditional medicines  4(0.20) 

A quit line or a smoking telephone support line 2(0.10) 

Anything else 30(1.49) 

Visited a doctor or other HCP in the past 12 months (%)  993(49.43) 

Asked about smokeless tobacco by doctor or HCP in the past 
12 months (%) 

593(29.52) 

Getting health care provider’s advice to quit smokeless 
tobacco (%) 

544(27.08) 

Plans about quitting smokeless tobacco (%)  

Quit within the next month 251(12.49) 

Thinking within the next 12 months 236(11.75) 

Quit someday, but not next 12 months 435(21.65) 

Not interested in quitting 914(45.50) 

Believed that using smokeless tobacco causes serious illness 
(%)  

1855(92.33) 

Believed that tobacco smokeless tobacco causes serious 
illness (%) 

 

Stroke 1408(70.08) 

Heart attack 1449(72.13) 

Bladder cancer  1583(78.80) 

Believed that smokeless tobacco (zarda, gul, sada pata) are 
addictive (%)   

1917(95.42) 

Support for increasing taxes on tobacco products (%)   
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Favor 1353(67.35) 

Oppose 274(13.64) 

DOB= Date of birth.  

Smokeless tobacco products include betel quid with zarda, pan masala with tobacco, sada pata 
chewing, gul, khoinee. Among them betel quid with zarda is most commonly used product in 
Bangladesh.  

Table is constructed excluding don’t know and refused categories. 

 

Gender prevalence was also verified to the characteristics of study subjects and the comparisons are summarized in 
Table#2. It is found that prevalence of using smokeless tobacco products daily is significantly higher among females 
(p-value=0.001). But the average number of using smokeless tobacco products is high among males. It is also 
observed that males are more interested to stop using smokeless tobacco products than females (p-value=0.001).  
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Table#2: Comparing characteristics of study subjects to gender. 

Characteristics Gender P-value** 

Male 
(N=605) 

Female 
(N=1404) 

The month of DOB, Median(IQR) 5(3-8) 5(2-8) <0.001 

Age(years), Mean(SD) 49.08(17.18) 46.44(14.90) 0.022 

Educational Level (%)    

  No formal schooling 227(37.52) 872(62.11) <0.001 

  Less than primary schooling completed 113(18.68) 193(13.75)  

  Primary school completed 77(12.73) 148(10.54)  

  Less than secondary school completed 99(16.36) 118(8.40)  

  Secondary school completed 37(6.12) 23(1.64)  

  High school completed 19(3.14) 12(0.85)  

  College/University completed 15(2.48) 6(0.43)  

  Post graduate degree completed 18(2.98) 4(0.28)  

Occupation (%)    

  Government employee 19(3.14) 14(1.00) <0.001 

  Non-Government employee 55(9.09) 32(2.28)  

  Business-small  110(18.18) 21(1.50)  

  Business-large 12(1.98) 0(0.00)  

  Farming (land owner & farmer) 140(23.14) 2(0.14)  

  Agricultural worker 56(9.26) 7(0.50)  

  Industrial worker 13(2.15) 17(1.21)  

  Daily laborer 64(10.58) 46(3.28)  

  Other self-employed 34(5.62) 25(1.78)  

  Student 5(0.83) 1(0.07)  

  Homemaker/Housework 6(0.99) 1097(78.19)  
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  Retired  26(4.30) 4(0.29)  

  Unemployed, able to work 11(1.82) 19(1.35)  

  Unemployed, unable to work 23(3.80) 19(1.35)  

  Other (specify) 30(4.96) 79(5.63)  

Household items (%)    

  Electricity 332(54.88) 745(53.06) 0.455 

  Flush toilet 30(4.96) 41(2.92) 0.001 

  Fixed telephone 17(2.81) 23(1.64) 0.007 

  Cell phone 322(53.22) 747(53.21) 0.994 

  Television 218(36.03) 453(32.3) 0.100 

  Radio 64(10.58) 113(8.05) 0.066 

  Refrigerator 69(11.40) 118(8.40) 0.056 

  Car 1(0.17) 2(0.14) 0.694 

  Moped/scooter/motorcycle 25(4.13) 38(2.71) 0.093 

  Washing machine 1(0.17) 4(0.28) 0.001 

No. of rooms are used for sleeping, Median (IQR) 1(1-2) 1(1-2) 0.133 

Types of material of the roof of house (%)    

  Katcha/ Bamboo/thatched/straw 47(7.78) 82(5.84) 0.186 

  tin/tiled 496(82.12) 1206(85.90)  

  Cement/concrete 55(9.11) 105(7.48)  

  Other 6(0.99) 11(0.78)  

Current smokeless tobacco users (%)    

Daily 514(84.96) 1323(94.23) 0.001 

Less than daily 91(15.04) 81(5.77)  

Current daily smokeless tobacco users    

Age at first started smokeless tobacco *daily*, Mean(SD)  27.78(14.08) 26.64(13.23) 0.121 
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Use of average no. of smokeless tobacco products per week, 
Median (IQR) 

   

Betel quid with zarda    

Per day 4(0-7) 3(0-5) 0.001 

Per week - 0(0-2) - 

Others    

Per day 0(0-2) 0(0-5) <0.001 

Per week - 0(0-2) - 

Time to first start smokeless tobacco after wake up (%)    

within 5 minutes 44(7.27) 126(8.97) <0.001 

6 to 3o minutes 111(18.35) 408(29.06)  

31to 60 minutes 130(21.49) 252(17.95)  

more than 60 minutes 228(37.69) 536(38.18)  

Current less than daily smokeless tobacco users    

Age at first start smokeless tobacco daily, Mean(SD) 30.15(15.05) 23.00(7.11) 0.226 

Use of smokeless tobacco products per week, Median (IQR)    

Betel quid with zarda    2(1-6) 2(1-4) 0.501 

Smokeless tobacco cessation among current daily & current less 
than daily users 

   

Tried to stop using smokeless tobacco (%) 191(31.57) 405(28.85) 0.079 

Duration of time to try to stop smokeless tobacco (%)    

Months 44(7.27) 76(5.41) 0.001 

Weeks 58(9.59) 56(3.80)  

Days 79(13.06) 175(12.46)  

Less than 1 day (24 hours) 18(2.98) 93(6.62)  

Way of trying to stop smokeless tobacco (%)    

Counseling, including at a cessation clinic 24(3.97) 113(8.05) 0.001 
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Nicotine replacement therapy, such as the patch or gum 2(0.33) 3(0.21) 0.707 

Traditional medicines  2(0.33) 2(0.14) 0.456 

A quit line or a smoking telephone support line 1(0.17) 1(0.07) 0.599 

Anything else 10(1.7) 20(1.42) 0.672 

Visited a doctor or other HCP in the past 12 months (%)  210(34.71) 783(55.77) <0.001 

Asked about smokeless tobacco by doctor or HCP in the past 12 
months (%) 

98(16.20) 495(35.26) <0.001 

Getting health care provider’s advice to quit smokeless tobacco 
(%) 

90(14.88) 445(31.70) 0.969 

Plans about quitting smokeless tobacco (%)    

Quit within the next month 106(17.52) 145(10.33) 0.001 

Thinking within the next 12 months 99(16.36) 137(9.76)  

Quit someday, but not next 12 months 175(28.93) 260(18.52)  

Not interested in quitting 155(25.62) 759(54.06)  

Believed that using smokeless tobacco causes serious illness 
(%)  

563(93.06) 1292(92.02) 0.290 

Believed that tobacco smokeless tobacco causes serious illness 
(%) 

   

Stroke 504(83.31) 904(64.39) <0.001 

Heart attack 508(83.97) 941(67.02) <0.001 

Bladder cancer  518(85.62) 1065(75.85) <0.001 

Believed that smokeless tobacco (zarda, gul, sada pata) are 
addictive (%)   

551(91.07) 1366(97.29) <0.001 

Support for increasing taxes on tobacco products (%)    <0.001 

Favor 412(68.10) 941(67.02) <0.001 

Oppose 97(16.03) 177(12.61)  

-Indicates statistics cannot be calculated because of  very few observations. 

**Chi-square test, t-test, Mann-Whitney U-test were used 
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To know the factors that are significantly affecting respondent’s plan about quitting smokeless tobacco use, we have used binary 
logistic regression and found that residence, age, gender and status of current smokeless tobacco users are significant in quitting 
smokeless tobacco use. We also found that respondents of urban area are 1.4 times more likely to plan about quitting smokeless 
tobacco use; males are 2.7 times more likely than females; less than daily users are 3.2 times more likely than daily user and 
older people are less likely in quitting smokeless tobacco use. The other variables (education and occupation) are statistically 
insignificant on planning about quitting smokeless tobacco use. 

Table 4: Logistic regression to plan about quitting smokeless tobacco use. 

Factors B S.E. Wald df Sig. OR 95% C.I. for OR 

Lower Upper 
 Residence(urban) 0.337 0.142 5.630 1 0.018 1.401 1.060 1.851 

Gender (male) 0.979 0.271 13.042 1 <0.001 2.662 1.565 4.529 

Age  -0.020 0.005 14.770 1 <0.001 0.980 0.970 0.990 

Educational Level    7.902 7 0.341    

  No formal schooling -19.884 40195.786 0.000 1 1.000 0.000 0.000 - 

  Less than primary school completed -19.799 40195.786 0.000 1 1.000 0.000 0.000 - 

  Primary school completed -19.602 40195.786 0.000 1 1.000 0.000 0.000 - 

  Less than secondary school completed -19.292 40195.786 0.000 1 1.000 0.000 0.000 - 

  Secondary school completed -19.258 40195.786 0.000 1 1.000 0.000 0.000 - 

  High school completed 1.804 56843.435 0.000 1 1.000 6.073 0.000 - 

  College/University completed -18.961 40195.786 0.000 1 1.000 0.000 0.000 - 

Occupation    9.850 13 0.706    

  Government employee -1.126 1.395 0.651 1 0.420 0.324 0.021 4.997 

  Non-Government employee 0.006 0.497 0.000 1 0.990 1.006 0.380 2.663 

  Business-small  -0.034 0.446 0.006 1 0.940 0.967 0.403 2.319 

  Business-large 20.074 16320.221 0.000 1 0.999 5.224E8 0.000 - 

  Farming (land owner & farmer) -0.318 0.451 0.496 1 0.481 0.728 0.301 1.762 

  Agricultural worker 0.445 0.540 0.680 1 0.410 1.561 0.542 4.495 

  Industrial worker -0.375 0.629 0.355 1 0.551 0.687 0.201 2.357 

  Daily laborer 0.388 0.447 0.751 1 0.386 1.473 0.613 3.541 

  Other self-employed 0.526 0.511 1.059 1 0.304 1.693 0.621 4.612 

  Student -0.181 0.322 0.315 1 0.575 0.835 0.444 1.570 

  Homemaker/Housework 0.317 0.764 0.173 1 0.678 1.374 0.307 6.141 

  Retired  -0.771 0.689 1.250 1 0.264 0.463 0.120 1.787 

  Unemployed, able to work -0.255 0.491 0.270 1 0.603 0.775 0.296 2.029 

Current smokeless tobacco users (daily) -1.164 0.362 10.351 1 0.001 0.312 0.154 0.634 

Constant 21.405 40195.786 0.000 1 1.000 1.977E9   
Omnibus Test: Chi-square value=144.284, df=24, p-value<0.001 
Nagelkerke R-square = 0.173 
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Age  -0.020 0.005 14.770 1 <0.001 0.980 0.970 0.990 

Educational Level    7.902 7 0.341    

  No formal schooling -19.884 40195.786 0.000 1 1.000 0.000 0.000 - 

  Less than primary school completed -19.799 40195.786 0.000 1 1.000 0.000 0.000 - 

  Primary school completed -19.602 40195.786 0.000 1 1.000 0.000 0.000 - 

  Less than secondary school completed -19.292 40195.786 0.000 1 1.000 0.000 0.000 - 

  Secondary school completed -19.258 40195.786 0.000 1 1.000 0.000 0.000 - 

  High school completed 1.804 56843.435 0.000 1 1.000 6.073 0.000 - 

  College/University completed -18.961 40195.786 0.000 1 1.000 0.000 0.000 - 

Occupation    9.850 13 0.706    

  Government employee -1.126 1.395 0.651 1 0.420 0.324 0.021 4.997 

  Non-Government employee 0.006 0.497 0.000 1 0.990 1.006 0.380 2.663 

  Business-small  -0.034 0.446 0.006 1 0.940 0.967 0.403 2.319 

  Business-large 20.074 16320.221 0.000 1 0.999 5.224E8 0.000 - 

  Farming (land owner & farmer) -0.318 0.451 0.496 1 0.481 0.728 0.301 1.762 

  Agricultural worker 0.445 0.540 0.680 1 0.410 1.561 0.542 4.495 

  Industrial worker -0.375 0.629 0.355 1 0.551 0.687 0.201 2.357 

  Daily laborer 0.388 0.447 0.751 1 0.386 1.473 0.613 3.541 

  Other self-employed 0.526 0.511 1.059 1 0.304 1.693 0.621 4.612 

  Student -0.181 0.322 0.315 1 0.575 0.835 0.444 1.570 

  Homemaker/Housework 0.317 0.764 0.173 1 0.678 1.374 0.307 6.141 

  Retired  -0.771 0.689 1.250 1 0.264 0.463 0.120 1.787 

  Unemployed, able to work -0.255 0.491 0.270 1 0.603 0.775 0.296 2.029 

Current smokeless tobacco users (daily) -1.164 0.362 10.351 1 0.001 0.312 0.154 0.634 

Constant 21.405 40195.786 0.000 1 1.000 1.977E9   
Omnibus Test: Chi-square value=144.284, df=24, p-value<0.001 
Nagelkerke R-square = 0.173 

*Residence (rural), Gender (female), Educational level (post graduate degree completed), Occupation (other), 
Current smokeless tobacco users (less than daily) are considered as reference category in the model. 
- indicates infinite upper limit. 
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3 Discussion 

In this paper we have analysed the data obtained from GATS survey. We have estimated that among 3 billion survey 
respondent 2009 individuals aged 15 years and older living in Bangladesh were smokeless tobacco users. Smokeless 
tobacco products are carcinogenic to human beings (IARC, 1985) and the rates of oral cancer in south-central Asia 
are among the highest in the world (Jamel et al, 2011). To reduce the epidemic of diseases caused by smokeless 
tobacco use, we need to take action to reduce the use of the products and before that we need to know the nature of 
smokeless tobacco use and the attitudes of the users. 

Our analysis suggested that in terms of gender difference, prevalence of smokeless tobacco products use is very high 
among females and they are less knowledgeable about the smokeless tobacco causes health problems. To make 
people more aware cessation, warning labels, mass media, marketing bans, and taxation should be given priority to 
implement countrywide. In addition, users should encouraged more in quitting as early as possible. Our results show 
a good sign that younger peoples are more likely in quitting using smokeless tobacco products. Doctors and health 
care leaders can take parts regarding discontinuation of using any such products. 
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Abstract. This paper explores to model as predict the average children of ever married women in Bangladesh using 
the different important factors associated with childbearing pattern. Bangladesh Demography Health Survey data 
(2007) have been used for this study. Firstly we identify the important factors associated with the children ever born. 
Then generalized linear model especially Poisson Model is applied to know the effect of these factors and calculate 
the predicting values. Support Vector Machines (SVM) is used for this data and calculates the predicting values. The 
training error of SMV is   small compared to the Poisson model but in predicting SVM and Poisson model gives 
approximately same test error. Poisson model have a nice property that it gives us to find the important predictors 
and also gives the incidence rates ratio of predictors but SVM does not gives any idea such kind of things. 

Keywords: Count Response, Poisson Regression, Incidence Rates Ratio (IRR), Kernel function, Support Vector 
Machine, R Software. 

1 Introduction 

A large majority of women in Bangladesh bear children before they reach at the age of twenty (Singh, 1998). So 
they bear children year after year. As a result population grows rapidly. Now population growth reduction is needed 
and identifies the important factors associated with fertility (Khan et al., 2009).  If we predict something by 
statistical Regression or Classification technique in this field, it's a common feature that the response is categorical 
or discrete. Also the categorical response has more than two levels. So several problem arise to handle such kind of 
data. 

Count response models are a subset of discrete response regression models which are non-negative integer responses 
with right skewed of the distribution. Poisson regression with log link is the standard or base count response 
regression model where other count models deal with data that violate the assumptions carried by the Poisson model 
(Hilbe, 2011). Count data of are very often analyzed under the assumption of a Poisson model (Agresti, 2002). An 
application of Poisson regression models on count data that display extra-Poisson variation generates fallacious 
inference (Paul et al., 1978; Cox, 1983). 

There are so many popular and efficient classification methods currently available; Support Vector Machine is one 
of them. It is a linear algorithm in a high dimensional feature space with the help of an implicit mapping from the 
input data. SVM were developing by (Vapnik, 1995) for binary classification. For multi classification Support 
Vector Machine (SVM) is a new technique with maximal margin to separate the training data into classes. One of 
the many approaches for native Support Vector multi-class classification is proposed by (Singer, 2000).  

In this paper, we first use Box plot to detect the important factors related to children ever born. Then we apply 
generalized linear model with Poisson (log link). After estimating the parameter of this model, predict the average 
child of women in Bangladesh. Similarly we apply Support Vector Machine for predicting the offspring of women. 
Finally we compare these two techniques in predicting. 

2 Data Source and Nature 

The Bangladesh Demography and Health Survey (BDHS) 2007 data have been used for this study. The BDHS was 
implemented through a collaborative effort of the National Institute of Population Research and Training (NIPORT), 
Macro International, USA, Mitra and Associates.  The financial support for the survey was provided by the United 
States Agency for International Development (USAID) Bangladesh. This study based on the Bangladesh 
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Demographic and Health Survey data conducted in 2007. This survey is a nationally representative survey of 10,996 
women age 15-49 and 3771 men age 15-54 from 10,400 households covering 361 sample points (cluster) throughout 
Bangladesh, 134 in Urban areas and 227 in the rural areas. This survey is the fifth in a series of national-level 
population and health surveys conducted as part of the global Demo-graphic and Health Surveys (DHS) program. 
It’s designed to provide data to monitor the population and health situation in Bangladesh as afollow up to the 1993-
1994, 1996-1997, 1999-2000, and 2004 BDHS surveys. The survey utilized a multistage cluster sample based on 
the2001 Bangladesh Census and was designed to produce separate estimates for key indicators for each of the six 
divisions of the country-Barisal, Chittagong, Dhaka, Khulna, Rajshahi and Sylhet. Data collection took place over a 
five-month period from 24 March to 11 August 2007. This survey included ever-married women age 10-49and ever-
married men age 15-54. However, the number of ever-married women age 10-14 was very low, and thus this group 
had to be excluded from the analysis. 

2.1 Variable Selection  

For this study our dependent variable is total number of children ever born of women in Bangladesh. In original data 
set this variable has 15 categories o to 14. Due to the simplicity we transform this variable as 10 categories 0 to 
9+.And the nine predictor variables have been included for this analysis which are: Division, Age 5-years group, 
Type of place of residence, Highest educational level, Religion, Wealth index, Marital duration (grouped), 
Respondent currently working, Current contraceptive method. We know that Children ever born variable varies 
from place to place, district to district, different age of mother, marriage duration, mother education etc. Here we 
chose some predictor variables such that their effect is significant in response variable. 

 
Figure 1: Relationship between predictors and response variable 

Nine independent categorical variables have been included for analysis, in the above we see that the moments of the 
Total number of children ever born have been influenced by marital duration, Education type, Working Type and 
Contraceptive use. Similarly other variables also imposed an effect on response. 

3 Methods 

3.1 Models for Count Response 

The mean and variance of the total number of children ever born is 2.77 and 4.15 respectively. Since we know that, 
if variance is greater than mean then Negative Binomial Distribution is fit for such data. But If we classify the total 
number of children ever born by the different predictors like as five years age groups (7 categories), type of place of 
residence (Urban and Rural) and education level (No or primary, Secondary and Higher), then by mean variance 
relationship shows that mean and variance approximately equal. [Note that there are 42 sub populations are divided, 
as usual 42 mean and variances are available here.] 
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Figure 2: Mean and Variance relationship of 42 sub-populations 

From the above graph we see that mean and variance relationship of the number of children ever born to each 
woman level her age group, place of residence and education. Plotting the variance verses the mean. Clearly we see 
that the constant variance assumption is not valid. Although the mean and variance is not exactly same, but R2=0.81 
i.e. mean and variance are highly correlated. Thus we conclude that the data by fitting Poisson regression models is 
more appropriately compared to the ordinary linear models. 

3.2 Poisson Model 

Generalized linear model with Poisson link function has been carried out to assess the factors. A random variable Yi 
have a Poisson distribution with parameter µi if it takes integer values yi=0, 1, 2, 3... with probabilities 

    𝑃𝑟 =  
𝑒−𝜇𝑖  𝜇𝑖

𝑦𝑖

𝑦𝑖!
 ;  𝜇𝑖 ≥ 0                                 (1) 

The mean and variance of this distribution can be shown to be E(yi)=var(yi)= µi. A useful property of the Poisson 
distribution is that the sum of independent Poisson random variables is also Poisson. The mean µi depends on the 
explanatory variables Xi and the link function in GLM is generally taken to the logarithm for the positive fitted 
values. Then the model for the mean is 

)exp( βµ ii X ′=                                                                                         (2) 

In this model, an exponential regression coefficient exp (βj) represents a multiplicative effect of the j-th 
predictor(continuous) on the mean. Increasing Xj by one unit multiplies the mean by a factor exp (βj). Then the 
likelihood function on the n independent Poisson observations is a product of probabilities given by equation 1. 
Taking logs and remove the constant part log (yi!), we have 

                                                        (3) 

 

Taking derivatives of the log likelihood function with respect to the β and setting the derivatives equal to zero. From 
here we estimate a trial parameter β and then we calculate the estimated linear predictor βη ˆˆ X ′= and use to obtain 

the fitted values )ˆ(ˆ 1 ηµ −= gi .  Using these quantities, we calculated the working dependence variable 
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                                                             (4) 

And now calculate the iterative weights wi = µi. Finally we obtain the βj improve estimate of regressing the working 
dependent variable zi on the predictors Xi using the weight wi i.e. weighted least Square estimate 

WzXWXX ′′= −1)(β̂                                                                (5) 

{ }∑ −= iiiyL µµβ )log()(log
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The initial values can be obtained by applying the link to the data that is taking the log of the response and regress it 
on the predictors using OLS. This procedure usually converges in a few iterations. 

An attractive output shows in Poisson Regression is that the relationship between the response and predictors as 

incidence rates ratio (IRR). For multi count response the IRR is define as 0

)exp(
µ
µ

β j
ij =

where i is the number of 
predictors and j is the number of categories of predictors. 

3.3 Support Vector Machine (SVM) 

SVM use an implicit mapping Ø of the input data into a high-dimensional feature space defined by a kernel 

function, i.e., a projectionØ ∶ 𝑋 → 𝐻 is used, the dot product
)(),( xx ′φφ

can be represented by a kernel 
functionK. 

)(),(),( xxxxK ′=′ φφ
, Where x, x′ 𝜖 X                                                   (6) 

For the sake of simplicity two point from the original space transfer with respect to innerproduct, into a feature 
space with the help of a kernel function and learning this space Generally it is called “ Kernel Trick “.In 
classification Support Vector Machines separate the different classes of data by a hyper plane 

0)(, =+ bxw φ
                                                                                             (7) 

corresponding to the decision function 

( )bxwsignxf += )(,)( φ
                                                                           (8) 

It can be shown that the optimal, in terms of classification performance, hyper-plane [Vapnik, 1998] is the one with 
the maximal margin of separation between the two classes. Then we consider a penalty on the L2 norm of𝜀 leading to 
the following constrained optimization problem: 
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Introducing Lagrange multipliers αi and βi, we have the following Lagrangian function: 

εβεαεβαε ′−−+−′−′+= ])(1[||||
2
1),,,,( 2 bIAwDIcwbwL

 (10) 

Where D is the diagonal matrix with yi is the diagonal values. Variables w, b, xi are called primal variables and α, β   
are dual variables. We want to minimize the Lagrangian function with respect to primal variables and maximize 
Lagrangian function with respect to dual variables. For minimization the equations are 
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                               (11)        

∑ ∑ =+== candyxyw iiiiiii βααφα ,0,)(  
The coefficients αi are found by solving the following dual quadratic programming problem substituting (11) into 
(10) yields the dual problem: 
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This is a quadratic problem and this problem can be easily solved in a standard quadratic problem solver quadprog 
in package kerlab. Package is available in R(R development Core Team 2005). 

4    Results and Discussion 

4.1 Poisson Model 

Using Total Number of Children Ever Born as dependent variable our propose additive regression model is 

9988776655443322110)log( XXXXXXXXXi ββββββββββµ +++++++++=  
Where the variables use in the model are define as X1 = Division, X2 = Five year age group of women, X3 = Place of 
resident of respondent, X4 = Respondent education level, X5 = Respondent religion status, X6 = Wealth Index of 
respondent, X7 = Marriage duration of the respondent, X8 = Working condition of the respondent, X9= Current using 
contraceptive method of women. 

In order to display the findings of current study from software R in table 4, which contain estimated regression 
coefficients, Standard error, Z-statistics with associated P-values in Appendix. 

The intercept term represent that the log of the number of children ever born of women who do not any work at age 
interval 15-19, comes from Rural area with poor Islam family having no education who have been married 0-4 years 
do not using any contraceptive method lives in Rajshahi district is exp (-0.67412) = 0.51. That is average this 
women have 0.51 children at this time in their lives. Here the log of the mean number of children in urban women 
have 4.8% fewer than the rural women. That is the number of CEB gets multiplied by exp (-0.048) = 0.95 where all 
other variable are fixed.Islam religion women have 14.06% more fertility among the other religion women. The 
effect of 5 years age group parameters shows that fertility rate increasing respective their age group with any 
marriage duration, education, place and other variables.Also the duration parameter increase in CEB with duration 
for any other variables. As we move from duration 0-4 to 5-9 the log of the mean increase by 0.74, i.e. the number 
of CEB gets multiplied by exp(0.74) = 2.1. By duration 10-14, women in each category of predictor variables have 
exp(1.028) =2.80 times as many children as they did at duration 0-4. Duration 15-19, women in each category of 
predictor variables have exp(1.204)=3.33 times as many children as they did at duration 0-4. Duration 20-24, 
women in each category of predictor variables have exp (1.39)=4.02 times as many children as they did at duration 
0-4. Similarly by duration 30+, woman in each categories of all other predictor variables have exp(1.64)=5.16 times 
as many children as they did at duration 0-4.In education level at any fixed predictor variable women with secondary 
education level approximately 13% fewer children than No/primary educated women.  
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Table1: Confusion matrix from Poisson Model based on test data set 

 ⇒Predicted Values 
0 1 2 3 4 5 6 

Ob
se

rv
ed

 v
alu

es
 

0 280 48 26 17 6 3 1 
1 311 254 78 40 16 4 1 

2 43 243 280 152 55 9 3 

3 2 70 208 219 82 32 3 

4 1 15 91 200 129 27 10 

5 0 3 24 108 118 37 3 

6 0 0 7 39 96 48 8 

7 0 0 3 25 41 28 11 

8 0 0 1 5 23 25 5 

9 0 0 0 1 13 20 12 
 

Since log linear model estimates the average mean µi of the children ever born. So the estimated Similarly higher 
educated women 31% fewer children than No/primary educated women as respective predictor variable i.e. exp (-
0.31) =0.73 times as many children as No/primary educated women. Here we see that Women who use 
Contraceptive methods is 1.15 times as many children compared to the women who don't use this methods  i.e. 
which women has already many children then they aware the pregnancy. 

Finally, the Parameter Estimates section reports the estimated βj. Data are divided in two groups one is training set 
which contain 67% observation and another is test set which contain 33%.So our fitted model is: 

Yi ∼ Poisson (µi)and    µi∼exp(Xβ).  And the predicted values based on test data set are given in a confusion matrix, 
where training error is 66.42% & the test error = 67.05%. Total number of classified represented as red color. 

values are typically fraction but our response variable contains integer values. Due to omit this problem we input 
µi& yi = 0,1,2,3,4,5,6,7,8,9.in the Poisson distribution and for each µi gives nine probabilities respect to the response 
categories. Then we selectthe categories which have highest probabilities. 

4.2 Support Vector Machine (SVM) 

Due to the design of the SVM, its solution only depends on the set of SV’s. However, if the training dataset is noisy 
with outliers, the solution can be deteriorated. To solve the problem,(S. Y. Park & Y. Liu, 2009)propose a different 
optimization criterion called as Bounded Constraint Machine(BCM)which can be extended for multi category 
classification. For multi class (k) classification mainly two most popular methods are available: one-against-one and 
one-against-all. In one-against-all method there are k binary classifiers are trained and each trained to separate one 
class from the rest. The classifiers are then combined by comparing their decision values on a test data instance and 
labeling it according to the classifier with the highest decision value. On the other hand one-against-one method 
there are classifiers are constructed and each one is trained on data from two classes. Prediction is done by voting 
where each classifier gives a prediction and the class which is most frequently predicted max wins. This methods 
have been shown as robust (Hsu& Lin, 2002). Now In BDHS data we apply Support Vector Machine, Where the 
Total Number of Children Ever Born as a response vector and Division, Five year age group of women, Place of 
resident of respondent, Respondent education level, Respondent religion status, Wealth Index of respondent, 
Marriage duration of the respondent, Working condition of the respondent, Current using contraceptive method of 
women are column vector of the model matrix. Data are divided in two groups one is training set which contain 67% 
observation and another is test set which contain 33%. Here given below R output 
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Support Vector Machine object of class”ksvm”. SV type: C-bsvc (classification), parameters: cost C = 10,Gaussian 
Radial Basis kernel function. Hyper parameter: sigma = 1, Number of Support Vectors: 10845, Training error: 0.34, 
Test error = 67.09%.Total number of classified represented as red color. 

Table2:ConfusionmatrixofSupportVectorMachinebasedonTest data set. 

 ⇒ Predicted Values 

 0 1 2 3 4 5 6 7 8 9 
Ob

se
rv

ed
 v

alu
es

 

0 170 142 30 23 7 4 1 3 0 1 

1 123 318 177 58 16 5 2 4 0 1 

2 23 127 361 172 76 8 9 7 2 0 

3 11 43 205 169 113 39 19 10 5 2 

4 7 16 128 115 108 52 23 13 8 3 

5 0 13 43 77 88 34 20 14 3 1 

6 4 3 18 37 58 40 19 11 5 3 

7 0 1 9 19 32 18 10 13 4 2 

8 1 1 1 3 19 5 10 10 5 4 

9 0 1 1 4 10 6 7 10 3 4 
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4.3 Comparison between Poisson and SVM 

The training & test error of Poisson model is 66.42% & 67.05% and Support Vector Machine is 33.89% & 67.09% 
respectively. That is the training error of SMV is small compared to the Poisson Model but in predicting SVM and 
Poisson gives approximately same test error. 

Table 3: Table for Test Error of SVM and Poisson Model as categories wise 

Classified as categories wise 

Categories 0 1 2 3 4 5 6 7 8 9 Total 

Poisson 0.74 0.36 0.36 0.36 0.27 0.13 0.04 0 0 0 33% 

SVM 0.47 0.45 0.46 0.27 0.23 0.12 0.1 0.12 0.09 0.09 33% 

 

5  Conclusion & Future Study 

Poisson regression for count data based on simple random sampling has been calculated indifferent statistical 
software’s. It gives to assess the impact of the important factors and incidence rates ratio of these factors. Children 
ever born have tremendously changed by the Education and marriage duration of women. The educated women have 
taken small family in recent years. So we should emphasis on female education. But support vector machine cannot 
give any idea about the important factors associated with children ever born. Our findings suggest that both model 
predictions power are not satisfactory. There are some limitations of these studies such as Data comes from 
multistage cluster sampling but our model assumes that sample is random. And also we do not consider the 
robustness property. In future we want to study more classification techniques such as decision tree,novelty 
detection in SVM, Kernel and tune parameter chose in SVM etc. 
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Figure3:From Poisson Model, Studentized Residual shows some outlier and Cook’s Distance shows that there is no 
Influential observation  
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Table4: Parameter estimation from Poisson Model 

Variables levels Estimated 
Parameter 

Parameter 

St. Error Z-Values Pr(≥Z) 

Intercept  -0.674 0.04335 -15.552 2e−16*** 

Place Rural - - - - 

Urban -0.04818 0.01240 -3.595 0.000324*** 

Religion Other - - - - 
Islam 0.140606 0.020706 6.791 1.12e−11*** 

Working No - - - - 

Yes -0.072729 0.012465 -5.835 5.39e−09*** 

Contraceptive use No     

Yes 0.143517 0.012089 11.871 2e−16*** 

5 Years Age Group 15-19 - - - - 

20-24 0.30010 0.04417 6.794 1.09e−11*** 

25-29 0.41759 0.04975 8.394 <2e−16*** 

30-34 0.46339 0.05437 8.523 <2e−16*** 

35-39 0.44320 0.05839 7.591 3.19e−14*** 

40-44 0.40507 0.06324 6.405 1.50e−10*** 

45-49 0.45054 0.06784 6.641 3.11e−11*** 

Marriage Duration 0-4 - - - - 
5-9 0.74026 0.03834 19.306 <2e−16*** 

10-14 1.02813 0.04432 23.197 <2e−16*** 

15-19 1.20411 0.04942 24.366 <2e−16*** 

20-24 1.39340 0.05404 25.782 <2e−16*** 

25-29 1.55199 0.05882 26.385 <2e−16*** 

30+ 1.63939 0.06383 25.684 <2e−16*** 

Division Rajshahi - - - - 

Sylhet 0.34130 0.02082 16.396 <2e−16*** 

Barisal 0.13196 0.02141 6.163 7.15e−10*** 

Chittagong 0.27492 0.01965 13.988 <2e−16*** 

Dhaka 0.12862 0.01896 6.785 1.16e−11*** 

Khulna -0.03469 0.02110 -1.644 0.100192 
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Education No/Primary - - - - 

Secondary -0.12644 0.01590 -7.953 1.82e−15*** 

Higher -0.31292 0.03183 -9.832 <2e−16*** 

Wealth Condition Poor - - - - 

Middle -0.05283 0.01611 -3.280 0.001038** 

Rich -0.13942 0.01528 -9.127 <2e−16*** 
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Religion Other - - - - 
Islam 0.140606 0.020706 6.791 1.12e−11*** 

Working No - - - - 
Yes -0.072729 0.012465 -5.835 5.39e−09*** 

Contraceptive use No     

Yes 0.143517 0.012089 11.871 2e−16*** 

5 Years Age Group 15-19 - - - - 

20-24 0.30010 0.04417 6.794 1.09e−11*** 

25-29 0.41759 0.04975 8.394 <2e−16*** 

30-34 0.46339 0.05437 8.523 <2e−16*** 

35-39 0.44320 0.05839 7.591 3.19e−14*** 

40-44 0.40507 0.06324 6.405 1.50e−10*** 

45-49 0.45054 0.06784 6.641 3.11e−11*** 

Marriage Duration 0-4 - - - - 
5-9 0.74026 0.03834 19.306 <2e−16*** 

10-14 1.02813 0.04432 23.197 <2e−16*** 

15-19 1.20411 0.04942 24.366 <2e−16*** 

20-24 1.39340 0.05404 25.782 <2e−16*** 
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Division Rajshahi - - - - 

Sylhet 0.34130 0.02082 16.396 <2e−16*** 

Barisal 0.13196 0.02141 6.163 7.15e−10*** 

Chittagong 0.27492 0.01965 13.988 <2e−16*** 

Dhaka 0.12862 0.01896 6.785 1.16e−11*** 

Khulna -0.03469 0.02110 -1.644 0.100192 

Education No/Primary - - - - 

Secondary -0.12644 0.01590 -7.953 1.82e−15*** 

Higher -0.31292 0.03183 -9.832 <2e−16*** 

Wealth Condition Poor - - - - 

Middle -0.05283 0.01611 -3.280 0.001038** 

Rich -0.13942 0.01528 -9.127 <2e−16*** 
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Abstract. This article attempts to compare multinomial logistic regression, ordinal logistic regression and decision 
tree (C4.5) on the basis of their capacities in predicting the total number of children ever born in BDHS data (2007), 
a challenging data set that contains 10996 observations and 1384 variables. For the sake of computational advantage 
without losing much information required to meet our objectives we consider women (40-49 years old) who reached 
the last stage of reproductive period in their lives. In this cohort there were 2282 women with average 4.55 children 
ever born, which indicates that there is much need to decrease the target variable. With help of descriptive plots of 
the data set as well as previous studies, we considered only nine explanatory variables named 5 Years Age Groups, 
Type of Place of Residence, Highest Educational Level, Religion, Wealth Index, Sons at Home and Respondent 
Currently Working, Current Contraceptive Method and Age at First Marriage, which are found highly related with 
the response variable. The variables that are found significant in all the models are almost same and the correct 
prediction rates of all three techniques are approximately equal to 59% which is very poor. The misclassification 
rate of decision tree is the smallest for training data set but for test data, the ordinal logistic model, the best. The 
ordinal logistic model classified the higher class more accurately where decision tree better classifies the lower 
class. The results are not satisfactory from the viewpoint of prediction. We guess that there are several reasons 
behind poor prediction rate: (i) some of the important variables or the appropriate classifiers may not be considered 
and (ii) acute non-randomness of the data set is not considered. The data set was collected through multistage cluster 
sampling but the clustering effect is not included in the analysis. We have followed several published papers that 
analyzed BDHS data where statistical inferences were derived on the assumption of random sample. Proper 
statistical analysis of the data set is deemed necessary. 

1 Introduction 

The density of population in our country is the highest in world where 1142 persons per square km. As a result, we 
face several crises such as economic condition, educational quality, medical facilities, accommodation, poverty etc. 
We should control the population increase throw controlling the variable that influence growth rate. So it is 
important to model ’Total Number of Children Ever Born’ represent potentiality of population growth. 

Midi, Sarkar and Rana (2011) showed the adequacy of multinomial logistic model with nominal response over 
binary logistic model in BDHS-2007 data. Das and Rahman (2011) applied the ordinal logistic regression analysis in 
determining risk factors of child malnutrition in Bangladesh. Ordinal logistic regression is a type of regression 
analysis used for predicting the outcome of a categorical (a variable that can take on a limited number of categories 
with ordinal measurement) criterion variable based on one or more predictor variables. They did not check the 
prediction capacity of their model. Abedin (2008) tried to study the three modern nonparametric techniques (support 
vector machine (SVM), neural network and decision tree) and compare their generalization performances with 
classical ones through the task of classifying high risk-low risk child bearing pattern. 

 Decision tree is the powerful and popular tools for classification and prediction tasks in data mining. A tree-based 
method constructs trees which are visually simple to interpret and understand, and generate production rules. Kemal, 
Ismail, Sebahat and Osman (2010) use decision tree for prediction of cancer. So far as we know, no research has 
been done on predicting the number of children ever born. In this paper, we predict the number of children ever born 
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on the basis of some special characteristic of these factors. Two techniques namely logistic regression and decision 
tree have been used for this purpose. Section one introduces the problem whereas section two discuss data source, 
data nature, statistical technique and model selection process that are used in this article. Section three presents 
results and discussion. On the last section, section four concludes describing some limitation of the study and 
direction of future research. 

2 Methods and materials 

2.1 Data description 

The study is based on secondary data. The sources of data is the Bangladesh Demographic Health Survey (BDHS)- 
2007. The 2007 BDHS was conducted under the authority of the National Institute for Population Research and 
Training (NIPORT) of the Ministry of Health and Family Welfare. It was implemented by Mitra and Associates, a 
Bangladeshi research firm located in Dhaka. Technical assistance was provided by Macro International Inc. through 
the MEASURE DHS program. Financial support for the survey was provided by the U.S. Agency for International 
Development (USAID/ Bangladesh).The 2007 BDHS was a survey of 10996 women age 15-49. But for the sake of 
computational advantage without losing much information required to meet our objectives we consider women (40-
49 years old) who reached the last stage of reproductive period in their lives. In this cohort there were 2282 women 
with average 4.55 children ever born, which indicates that there is much need to decrease the target variable.  

 

2.2 Variables under Study 

In the 2007 BDHS, a number of socio-economic and demographic variables are available. With help of descriptive 
plots of the data set as well as previous studies, we considered only nine explanatory variables named 5 Years Age 
Groups, Type of Place of Residence, Highest Educational Level, Religion, Wealth Index, Sons at Home and 
Respondent Currently Working, Current Contraceptive Method and Age at First Marriage, which are found highly 
related with the response variable. The response variable ‘Total number of Children Ever Born’ which measurement 
is ordinal and has 10 categories which are 0, 1, …, 9 and the distribution is the Fig.1 with some descriptive measures 
and in which we see that it is almost symmetrically distributed.  

 

 
 

Fig.1.Bar Diagram of Total Number of Children Ever Born 

The boxplots of it against some explanatory variables are shown in the Fig.2 which represent that the effects of 
explanatory variables are presence. In order to display the finding of current study, there are 3 levels in the response 
variable and the first level having the children number 0-2 is considered as reference level for multinomial and 
ordinal logistic regression analysis. 
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Fig.1. Boxplot of Children Ever Born against Four Important Variables 

23. Multinomial Logistic Regression 

Multinomial logistic regression is used to predict categorical placement in or the probability of category membership 
on a dependent variable based on multiple independent variables. The independent variables can be either 
dichotomous (i.e., binary) or continuous (i.e., interval or ratio in scale). Multinomial logistic regression is a simple 
extension of binary logistic regression that allows for more than two categories of the dependent or outcome 
variable. Like binary logistic regression, multinomial logistic regression uses maximum likelihood estimation to 
evaluate the probability of categorical membership. The multinomial logistic regression model is given as: 

Pr(𝑌 = 𝐾 − 1) = 𝑒𝑋𝛽𝐾−1

1+∑ 𝑒�́�𝛽𝑘𝐾
𝑘=1

 ;     Where, k=0, 1, 2,. . . , K-1 

2.3  Ordinal Logistic Regression 
The final multiple regression model should be constructed to control possible confusion factors. As the event of 
interest is ordinal, an ordinal logistic regression model must be used. If the response variable Y is ordinal, the 
categories can be ordered in a natural way such as ’education qualification illiterate/educated/higher educated.’ 
There are three kind of ordinal can be used to data analysis: the adjacent-category, the continuation ratio and the 
proportional odds model. The most common ordinal logistic model is the proportional odds model. With this model 
we compare the probability of an equal or smaller response, Y≤k, to the probability of a larger response, Y>k, 

𝑔𝑘(𝑋) = ln �
𝑃(𝑌 ≤ 𝑘)
𝑃(𝑌 > 𝑘)� 

= 𝜃𝑘 − 𝑋𝛽́ ;   Where,  k=0,1,2,3, … ,K-1 

2.4 Decision tree 
Classification of multi-attribute data is an objective of many information processing domains, particularly when 
applied to the analysis of financial, economical, health, environmental and demographic phenomena where the data 
is potentially large, complex, and not easily observable. Amongst many classification algorithms, decision trees 
have proven to be efficient algorithms for classification of large datasets. Decision trees are widely employed in data 
analysis and mining. A decision tree is a top-down, divide-and conquer classification strategy based on 
automatically selected rules that partition a set of given entities into smaller classes (Breiman et al. 1984; Quinlan 
1986). Each class, corresponding to a leaf of the decision tree, consists of a subset of all records belonging to one or 
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several categories according to the values of a specific attribute, named target attribute. Each rule is hierarchically 
represented by a path from the root node to a leaf via intermediate nodes and branches. The nodes of the path 
represent the supporting attributes that maximize the distinction among the classes and minimize the diversity within 
each class. The branches represent the values of the supporting attributes used as the criteria to classify the dataset. 
The hierarchical process is equivalent to a minimization of the entropy produced by the classification at each 
successively lower level of the hierarchy. Let us consider n possible classes A1,A2,. . . ,An. If the corresponding 
classes have the probabilities p1,p2,p3,. . . ,pn of occurrence, the entropy is: 

𝐻(𝑋) =  − � 𝑝𝑖 log2 𝑝𝑖

𝑛

𝑖=1

 

In information theory, the information content is maximum when the entropy is minimum. Once we have the 
entropy, it is a simple matter of recusing down each branch of the tree figuring out what is the best question at any 
point. We demonstrate here how to construct a simple decision tree with the help of entropy measure. 

2.5  Model Selection 
In model selection, we use parametric and non-parametric models. The data under study is decomposed into three 
subsets randomly such as training set, validation set and test set. There is no general rule on how to choose the 
number of observations in each of the three parts. This will typically depend on the signal-to-noise ratio and the size 
of the training sample when the sample size is greater than 2000. Hastie et al. (2001) suggest that a typical split 
might be 50% for training, and 25% each for validation and testing. We select model in two steps: (1) We first 
compare between multinomial and ordinal logistic regression on the basis of their performance on the validation set. 
A model is compared with decision tree which result is better than other. (2) We select appropriate tree using 
training (training + validation) set and test set. 

3 Results and Discussions 

In our study we have used three statistical techniques to prediction the total number of children ever born. Two 
parametric models are multinomial and ordinal regression and other model is decision tree which is non-parametric. 
At first we have compared the prediction value, misclassification rate and model adequacy between multinomial and 
ordinal regression. 

Using maximum likelihood estimator of regression coefficients, the almost are insignificance (Appendix A, Table 3) 
for multinomial regression model and the basis on the likelihood ratio test (Appendix A, Table 5), the model is good 
fit whereas the almost coefficients of ordinal regression model are significance (Appendix A, Table 4). But the 
values of R2 are very small (Appendix A, Table 5). Therefor another explanatory variable may be absence to our 
study. 

In order to compare the three classifiers: multinomial, ordinal logistic model and decision tree. Misclassification 
rates of multinomial and ordinal logistic model for 50% training 25% validation set are showed in the Table 1. and 
hence we observe that the ordinal logistic model is better classified. 

Table 1. Misclassification Rates for 50% Training and 25% Validation Data 

Model Training Error Test error for Validation Data 

Multinomial Logistic Model  44.32% 47.04% 

Ordinal Logistic Model  40.79% 41.68% 

[ 

To compare with decision tree, the misclassification rates of them for 75% training and 25% test set are showed in 
the Table 2. and hence ordinal logistic regression model performs slightly better than decision tree. The ordinal 
logistic regression model classified the higher class more accurately where decision tree better classifies the lower 
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class (Appendix B). Therefor the ordinal logistic regression model is the best classifier as well as predictor for the 
ordinal response. 

Table 2. Misclassification Rates for 75% Training and 25% Test Data 

Model Training Error Test error for Test Data 

Ordinal Logistic Model  42.74% 40.29% 

Decision Tree 32.38% 44.57% 

4 Conclusion 

We see that ordinal logistic regression model is the best in all the three methods of measuring performance of the 
classifiers but so not deferent among the others. The ordinal logistic regression model is significantly fitted and both 
the training and test errors are minimum than others. It classifies the higher class more accurately where decision 
tree better classifies the lower class. 

 

5 Limitations and Future Stud 

We face some limitations of our study such as (1) the data under study is not random; it is obtained from multistage 
cluster sampling. All our models assume that sample is random. (2) Robustness is not studied and (3) prediction is 
not satisfactory. Perhaps some relevant variables may have not been taken into consideration. For overall 
classification, two techniques are classified approximately equal but logistic model better classifies the higher class 
(the number of children above 5) and decision tree better classifies the lower class (the number of children between 
0-2). In future, we want to consider more variables, study about outliers, high leverage values and influential 
observations detection for multinomial and ordinal logistic regression analysis and reduce the classification error.  
The following are the areas in which we also want to study: 

 To study other multivariate techniques with respect to BDHS data. 
 To isolate the factors which have most discriminatory power for childbearing    pattern study. 
 In this work we use only the classification techniques, but in future we want to analyze this data with 

various statistical tools. 
 To find out most important response variable among through canonical correlation analysis and then apply 

classification techniques. 
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Appendix A 

Table 3.Estimated Coefficients and Their Test for Multinomial regression Model 

Number Children Ever Born Coefficient Value Wald Test Sig. 

Total Number of  Children 
between 3-0 

 

 

 

 

 

 

 

 

 

 

 

 

 

Intercept 1.026 2.596 .107 

First marriage -.107 12.709 .000 

Age .389 4.772 .029 

Place -.004 .000 .986 

Primary .325 2.221 .136 

Secondary .353 1.813 .178 

Higher -.906 5.010 .025 

Religion .235 .878 .349 

Poorer -.055 .030 .863 

Meddle .411 1.705 .192 

Richer .279 .809 .368 

Richest .099 .084 .772 

Contraceptive .812 19.427 .000 

Son at Home 1.045 33.987 .000 

Working -.133 .525 .469 

Total Number of  Children 
above 5 

 

 

 

 

 

 

 

 

Intercept .350 .202 .653 

First marriage -.137 12.781 .000 

Age .659 10.811 .001 

Place .404 2.938 .087 

Primary -.038 .026 .872 

Secondary -.663 4.211 .040 

Higher -2.957 7.566 .006 

Religion .859 7.478 .006 
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Number Children Ever Born Coefficient Value Wald Test Sig. 

 

 

 

 

 

 

Poorer -.361 1.188 .276 

Meddle -.200 .364 .546 

Richer -.478 2.098 .147 

Richest -.798 4.464 .035 

Contraceptive .018 .007 .931 

Son at Home 2.260 90.893 .000 

Working -.680 10.338 .001 

 

Table 4.Estimated Coefficients and Their Test for Ordinal Regression Model 

Coefficients Values Wald Test p value 

Age45-49 0.385 3.229 0.0012 

Contraceptive -0.125 -1.044 0.296 

Working -0.46 -3.619 0.000 

Place 0.305 2.178 0.029 

primary -0.136 -0.971 0.331 

secondary -0.439 -2.428 0.015 

higher -1.317 -3.643 0.000 

Religion 0.518 2.759 0.005 

poorer -0.253 -1.172 0.241 

meddle -0.306 -1.490 0.136 

richer -0.449 -2.205 0.027 

richest -0.599 -2.569 0.010 

First marriage -0.087 -3.883 0.000 

Son 1.458 9.977 0.000 
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Intercept Terms 

Number of Children between 3-5 -1.821 -3.896 0.000 

Number of Children above 5 0.829 1.780 0.074 

Table 5.Test Values for Model Adequacy 

Model Likelihood 
Ratio Test 

p-value Cox and Snell 
R2 

Nagelkerke 
R2 

McFadden 
R2 

Multinomial Logistic 
Regression Model 

320.692 0.000 0.34 0.23 0.21 

Ordinal Logistic 
Regression Model 

242.45 0.000 0.39 0.27 0.18 

 

Appendix B 

Table 6. Classification Rate for Ordinal Regression Model and Decision Tree 

Ordinal Logistic Regression Model  Decision Tree 

Total Number of 
Children Ever 
Born 

Predicted Response 
Category 

Percentage 
Correct 

Total Number of 
Children Ever 
Born 

Predicted Response 
Category 

Percentage 
Correct 

0-
2 

3-5 5 
above 

0-2 3-5 5 
above 

Observe 
Respons
e 
Category 

0-2 17 67 16 17.00% Observe 
Response 
Category 

0-2 203 17 38 78.68% 

3-5 6 173 96 62.90% 3-5 104 91 5 43.33% 

5 
above 

3 64 131 67.71% 5 
above 

91 4 115 21.56% 

Overall Correct 59.71% Overall Correct 55.44% 
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Appendix C 

Table 7. List of Explanatory Variables 
 

Variables Description Codes and Categories Reference 

X1 Age 5-year groups 0=40-44 

1=45-49 

0=40-45 

X2 Current contraceptive method 0=No 

1=Yes 

0=No 

X3 Respondent currently working 0=No 

1=Yes 

0=No 

X4 Type of place of residence 0=Urban 

1=Rural 

0=Urban 

X5 Highest educational level 0=No Education 

1=Primary 

2=Secondary 

3=Higher Educated 

0=No Education 

X6 Religion 0=Non-Muslim 

1=Muslim 

0=Non-Muslim 

X7 Wealth index 0=Poorest 

1=Poorer 

2=Middle  

3=Richer 

4=Richest 

0=Poorest 

X8 Sons at home 0=No 

1=Yes 

0=No 

X9 Age at first marriage Quantitate Variable   
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Abstract. The present study was to find out the status of lung capacity in students of Statistics Department, Rajshahi 
University, Bangladesh.  The Study was conducted on 100 Males, and 33 females. This study revealed that the 
predicted and recorded vital capacity for male students were 4.2052±0.1643 and 3.0568±0.68824, and for female 
students were 3.0724±0.2481 and 1.9694±0.4306, respectively. This result indicates that the vital capacity of the 
Rajshahi University Students lies below the normal range that demanding to take initiative to improve their vital 
capacity as well as their lung capacity. 

Keywords: Vital capacity, Spirometry, Predicted, Recorded, Physical Variables University student 

 

1 Introduction 

Breathing is a complex and highly orchestrated neuromuscular activity, about which there is still much to be learned. 
Vital capacity is an indicator of body constitution type and functional ability of individuals.It is the maximum 
amount of air a person can expel from his/her lungs after a maximum inhalation.Vital capacity can be measured by 
different type of Spirometers. The latest one is Chestgraph HI-101. Spirometric Prediction Equation is widely 
accepted in the clinical assessment. Pulmonary function testing, measure the function of lung capacity and lung and 
chest wall mechanics to determine whether or not the patient has a lung problem (Chatterjee and Mandal, 1991). 
However, the required instruments are expensive .Vital capacity is an important index in pulmonary function test. 
Vital capacity is related to equipment and procedures. Biological and environmental factors are also some other 
sources of variation (Chhabra, 2009).  The sources of variation in lung function have been summarized by the 
American Thoracic Society (ATS). A normal adult has a vital capacity between 3 and 5 liters. Vital capacity may 
depend on age, sex, height, weight, BMI, Blood Pressure, ethnicity and so on. After the age of 20 years the vital 
capacity decreases approximately 250 ml per 10 years. To the best of our knowledge, study on vital capacity is rare 
in Bangladesh. Therefore, the purpose of the present study is to investigate, as a pilot study, the status of vital 
capacity of the university student from the Department of Statistics, University of Rajshahi, Bangladesh.  

 

2 Material and methods 

The present study considered 100 Males, and 33 females through cluster sampling from the students of the 
Department of Statistics, University of Rajshahi, Bangladesh. Examination years were treated as clusters. Predicted 
and recorded vital capacities were taken using Spirometer (Chestgraph HI-101). Here, predicted vital capacity was 
considered as the value from the default equation that have been set in the spirometer for Asian. It should be noted 
here that there is no such equation for the population of Bangladesh. Different physical variables were measured 
using different tools, e.g., stadio meter for height, weighing machine for weight, advanced professional blood 
pressure monitor for measuring blood pressure, and fingertip oximeter for SpO2.Body mass index (BMI)to assess 
whether they are underweight, overweight, normal was calculated as: BMI = Weight in kg/(height in meters)2.The 
subjects had no history of any major disease and were not under physical training program and no any medication. 
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Proper permission from all subjects was taken after explaining the experimental procedure. Age in completed years 
and standing height (cm), weight (kg) were recorded. Vital capacity was measured in the sitting position using 
spirometer mentioned above. Subjects were asked to sit comfortable, facing the Spirometer so that the subject can 
see the display monitor and hear the alarm/bip. The subject is asked to inspire as deeply and as fully as possible to 
fill the lungs. While keeping the nostrils closed with a nose clip and the mouthpiece held firmly between the lips, the 
subject was asked to expel all the air that he or she can with maximum effort into the Spirometer. The forced 
expiration should be deep and quick but without haste. Three satisfactory reading were taken at interval of 6 min and 
the highest among the three was accepted. Statistical Package for the social Science (SPSS) version 20 was used for 
the analysis. 

 

3 Result 

Means and standard deviation of physical variables, vital capacity and predicted vital capacity using prediction 
equation of the participants are presented in the table1-4 

Table-1: Physical Variables in male students 

 BMI= Body Mass Index, DBP= Diastolic Blood Pressure, SBP=Systolic Blood Pressure, SpO2= Oxygen Saturation 
Level  

Table-2: Physical Variables in female students 

BMI= Body Mass Index, DBP= Diastolic Blood Pressure, SBP=Systolic Blood Pressure, SpO2= Oxygen Saturation 
Level  

Table-3; Comparison of Predicted and recorded vital capacity in male students 

Predicted VC 

95% CI for Predicted VC 

Recorded VC 

95% CI for Recorded 
VC VC% 

Predicted P-value 
Upper 
bound 

Lower 
bound 

Upper 
bound 

Lower 
bound 

4.21±0.16 4.23 
4.17 

 
3.05±0.68  3.19 2.92 73 <0.05* 

*significant, VC=Vital capacity, CI= confidence Interval 

 

 

Age(y) 

Mean±SD 

Height (cm) 

Mean±SD 

Weight (kg) 

Mean±SD 

BMI  

Mean±SD 

 SBP 

 Mean±SD 

DBP   

Mean±SD 

SpO2 

Mean±SD 

22.18±2.11 168.01±5.84 59.30±7.38 20.98±2.10 124.26±11.12 81.22±8.42 98.03±0.95 

Age (y) 

Mean±SD 

Height (cm) 

Mean±SD 

Weight(kg) 

Mean±SD 

BMI 

Mean±SD 

 

SBP 

Mean±SD 

 

DBP 
Mean±SD 

 

SpO2 

Mean±SD 

 

20.72±2.19 154.10±6.75 47.11±6.85 19.84±2.71 115.78±12.46 77.90±9.04 98.60±0.78 
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Table-3; Comparison of Predicted and recorded vital capacity in female students 

Predicted VC 

95% CI for Predicted VC 
Recorded 

VC 

95% CI for Recorded 
VC VC% 

Predicted P-value 
Upper 
bound 

Lower 
bound 

Upper 
bound 

Lower 
bound 

3.07±0.24 3.16 2.98 1.96±0.43 2.12 1.81 65 <0.05* 

*significant, VC=Vital capacity, CI= confidence Interval 

The table 2-3 results indicates there was a statistically Significant difference (p<0.05) between predicted and 
recorded vital capacity in both male and female students in Statistics Department. Here, the length of CI for 
predicted VC is male (0.0652), female (0.176) and Recorded VC is male (0.2732), female (0.310). Also the test of 
homogeneity of variance is statistically significant,  p<0.05. 

4 Discussion 

Lung function analysis plays an important role for the diagnosis, prognosis, mass screening of respiratory disorders 
and the spirometric investigations remain central practice. The average vital capacity in male is 3.0568 lies in the 
lower range of normal people, while in females it is considerably lower, 1.9694. The sexual dimorphism on average 
1.0874, which is rather similar to the differences detected in previous studies of Farida Munawar et.al. (2011). 
However, the male students have the normal range of fat pattern. The sexual differences in vital capacity may due to 
the extreme lower vital capacity in the female students.  Also, our study highlights the importance of obtaining 
irregular values for lung function in statistics students and comparing them with the predicted values. Lower results 
of recorded vital capacity than predicted in male students may be due to lack of correct history of smoking or they 
come from families with lower socioeconomic status.  Physical variables divulged that the students have the 
tendency of having malnutrition problems. 

5 Conclusion 

It is found that the university student do not have the normal range of vital capacity in both the sexes. On the basis 
of fat pattern, the male student, on average, have the normal status. While, the female students seemed to be 
underweighted. To improve the vital capacity, daily exercise and proper nutrition intake might be helpful.  
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Abstract. The core objective of the study was to investigate the impact of some selected determinants on 
hypertension of adult persons in Bangladesh. The data were collected from Rajshahi district using stratified 
multistage cluster sampling with technique based on the scheduled questionnaire and from these collected data 1623 
respondents(above 25 years) were separated for this study. The binary backward logistic regression method has been 
used to identify some selected risk factors of hypertension. The study demonstrates that the percentages of diastolic 
hypertension (16.20%) is greater than systolic hypertension (12.30%) in age group below 40 years while the 
percentages of diastolic hypertension (39.10%) is less than systolic hypertension (50.90%) in age group above 60 
years. But both systolic (31%) and diastolic (31.20%) hypertension rate is approximatly same in age group 40-60 
years. Positive significant impact of types of works, working hours per day, social stress, occupational stress, mental 
stress, diabetes, and hypertension in family, over weight, smoking and access salt intake have been found on 
hypertension. Also, educational level and regular exercise have been identified as negative risk factors of 
hypertension.  

 

Key words: Hypertension, Married Female, Feminine and Nuptial Events 

 

1  Introduction 

Hypertension is nothing but high blood pressure and blood pressure is the lateral pressure exerted on the walls of the 
arteries by blood flowing through the arteries. This hypertension is important factor for various sever diseases. At 
present, the rate hypertension is increasing day by day world wide. So, it is not a national problem for any country; it 
is also an international problem. Specially, developing countries are thus likely to face an enormous burden of 
chronic non-communicable diseases in the near future and hypertension is the most important disease which is the 
leading cause of morbidity and mortality in the industrial world as well as becoming an increasing common disease 
in the developing countries (WHO, 2001; WHO, 1978). World wide prevalence estimates for hypertension may be 
as much as 1 billion individuals and approximately 7.10 million deaths per year may be attributable to hypertension 
(Chobanian et al., 2003). Hypertension caused 1.6% of all deaths worldwide in 2002, an average of 146 deaths per 
million people per year and also hypertension caused 2.6% of deaths in people over 60 years old, 1.7% of all deaths 
in rich territories and 2.7% of all deaths in poor territories with reasonable life expectancy (www.worldmapper.org). 
In Latin America and Caribbean, hypertensive disorders is first leading cause of maternal deaths (26.7%) and in 
Asia and Africa, 9.1% maternal deaths is occurred by hypertensive disorders; also, 16.1% in developed country 
(Khan et al., 2006). Maternal hypertension is a most important risk factor for low birth weight infants and the rate of 
low birth weight of black women is more than twice that of white women (Odell et al., 2006). In the global of 
context, hypertensive disorder of pregnancy was responsible for 6% of the burden of all maternal conditions and it 
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was estimated that deaths due to hypertensive disorders of pregnancy represented 13% of all maternal deaths (Dolea 
et al., 2003). Hypertension is a most important risk factor of cardiovascular diseases (Chobanian, et al. 2003). The 
World Health Organization reports that suboptimal systolic blood pressure (>115 mm Hg) is responsible for 62% of 
cerebrovascular diseases and 49% of ischemic heart disease, with little variation by sex. In addition, suboptimal 
blood pressure is the number one attributable risk for death throughout the world (WHO, 2002a). Bangladesh is high 
mortality developing country (WHO, 2002a).Among the top ten leading causes of deaths in Bangladesh, Ischemic 
heart disease is the first leading cause of deaths, accounting for 12% of total deaths (WHO, 2002b). Also, 10.57% 
deaths have been occurred by hypertension (where 7.97% is female and 12.51% is male), heart disease and stroke; 
the prevalence of morbidity by blood pressure is 6.2% (BBS, 2007; Begum, 1996). The diabetic hypertensive patient 
are also increasing day by day (Haque et al., 2012) Many researchers (Tosell et al., 2001; Bond et al., 2000; Dehoff 
et al., 2004 etc.) have studied the in-depth patterns of hypertension in different population of the world. In 
Bangladesh some researchers (Syeed et al., 1994; Saha et al., 2006; Ullah, 1976 etc.) have studied the fundamental 
situation of hypertension but there is no individually in-depth assessment of feminine hypertension. 

Thus, the determinants of hypertension should be properly investigated. The findings (obtained by logistic 
regression) of this study may help to understand the effect of these determinants on hypertension. This paper is 
meant for investigate the impact of some selected determinants on hypertension of adult population (>25 years) in 
Bangladesh. 

 

2   Materials and Methods 

2.1 Data 

The total data of size 2250 were collected by personal interview method from Rajshahi district using stratified 
multistage cluster sampling with technique based on the scheduled questionnaire and from these collected data 1623 
respondents(above 25 years) were separated for this study. 

 

2.2   Variable 

Hypertension based on systolic blood pressure and diastolic blood pressure is binary outcome variable (Y) where 
types of works, working hours per day, social stress, occupational stress, mental stress, diabetes, hypertension in 
family, over weight, smoking, access salt intake,education and regular exercise (Xj’s) are explanatory variables. The 
variable hypertension takes the value one, if SBP≥ 140 mmHg or DBP≥ 90 mmHg and otherwise takes zero value. 

 

Social stress is stress that stems from one’s relationships with others and from the social environment in general. A 
person experiences stress when he or she does not have the ability or resources to cope when confronted with an 
external stimulus (stressor), or when they fear they do not have the ability or resources.  

 

Occupational stress is stress involving work. Occupational stress can occur when there is a discrepancy between 
the demands of the environment / workplace and an individual’s ability to carry out and complete these demands. 
Mental stress is one kind of mental condition which may be considered as psychological pressure.  Access salt 
intake means general salt taken by respondents out of curry.  

 

2.3   Methods of the Study 

Since the outcome variable is binary, we have used backward binary logistic regression method.  Also, this method 
can tackle the multicollinearity Problem. Hence, considering the above situation we have adopted the mentioned 
method to identify the impact of some selected factors on hypertension. The required regression model is given by: 
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Where, jβ  is the jth (j = 1, 2, 3… 12) regressor coefficients and 12 is the number of explanatory variables.  

The maximum likelihood method has been used to estimate the regression parameter. The log likelihood function is 
following:  
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To find the values of β’s that maximize L (β) we differentiate L (β) with respect to β’s and set the resulting 
expressions equal to zero. 

The performance of our fitted model has been examined by using likelihood ratio test, wald test, Hosmer–
Lemeshow test and Nagelkerke R-squared. 

 

3   Results and Discussion 

Table 1: Comparison between Systolic and Diastolic Hypertension with Respect to Age. 

Age According to Percentiles 
Percentiles 50th 75th 90th 

Age (Years) <40 40-60 >60 

Systolic High Blood Pressure (Percent) 12.30 31.00 50.90 

Diastolic High Blood Pressure (Percent) 16.20 31.20 39.10 

 

The table-1 demonstrates that the percentages of diastolic hypertension (16.20%) is greater than systolic 
hypertension (12.30%) in age group below 40 years while the percentages of diastolic hypertension (39.10%) is less 
than systolic hypertension (50.90%) in age group above 60 years. But both systolic (31%) and diastolic (31.20%) 
hypertension rate is approximatly same in age group 40-60 years. Hence, we may conclude that age group below 40 
years is spacialy more risk for occuring diastolic hypertension where age group above 60 years is spacialy more risk 
for occuring systolic hypertension. But age group 40-60 years is approximatly equal risk for occuring both systolic 
and diastolic hypertension. 

Table 2: Summary of Logistic Regression Analysis of Hypertension on Some Selected Factors: 

Characteristics Regressor 

Coefficient ( β ) 

Standard 

Error of β  

Wald Degree of 
Freedom 

P - Value Odds 
Ratio 

Education  -0.185 0.021 80.412 1 0.01 0.831 

Regular Exercise 

No (r) - - - - - - 

Yes -3.797 0.271 195.643 1 0.01 0.022 
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Types of Works 

Normal (r) - - - - - - 

Sedentary 1.377 0.192 51.415 1 0.01 3.962 

Working Hours Per Day 

≤8 (r) - - - - - - 

>8 1.479 0.194 57.934 1 0.01 4.390 

Social Stress 

No (r) - - - - - - 

Yes 1.577 0.257 37.552 1 0.01 4.838 

Occupational Stress 

No (r) - - - - - - 

Yes 1.541 0.202 58.331 1 0.01 4.668 

Mental Stress 

No (r) - - - - - - 

Yes 2.011 0.184 119.789 1 0.01 7.467 

Diabetes 

No (r) - - - - - - 

Yes 0.744 0.339 4.803 1 0.02 2.104 

Hypertension in Family 

No (r) - - - - - - 

Yes 1.816 0.202 81.252 1 0.01 6.150 

Over Weight 

No (r) - - - - - - 

Yes 0.776 0.194 16.000 1 0.01 2.173 

Smoking 

No (r) - - - - - - 
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Yes 0.516 0.211 5.968 1 0.01 1.676 

Access Salt Intake 

No (r) - - - - - - 

Yes 2.408 0.208 133.419 1 0.01 10 

r represents the reference category. 

The fitted model is shown below: 
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Results obtained using logistic regression depicts that education and regular exercise has negative significant impact 
on hypertension. The odds ratio corresponding to education is 0.831 i. e. for one year increase in education the 
occurrence of hypertension is approximately three quarter as likely to occur. In the case of regular exercise, 
occurrence of hypertension is 2 of 100 as likely to occur among those who take regular exercise than among those 
who do not. Rest of all variables (types of works, working hours per day, social stress, occupational stress, mental 
stress, diabetes, hypertension in family, over weight, smoking, access salt intake) have positive significant impact on 
hypertension. The odds ratio corresponding to types of work and working hours per day are 3.962 and 4.390 which 
indicate that the respondents who involved with sedentary works and contribute >8 hours per day have 3.962 and 
4.390 times risk to occur hypertension than who do not respectively. For social stress, occupational stress, mental 
stress, diabetes, hypertension in family, over weight, smoking, access salt intake the respondents who possess the 
presence of corresponding characteristic  have 4.838, 4.668, 7.467, 2.104, 6.150, 2.173, 1.676 and 10 times risk to 
occur hypertension respectively. These findings are in accordance with the former studies (Saha et al., 2006; Ullah, 
1976; Syeed, 1994 etc.) at home and consistent with study at abroad (Chobanian et al., 2003; Burt et al., 1995; 
Franklin et al., 1997 etc.). 

4   Summary Assessments of Model Building 

The summary of assessments of fitted model with the Negelkerke R square and Hosmer-Leme show test is given in 
table-3. Also, the information of bootstrapping is included in table-4.  

Table 3: Summary of Assessments of Model Building 

 Value Degree of Freedom (d. f) P-Value 

Hosmer and Lemeshow Test 9.622 8 0.30 

Nagelkerke R Square 0.75 - - 

(-2 Log likelihood=915.487) 

 

The value of Hosmer-Leme show goodness-of-fit statistic is 9.622 (in Table3) and corresponding computed p-value 
is 0.30 with 8 degree of freedom. This indicates that the model seems to fit well. Also, the value of Ngelkerke R2 is 
0.75 (in Table 3) which indicates that the fitted regression equation explains 75% of the variation in Hypertension 
(Y).  

  



299 
 

Table 4: Bootstrap for Variables in the Equation 

 
Regressor 

Coefficient ( β ) 
Bias 

Standard 

Error of β  
P-Value 

95% Confidence Interval 

Lower Upper 

Education -.185 -.004 .021 .001 -.230 -.146 

Types of Working 1.377 .014 .191 .001 1.028 1.772 

Working Hours Per Day 1.479 .023 .204 .001 1.117 1.934 

Regular Exercise -3.796 -.076 .319 .001 -4.538 -3.307 

Social Stress 1.577 .023 .301 .001 1.029 2.191 

Occupational Stress 1.541 .031 .215 .001 1.142 2.011 

Mental Stress 2.011 .038 .175 .001 1.716 2.402 

Diabetes .744 .022 .354 .027 .057 1.414 

Hypertension in Family 1.816 .023 .216 .001 1.447 2.315 

Over Weight .776 .018 .205 .001 .396 1.221 

Smoking .516 -.006 .237 .020 .058 .965 

Access Salt Intake 2.408 .060 .239 .001 2.035 2.980 

 

Bootstrap is a resampling technique. From bootstrapping result in table 4 it is seen that the regression coefficients 
are approximately same with the regression coefficients in table 3. This implies the bias of coefficients is not 
significant. Hence, it may be concluded that the fitted model quite well. 
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5  Conclusion 

Finally, the study reveals that types of works, working hours per day, social stress, occupational stress, mental stress, 
diabetes, hypertension in family, over weight, smoking and access salt intake are risk factors of hypertension. 
Hence, to control and protect hypertension, knowledge and awareness about above risk factors might be an 
alternative way.   
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Abstract. The purpose of the present study was to develop a higher dimensional growth model as an extension of 
the Bock, Thisses and du Toit (BTT) model. The extension is done by adding additional predictors in the logistic 
part of the BTT model. Bayesian method of estimation was applied to estimate the parameters. Principal component 
regression method was applied when there was a problem of multicollinearity in the model. The biological 
characteristics were extracted from the velocity and acceleration curve using gradient vector and hessian matrix. 

 

Keywords: Multivariate growth model, BTT model, Principal component regression, Bayesian approach, Velocity, 
Acceleration, Gradient vector, Hessian matrix.  

 

1. Introduction 

Growth modeling is very important in recent time for the purpose of the study of growth pattern and biological 
characteristics. Growth in stature in any living organism depends on their: age, body weight, chest circumference, 
sitting height, genetic factors, maternal illnesses during pregnancy, socio-economic disadvantages during and 
after pregnancy, social/emotional problems during childhood, poor nutrition and environmental or emotional 
deprivation and so on. Most of the growth models such as Gompertz and the logistic growth model (Deming, 1957 
and Merrell, 1931), Jenss model (Jenss and Bayley, 1937), Count model (Count, 1943), Double logistic model 
(Bock et al.,1973), PB models (Preece and Baines, 1978), ICP model (Karlberg, 1987), Reed models (Berkey and 
Reed, 1987), SSC model (Shohoji and Sasaki, 1987), JPPS model (Jolicoeur et al., 1988), JPA-1 and JPA-2 model 
(Jolicoeur et al., 1992), Modified ICP model (Johnson, 1993), BTT model (Bock et al., 1994) have considered 
stature or weight as a function of age. The JPA-2 (Jolicoeur et al., 1992) model fits better than all other asymptotic 
models till 1991. While, BTT (Bock et al., 1994) model is found to be better than JPA-2 model. Like age, it is 
important to incorporate other possible predictors in the model as they have significant influence on stature, 
however, the influence of age on stature is higher than others predictors.  

Thus, for the better explanation of the final stature, higher dimensional growth model should be applicable. Rahman 
et al. (2004) showed that the BTT model fits better for those who have early, middle and adolescent growth spurts. 
Thus, the purpose of the present study is to develop a higher dimensional growth model through the extension of 
BTT model.  

 

2. History of the BTT model 

Robertson (1908) proposed that the human growth of organism in general occurs in a number of additive, more-or-
less independent phases during the course of development. Generally, the timing and intensity of each phase is 
assumed genetically programmed in the individual, but they may vary in expression according to environmental 
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conditions. According to Robertson, the sum of the three logistic components can be describing human growth in 
stature but he cannot test the model because of no suitable data. Bock and Thissen (1976, 1980), first applied the 
concept to individual growth using the case from the Berkeley and Fels growth studies. Their analysis showed that 
the goodness of fit of the triphasic logistic model was good over the range from one year to maturity. In the Bock-
Thissen model, the phases represent early-childhood, middle-childhood, and adolescent growth. A further 
enhancement of the Bock-Thissen model was suggested by du Toit (1993). Du Toit (1993) suggested the additional 
of the “shape” constants of the positive exponentials to the denominators of the logistic functions to control the 
model in the region of change-over from early to middle childhood, and to provide some asymmetry of the 
adolescent component. We found values for these constants that tend to improve the fit of the model, by repeated 
trials with the Berkeley and Fels data. We refer to this triphasic generalized logistic model as the BTT model.  

 

3. Mathematical explanation of the BTT model 

Bock-Thissen-du Toit (BTT) model can be defined as sum of the three generalized logistic terms. The form of the 
logistic term is: 

𝑎
[1 + 𝑒−(𝑏𝑡+𝑐)]𝑑 

Where, t  is the time (age) variable; a , b, c and d are the amount of growth, slope, intercept and fixed shape 
constantcontributed by the term, respectively. The quantity cbtz +=  in the exponential function is the “logit”. 

 Bock et al. (1994) described a model known as the triphasic generalized logistic model by summing up three 
phases of growth; early, middle and adolescent. This triphasic generalized logistic model can be written as follows: 

𝑦 =
𝑎1

[1 + 𝑒−(𝑏1𝑡+𝑐1)]𝑑1
+

𝑎2

[1 + 𝑒−(𝑏2𝑡+𝑐2)]𝑑2
+

𝑎3

[1 + 𝑒−(𝑏3𝑡+𝑐3)]𝑑3
 

Where, the set of parameters(𝑎1, 𝑏1, 𝑐1), (𝑎2, 𝑏2, 𝑐2) and (𝑎3, 𝑏3, 𝑐3)refer to the parameters of early, middle and 
adolescent phases of growth, respectively. 

 

4. Proposed model 

Now, let us consider a new proposed model, which is extension of the BTT model. The mathematical form of 
proposed model can be written as follows: 

𝑦 =
𝑎1

�1 + 𝑒−�𝑎11𝑥1+𝑎12𝑥2+𝑎13𝑥3+⋯+𝑎1𝑝𝑥𝑝+𝑐1��
𝑑1

+
𝑎2

�1 + 𝑒−�𝑎21𝑥1+𝑎22𝑥2+𝑎23𝑥3+⋯+𝑎2𝑝𝑥𝑝+𝑐2��
𝑑2

 

+ 𝑎3

�1+𝑒−�𝑎31𝑥1+𝑎32𝑥2+𝑎33𝑥3+⋯+𝑎3𝑝𝑥𝑝+𝑐3��
𝑑3                                                                                         (1) 

Where, 

𝑦, 𝑥1, 𝑥2, … , 𝑥𝑝are the different measurement of body may be stature, age, weight, Chest Circumference, sitting 
height and so on, respectively. The set of parameters�𝑎1, 𝑎11, 𝑎12, … , 𝑎1𝑝, 𝑐1�, 

�𝑎2, 𝑎21, 𝑎22, 𝑎23, … , 𝑎2𝑝, 𝑐2�and�𝑎3, 𝑎31, 𝑎32, 𝑎33, … , 𝑎3𝑝, 𝑐3�refer to the parameters of early, middle and adolescent 
phases of growth in Euclidian space, respectively. Also 𝑑1, 𝑑2, and 𝑑3 are fixed shape parameters for early, middle 
and adolescent phases of growth in Euclidian space, respectively. Bock and Thissen (1980) imposed a linear 
restriction on the parameters of the first and second term to remove the over parameterization problem, but du Toit 
(1992) later found that setting  𝑐1 = 0 serves equally well. 

 To estimate proposed model, there are two cases arise, such as: 

1) The regressors are uncorrelated, and 
2) The regressors are correlated. 
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4.1 Case (1): The regressors are uncorrelated 

 When the regressors are uncorrelated, we can estimate parameters of (1) directly by Bayesian approach describe 
in section of title estimation because there is no problem of multicollinearity.   

4.2 Case (2): The regressors are correlated  

 We can write the equation of (1) as follows: 

𝑦 =
𝑎1

[1 + 𝑒−(𝑋𝛽1)]𝑑1
+

𝑎2

[1 + 𝑒−(𝑋𝛽2)]𝑑2
+

𝑎3

[1 + 𝑒−(𝑋𝛽3)]𝑑3
 

Where, 

𝑋 = (1 𝑥1 𝑥2 ⋯ 𝑥𝑝), 

𝛽1 =  (𝑐1 𝑎11
𝑎12 … 𝑎1𝑝)ˊ, 

𝛽2 =  (𝑐2 𝑎21
𝑎22 … 𝑎2𝑝)ˊand 

𝛽3 =  (𝑐3 𝑎31
𝑎32 … 𝑎3𝑝)ˊ 

 

For n data, 
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Let, 𝑍 = 𝑋𝑇, 𝛾𝑖 = 𝑇´𝛽𝑖; 𝑖 = 1, 2, 3. Then, 𝑇´𝑋´𝑋𝑇 = 𝑍´𝑍 = Λ 

andΛ = 𝑑𝑖𝑎𝑔�𝜆0𝜆1, 𝜆2, … , 𝜆𝑝� is a(𝑝 + 1) × (𝑝 + 1) diagonal matrix of the eigenvalues of 𝑋´𝑋and T is a (𝑝 + 1) ×
(𝑝 + 1) orthogonal matrix whose columns are the eigen vectors associated with 𝜆0, 𝜆1, 𝜆2, … , 𝜆𝑝. We can define a 
new set of orthogonal regressors, such as  𝑍 = (𝑍0 𝑍1 𝑍2 … 𝑍𝑃) which is the columns of Z are referred to as 
principal components. 

Therefore, 

𝑦 =
𝑎1

[1 + 𝑒−(𝑍𝛾1)]𝑑1
+

𝑎2

[1 + 𝑒−(𝑍𝛾2)]𝑑2
+

𝑎3

[1 + 𝑒−(𝑍𝛾3)]𝑑3
 

The principal components regression approach used less than full set of principal components to combats 
multicollinearity in the model. In principal components estimators, we assume that the regressors are arranged in 
order of decreasing eigenvalues 

𝜆0 ≥ 𝜆1 ≥ 𝜆2 ≥ 𝜆3 ≥ ⋯ ≥ 𝜆𝑝 > 0 

Let us suppose that the last s of these eigenvalues approximately equal to zero. In principal components regression 
the principal components corresponding to near-zero eigenvalues are removed from the analysis and Bayes estimate 
defined the section of estimation applied to the remaining components. That is: 

𝛾�𝑖𝑝𝑐 = 𝐵𝛾�𝑖, i=1, 2, 3, 

Where, 𝑏0 = 𝑏1 = 𝑏2 = ⋯ = 𝑏𝑝−𝑠 = 1 and 𝑏𝑝−𝑠+1 = 𝑏𝑝−𝑠+2 = ⋯ = 𝑏𝑝 = 0 
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and the fitted model written as: 

𝑦� =
𝑎1

[1 + 𝑒−(𝑍𝛾�1)]𝑑1
+

𝑎2

[1 + 𝑒−(𝑍𝛾�2)]𝑑2
+

𝑎3

[1 + 𝑒−(𝑍𝛾�3)]𝑑3
 

Replacing Z by the linear combination of X. we get  

𝑦� =
𝑎1

[1 + 𝑒−(𝑋𝑇𝛾�1)]𝑑1
+

𝑎2

[1 + 𝑒−(𝑋𝑇𝛾�2)]𝑑2
+

𝑎3

[1 + 𝑒−(𝑋𝑇𝛾�3)]𝑑3
 

𝑦� =
𝑎1

�1 + 𝑒−�𝑋𝛽�1𝑝𝑐��
𝑑1

+
𝑎2

�1 + 𝑒−�𝑋𝛽�2𝑝𝑐��
𝑑2

+
𝑎3

�1 + 𝑒−�𝑋𝛽�3𝑝𝑐��
𝑑3

 

Thus, the principal components estimator can be written as follows:       

�̂�𝑖𝑝𝑐 = 𝑇𝛾�𝑖𝑝𝑐; i=1, 2, 3    [since  𝛾�𝑖 = 𝑇´𝛽𝑖; i=1, 2, 3 and 𝑇´𝑇 = 𝐼𝑝+1] 

 

5. Estimation: 

Before estimate the biological parameters of proposed model, we fixed up the shape parameters. The shape 
parameters can be estimate by trial and error methods. One way to fixed up the shape parameters such that the error 
is normal that is done by taking different value of shape parameters and fit the model then check normality of error. 
Remember that the value of shape parameter of third phase must be greater than other two phases. Generally, the 
value of shape parameters of the first two phages is equal. Now let us consider proposed nonlinear growth model has 
the form: 

𝑦 = 𝑓(𝑋, Θ) = ∑ 𝑎𝑖

�1+𝑒−�𝑎𝑖1𝑥1+𝑎𝑖2𝑥2+𝑎𝑖3𝑥3+…+𝑎𝑖𝑝𝑥𝑝+𝑐𝑖��
𝑑𝑖

3
𝑖=1                                                    (2) 

Where, y is the dependent variable, 𝑋 = (𝑥1𝑥2𝑥3 … 𝑥𝑝)ˊ is the vector independent variables, and 

Θ = �𝑎1𝑎11𝑎12 … 𝑎1𝑝𝑐1𝑎2𝑎21𝑎22 … 𝑎2𝑝𝑐2𝑎3𝑎31𝑎32 … 𝑎3𝑝𝑐3�´is the parameters vector of the model. When 
observations of y and X are collected for observation i, the equation (2) become: 

𝑦𝑖 = 𝑓(𝑋𝑖 , Θ) + 𝜀𝑖 ; i=1, 2, 3 . . . n                                                                  (3) 

Where, the model error 𝜀𝑖~𝑁(0, 𝜎2) is assumed.Since, the present application the number of distinct observations 
greater than or equal to number of parameters, the conventional least squares method fitting of complex growth 
models is less than ideal. Even when the number of observations is sufficient for least squares, the parameters may 
not all be identifiable if the observations are poorly positioned. A much better method for fitting growth models is 
Bayes model estimation, which chooses from among a specified population of growth curves that curve which is 
most probable given the data. 

The random vector parameters Θ assume distributed 𝑁(𝜇, 𝜎2) in the population. Let us consider squared error loss 
function: 

𝑙�Θ, Θ�� = (Θ − Θ�)2 

Since, 𝜀~𝑁(0, 𝜎2) , then  

𝐸(𝑦/𝑋, Θ) = 𝑓(𝑋;  Θ) + E(ε) = 𝑓(𝑋;  Θ) + 0 = 𝑓(𝑋;  Θ) 

𝑉(𝑦/𝑋, Θ) = 𝜎2 

So that, 𝑦/(𝑋, Θ, 𝜎2)~𝑁(𝑓(𝑋;  Θ), 𝜎2) 

We consider a sample (𝑦1, 𝑦2, 𝑦3, … , 𝑦𝑛) of size n from the density 𝑓(𝑦/ 𝑋, Θ, 𝜎2). The likelihood functions as 
defined as: 
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𝐿(𝑦/ 𝑋, Θ, 𝜎2) = �
1

√2𝜋σ2
𝑒− 1

2𝜎2(𝑦𝑖−𝑓(𝑋𝑖; Θ))2
=

1
√2𝜋𝜎2𝑛

n

i=1

𝑒− 1
2𝜎2 ∑ (𝑦𝑖−𝑓(𝑋𝑖; Θ))2𝑛

𝑖=1  

Posterior Bayes estimator of (Θ, σ2) with respect to prior 𝑔(Θ, σ2)can be written as: 

𝜋(Θ, σ2/y) =
𝐿(𝑦/(𝑋, Θ, 𝜎2))𝑔(Θ, σ2)

∫ ∫ 𝐿(𝑦/(𝑋, Θ, 𝜎2))∞
−∞ 𝑔(Θ, σ2)𝑑Θ𝑑σ2∞

0

 

The posterior distribution the denominator term is called the marginal distribution because the marginal distribution 
is constant; the posterior distribution is represented by the form: 

𝜋(Θ, σ2/y) ∝ 𝐿(𝑦/(𝑋, Θ, 𝜎2))𝑔(Θ, σ2) ∝ 1
�𝜎2𝑛 𝑒− 1

2𝜎2 ∑ (𝑦𝑖−𝑓(𝑋𝑖; Θ))2𝑛
𝑖=1 𝑔(Θ, σ2)                           (4) 

The most important part in the Bayesian regression analysis is to determine the prior distribution. However, it is 
very difficult to infer the probability distribution of the regression coefficient in the separated basins. Thus a short of 
uniform prior distribution is selected to compute the posterior distribution in the study.  Sorenson and Gianola 
(2002) suggested a sort of uniform distribution using variance:  

𝑔(Θ, 𝜎2) ∝ 1
𝜎2                                                                                        (5) 

From (4) and (5), we can be written as follows: 

𝜋(Θ, σ2/y) ∝
1

√𝜎2𝑛 𝑒− 1
2𝜎2 ∑ (𝑦𝑖−𝑓(𝑋𝑖; Θ))2𝑛

𝑖=1
1

𝜎2 = (σ2)−(𝑛
2+1)𝑒− 1

2𝜎2 ∑ (𝑦𝑖−𝑓(𝑋𝑖; Θ))2𝑛
𝑖=1  

We know that, for a squared error loss function the mean of the posterior density is Bayes estimator of Θ. 

Now, Bayes estimator of Θ under square error loss function is 

Θ� = 𝐸�𝜋(Θ)� = ∫ Θ𝜋(Θ, σ2)𝑑Θ∞
−∞ = ∫ Θ(σ2)−(𝑛

2+1)𝑒− 1
2𝜎2 ∑ (𝑦𝑖−𝑓(𝑋𝑖; Θ))2𝑛

𝑖=1 𝑑Θ∞
−∞                               (6) 

The solution of above equation (6) cannot determine numerically. The solution of above equation can be determined 
by using analytically. Fisher-Scoring (Newton-Gauss) method is extremely fast, and nearly as robust as MEAP 
(Minimum Expected a Posteriori) estimation. 

 

6. Velocity: 

Velocity is a term used for a rate of change. That is velocity is defined as the ratio of the directed displacement r∆

(say) to the required time t∆ (say) i.e. t
rVelocity

∆
∆

=
 

Now, in our study, the velocity for the variable 𝑥𝑗 with j=1, 2, 3. . . p is defined as the partial derivative of 𝑦 =
𝑓(𝑋, Θ) with respect to 𝑥𝑗. 

𝜕𝑦
𝜕𝑥𝑗

= �
𝑎𝑖𝑑𝑖𝑎𝑖𝑗𝑒−�𝑎𝑖1𝑥1+𝑎𝑖2𝑥2+𝑎𝑖3𝑥3+…+𝑎𝑖𝑝𝑥𝑝+𝑐𝑖�

�1 + 𝑒−�𝑎𝑖1𝑥1+𝑎𝑖2𝑥2+𝑎𝑖3𝑥3+…+𝑎𝑖𝑝𝑥𝑝+𝑐𝑖��
𝑑𝑖

�1 + 𝑒−�𝑎𝑖1𝑥1+𝑎𝑖2𝑥2+𝑎𝑖3𝑥3+…+𝑎𝑖𝑝𝑥𝑝+𝑐𝑖��

3

𝑖=1
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7. Acceleration: 

Acceleration of a function 𝑦 = 𝑓(𝑋, Θ) is defined as the second derivative of y with respect to x. That is: 
Acceleration = 𝜕2𝑦

𝜕𝑥2 

Therefore, the acceleration for the variable 𝑥𝑗 with j=1, 2… p can be written as follows: 

𝜕2𝑦
𝜕𝑥𝑗𝜕𝑥𝑗

= � �
𝑎𝑖𝑑𝑖

2𝑎𝑖𝑗
2 �𝑒−�𝑎𝑖1𝑥1+𝑎𝑖2𝑥2+…+𝑎𝑖𝑝𝑥𝑝+𝑐𝑖��

2

�1 + 𝑒−�𝑎𝑖1𝑥1+𝑎𝑖2𝑥2+…+𝑎𝑖𝑝𝑥𝑝+𝑐𝑖��
𝑑1+2 −

𝑎𝑖𝑑𝑖𝑎𝑖𝑗
2 𝑒−�𝑎𝑖1𝑥1+𝑎𝑖2𝑥2+…+𝑎𝑖𝑝𝑥𝑝+𝑐𝑖�

�1 + 𝑒−�𝑎𝑖1𝑥1+𝑎𝑖2𝑥2+…+𝑎𝑖𝑝𝑥𝑝+𝑐𝑖��
𝑑1+1      

3

𝑖=1

+
𝑎𝑖𝑑𝑖𝑎𝑖𝑗

2 �𝑒−�𝑎𝑖1𝑥1+𝑎𝑖2𝑥2+…+𝑎𝑖𝑝𝑥𝑝+𝑐𝑖��
2

�1 + 𝑒−�𝑎𝑖1𝑥1+𝑎𝑖2𝑥2+…+𝑎𝑖𝑝𝑥𝑝+𝑐𝑖��
𝑑1+2� 

j= 1, 2, 3, 4… p 

To compute the hessian matrix, we need various derivative of 𝑦 = 𝑓(𝑋, Θ) with respect to 𝑥1, 𝑥2, … , and𝑥𝑝 as the 
general form: 

 

𝜕2𝑦
𝜕𝑥𝑗𝜕𝑥𝑗+1

= � �
𝑎𝑖𝑑𝑖

2𝑎𝑖𝑗𝑎𝑖𝑗+1 �𝑒−�𝑎𝑖1𝑥1+𝑎𝑖2𝑥2+…+𝑎𝑖𝑝𝑥𝑝+𝑐𝑖��
2

�1 + 𝑒−�𝑎𝑖1𝑥1+𝑎𝑖2𝑥2+…+𝑎𝑖𝑝𝑥𝑝+𝑐𝑖��
𝑑𝑖+2 −

𝑎𝑖𝑑𝑖𝑎𝑖𝑗𝑎𝑖𝑗+1𝑒−�𝑎𝑖1𝑥1+𝑎𝑖2𝑥2+…+𝑎𝑖𝑝𝑥𝑝+𝑐𝑖�

�1 + 𝑒−�𝑎𝑖1𝑥1+𝑎𝑖2𝑥2+…+𝑎𝑖𝑝𝑥𝑝+𝑐𝑖��
𝑑𝑖+1

3

𝑖=1

+               
𝑎𝑖𝑑𝑖𝑎𝑖𝑗𝑎𝑖𝑗+1 �𝑒−�𝑎𝑖1𝑥1+𝑎𝑖2𝑥2+𝑎𝑖3𝑥3+…+𝑎𝑖𝑝𝑥𝑝+𝑐𝑖��

2

�1 + 𝑒−�𝑎𝑖1𝑥1+𝑎𝑖2𝑥2+𝑎𝑖3𝑥3+…+𝑎𝑖𝑝𝑥𝑝+𝑐𝑖��
𝑑𝑖+2 � 

; j= 1, 2, 3, 4… p-1 

 

8. Method of finding velocity and acceleration 

 

8.1 Gradient of y 

The gradient of a function of p variables 𝑓(𝑥1, 𝑥2, 𝑥3 … 𝑥𝑝) is defined as follows: 

∇𝑓(𝑥) = �
𝜕𝑓
𝜕𝑥1

𝜕𝑓
𝜕𝑥2

…
𝜕𝑓

𝜕𝑥𝑝
�

/

 

8.2 Hessian matrix of y 

In mathematics, the Hessian matrix is the square matrix of second-order partial derivatives of a function. The 
Hessian matrix describes the local curvature of a function of many variables. The Hessian matrix was developed in 
the 19th century by the German mathematician Ludwig Otto Hesse and later named after him. Hesse himself had 
used the term "functional determinants". 

Given the real-valued function 

𝑦 = 𝑓(𝑋, Θ) = �
𝑎𝑖

�1 + 𝑒−�𝑎𝑖1𝑥1+𝑎𝑖2𝑥2+𝑎𝑖3𝑥3+…+𝑎𝑖𝑝𝑥𝑝+𝑐𝑖��
𝑑𝑖

3

𝑖=1

 

If all second partial derivatives exist, then the Hessian matrix can be written as follows: 
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∇2𝑓(𝑥) =

⎝

⎜
⎜
⎜
⎜
⎛

𝜕2𝑓
𝜕𝑥1𝜕𝑥1

𝜕2𝑓
𝜕𝑥1𝜕𝑥2

𝜕2𝑓
𝜕𝑥2𝜕𝑥1

𝜕2𝑓
𝜕𝑥2𝜕𝑥2

…
𝜕2𝑓

𝜕𝑥1𝜕𝑥𝑝

…
𝜕2𝑓

𝜕𝑥2𝜕𝑥𝑝
⋮ ⋮

𝜕2𝑓
𝜕𝑥𝑝𝜕𝑥1

𝜕2𝑓
𝜕𝑥𝑝𝜕𝑥2

⋮ ⋮

…
𝜕2𝑓

𝜕𝑥𝑝𝜕𝑥𝑝⎠

⎟
⎟
⎟
⎟
⎞

 

Let us consider any value of 𝑥1, 𝑥2, 𝑥3 … 𝑥𝑝is 𝑥1
∗, 𝑥2

∗, 𝑥3
∗, … , 𝑥𝑝

∗ , respectively. Then ∇𝑓�𝑥1
∗, 𝑥2

∗, 𝑥3
∗, … , 𝑥𝑝

∗� = 0 and 
satisfy any one of the following condition: 

8.2.1 Case 1: 

𝑓(𝑥1
∗, 𝑥2

∗, 𝑥3
∗, … , 𝑥𝑝

∗)have a local minimum value if 

𝜕2𝑓
𝜕𝑥1𝜕𝑥1

> 0, �

𝜕2𝑓
𝜕𝑥1𝜕𝑥1

𝜕2𝑓
𝜕𝑥1𝜕𝑥2

𝜕2𝑓
𝜕𝑥2𝜕𝑥1

𝜕2𝑓
𝜕𝑥2𝜕𝑥2

� > 0, …, 
�

�

𝜕2𝑓
𝜕𝑥1𝜕𝑥1

𝜕2𝑓
𝜕𝑥1𝜕𝑥2

𝜕2𝑓
𝜕𝑥2𝜕𝑥1

𝜕2𝑓
𝜕𝑥2𝜕𝑥2

… 𝜕2𝑓
𝜕𝑥1𝜕𝑥𝑝

… 𝜕2𝑓
𝜕𝑥2𝜕𝑥𝑝

⋮ ⋮
𝜕2𝑓

𝜕𝑥𝑝𝜕𝑥1

𝜕2𝑓
𝜕𝑥𝑝𝜕𝑥2

⋮ ⋮
… 𝜕2𝑓

𝜕𝑥𝑝𝜕𝑥𝑝

�

�
> 0 

8.2.2 Case 2:  

𝑓(𝑥1
∗, 𝑥2

∗, 𝑥3
∗, … , 𝑥𝑝

∗)have a local maximum value if 

𝜕2𝑦
𝜕𝑥1𝜕𝑥1

< 0, (−1)2 �

𝜕2𝑓
𝜕𝑥1𝜕𝑥1

𝜕2𝑓
𝜕𝑥1𝜕𝑥2

𝜕2𝑓
𝜕𝑥2𝜕𝑥1

𝜕2𝑓
𝜕𝑥2𝜕𝑥2

� > 0, …,(−1)𝑝

�

�

𝜕2𝑓
𝜕𝑥1𝜕𝑥1

𝜕2𝑓
𝜕𝑥1𝜕𝑥2

𝜕2𝑓
𝜕𝑥2𝜕𝑥1

𝜕2𝑓
𝜕𝑥2𝜕𝑥2

… 𝜕2𝑓
𝜕𝑥1𝜕𝑥𝑝

… 𝜕2𝑓
𝜕𝑥2𝜕𝑥𝑝

⋮ ⋮
𝜕2𝑓

𝜕𝑥𝑝𝜕𝑥1

𝜕2𝑓
𝜕𝑥𝑝𝜕𝑥2

⋮ ⋮
… 𝜕2𝑓

𝜕𝑥𝑝𝜕𝑥𝑝

�

�
> 0 

8.2.3 Case 3: 

There is no local maxima or minima if 𝑓(𝑥1
∗, 𝑥2

∗, 𝑥3
∗, … , 𝑥𝑝

∗) does not satisfy two condition describe in above and 
called saddle point. 

9. Example 

Consider the longitudinal data of Japanese girl from 1 year to 18 year. The data contains the variables age, stature 
and chest circumference. We used the STATISTICA software to estimate the parameters and the MatLab software 
help us to find the velocity and acceleration with respect to different variables. Let us consider the case-1, when the 
regressors are uncorrelated. The estimated parameters and the summary of the proposed model are given Table-1 
and 2, respectively. The final loss of fitted model is 2.971638351. 

Table-1: The estimated parameters of proposed model 

𝑎�1 𝑎�11 𝑎�12 �̂�1 𝑎�2 𝑎�21 𝑎�22 �̂�2 𝑎�3 𝑎�31 𝑎�32 �̂�3 

50.91 1.614 -0.899 48.035 34.59 0.980 -0.060 -7.029 79.18 0.442 -0.022 0.126 

Note: here, 𝑑1 = 𝑑2 = 0.75 and 𝑑3 = 1.75 
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Table-2: The Summary of proposed model  

Stature Predicted Error Fx1 Fx2 Fx1x1 Fx2x2 Fx1x2 Det(H) Comment 

75 75.333 -0.333 8.266 -0.422 1.355 -0.004 -0.055 -0.009 Saddle 

84 83.227 0.773 9.211 -0.471 0.638 -0.008 -0.017 -0.005 saddle 

92 92.130 -0.130 9.406 -0.477 -0.247 -0.005 0.019 0.001 L. Max 

99 99.927 -0.927 8.926 -0.463 -0.923 -0.015 0.066 0.010 L. Max 

108 107.511 0.489 7.965 -0.420 -1.231 -0.019 0.084 0.016 L. Max 

115 114.527 0.473 6.877 -0.362 -1.003 -0.010 0.056 0.006 L. Max 

120 120.342 -0.342 6.242 -0.340 -0.362 -0.009 0.021 0.003 L. Max 

126 125.866 0.134 6.338 -0.362 0.611 -0.007 -0.033 -0.006 Saddle 

131 131.397 -0.397 7.251 -0.450 1.392 -0.027 -0.042 -0.039 Saddle 

138 137.769 0.231 8.641 -0.607 1.089 -0.092 0.082 -0.107 Saddle 

145 144.780 0.220 9.523 -0.855 -1.290 -0.284 0.526 0.090 L. Max 

152 152.108 -0.107 8.213 -0.835 -3.745 -0.348 0.766 0.716 L. Max 

156 156.471 -0.471 7.026 -1.395 -6.012 -0.937 1.844 2.229 L. Max 

160 159.616 0.384 5.104 -1.463 -5.590 -1.095 2.077 1.804 L. Max 

163 162.732 0.268 1.750 -0.347 -1.802 -0.246 0.496 0.197 L. Max 

163 162.905 0.095 2.057 -0.822 -2.702 -0.679 1.246 0.281 L. Max 

163 163.142 -0.142 2.003 -0.954 -2.827 -0.801 1.451 0.159 L. Max 

164 164.220 -0.220 0.503 -0.202 -0.665 -0.173 0.316 0.015 L. Max 

Note: Fx1, Fx2, Fx1x1, Fx2x2, Fx1x2 and Det(H) denote the velocity with respect to age and chest circumference, 
acceleration with respect to age and chest circumference, the partial derivative with respect age and chest 
circumference and determinant of 2×2 Hessian matrix, respectively. All L. Max are equal to local maximum in 
table-2.    

10. Conclusion 

The proposed extension of BTT model is very important because the stature of human depends on several factors. In 
BTT model, we only know the impact of age on stature but our proposed model study knows the impact of several 
factors. There are more than one variable in the regressors, so the multicollinearity problem may arise. In this case 
we can apply principal component regression method for regressors variables and find a few components. The 
advantage of PCA is that the principal components are independent of each other. The independent case and after 
apply the principal component method for dependent case thereafter all estimate parameters by Bayesian approach. 
The gradient vector and Hessian matrix used for finding velocity and acceleration. Since the proposed model is 
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especially the extension of BTT model. So, if we use only one regressor (p=1) by age then the proposed model fall 
in BTT model. 
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Abstract. Various studies found that the causes of disabilities vary according to different age groups, sex, regions 
and other background characteristics. The main goal of this study was to examine the extent of disability in 
Bangladesh in recent time and identify the potential background factors causing different types of disability. The 
data on disability in Bangladesh was taken from Sample Vital Registration System (SVRS), 2010 collected by 
Bangladesh Bureau of Statistics. Chi-square test of association showed that type of disability varies significantly 
with respect to area, sex, division and religion. Age have no significant association with disability. A multinomial 
logistic regression model presented the relationship between different background factors and type of disability. The 
model shows that the disability rate is higher among Urban people as compared to rural people. The disability rate in 
Barisal, Dhaka, Khulna and Rajshahi are significantly higher than Sylhet. The male are more likely to be mentally 
disabled than female. Both Physical and mental disability is higher among non Muslims as compared to Muslims.   

Keywords: Disability, Physical disability, Mental disability, Chi square test of association, multinomial logistic 
regression. 

Introduction:  

Any restriction or lack (resulting from an impairment) of an ability to perform an activity in the manner or within 
the range considered normal for a human being can be defined as disability (WHO, 2002). Bangladesh Bureau of 
statistics (BBS, 1991) defined disabled person as- A person who was unable to work or perform his/ her personal or 
social activities in full or partially due to loss of any limb, organ or mental faculty or for other reasons.  

Disability is, to anincreasing extent, being addressed as an issue to be included into mainstream development rather 
than as a matter of separate programmes and charity. This follows the recognition that people with disabilities are 
citizens with equal rights, who-given the opportunity – are able to contribute economically and socially to their 
households and communities. However, people with disabilities are often discriminated against, socially 
marginalized and do not have access to basic social services. In the context of a health experience, a disability is any 
restriction or lack (resulting from an impairment) of ability to perform an activity in the manner or within the range 
considered normal for a human being (WHO, 1980 and 1993). Disability involves dys functioning at one or more 
levels of physical function (impairment), individual activity or social participation (WHO, 2002).  About 15 percent 
of the world’s population - some 785 million people — has a significant physical or mental disability, including 
about 5 percent of children, according to a new report prepared jointly by the World Health Organization and the 
World Bank (Brown, 2011). In low- and middle-income countries, 66.5 percent of all years lived with disability are 
the consequence of “non-communicable diseases,” including mental illness, emphysema and so on. Disability is 
especially high in people in their 80s, the “age cohort” growing fastest in the world. A study in 2005 showed that 
5.6% people in Bangladesh have disability of one kind or another. Among the persons with disabilities, percentage 
share of different types of impairments are hearing 18.6%, visual 32.2%, speech 3.9%, physical 27.8%, intellectual 
6.7% and multiple 10.7%.  Variation was observed in types of disability, their rates and other socio-demographic 
factors (Titumir, Hossain; 2005).  

In 2001, the estimated figure of persons with disabilities was 6,13,460 (BBS, 2001). The global figure for 
developing countries is 10% of the total population. (WHO,2002). Considering the global estimate, the number of 
persons with disabilities in Bangladesh would be about 15 million. Different census, survey and SVRS reports state 
that rate of disability is increasing among both male and female, since 1986 and was found to be at highest level in 
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2009 and 2010. So it is important to study the background factors and identify the people most vulnerable in order to 
policy making and management.  

A good number of research have been carried out so far on the education, employment, medical treatment and 
mostly on the rehabilitation of the disabled in Bangladesh[Huq & Akter, 2001, Hossain, 2002, Mamun, 2000, 
Rahman, 2004].  Various studies found that the causes of disabilities vary according to different age groups, sex, 
regions and other background characteristics [4,5]. The current research work attempts to explore the background 
causes of disabilities, identifying the risk factors in order to contribute in proper health planning, management and 
policy recommendation. The specific objectives of the study are (i) to examine the current scenarioof different types 
of disabilities in Bangladesh (ii) To examine differentials of disability and (iii) to identify the background factors 
related to disability.  

Data and Variables: 

Sample Vital Registration System is a continuous surveillance system that has been in operation since 1980. The 
data from SVRS 2010 has been used for this study that includes information on 206522 households. The sample 
design is a stratified cluster design where stratification was done in two ways. First level stratification was done by 
locality: Rural, Urban and SMA. Second level stratification was done within each stratum.  According to the sample 
design, 1000 PSUs were selected that contain 206, 522 households. 1000 PSUs were allocated to the strata as 640 to 
Rural, 280 to Urban and 80 to SMAs. There are 10 independent schedules on different topics. Schedule 2 has 
household related data in module 1 and population data in module 2. Schedule 10 has questions to collect data on 
disability as well as the age, sex, type of disability and reasons behind becoming disabled. 

For the analytical purpose, type of disability had been recoded as : Physical disability, Mental disability and no 
disability which the variablewas considered as the dependent variable in the multivariate analysis. The independent 
variables considered were age of respondents (categorized), sex (male or female), religion(Muslim and Non-
Muslim), area of residence(Urban, Rural and Suburban) and division(Dhaka, Khulna, Chittagong, Barisal, Rajshahi 
and Sylhet). 

Methodology: 

Chi-square test of association was used to identify the background factors causing disability. Multinomial logistic 
regression model was fitted using the significant background factors as independent variables and type of disability 
as dependent variable. SPSS 16.0 have been used to analyse the data. 

Results and Findings:  

The reasons for disabilities are diverse: inherent, accident, disease, old age etc. caused  different types of disabilities 
among Bangladeshi individuals. Table 1 reports that, 1 percent of the total population (i.e. 10 per thousand) were 
either physically or mentally disabled. Percentage of physical disability is greater than that of mental disability.  

Table 1: Reasons of disability∗Types of disability Cross tabulation 

Reasons of 
disability 

Types of disability Total 

Physical disability Mental disability 

Inherent 3829(.3%) 1153(.1%) 4982(.5%) 

Accidental 1025(.1%) 182(0%) 1207(.1%) 

Disease 2322(.2%) 610(.1%) 2932(.3%) 

Old age 948(0.1%) 428(0%) 1376(.1%) 

Others 315(0%) 151(0%) 466(0%) 

Total 8439(.8%) 2524(.2%) 1103326(100%) 
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Nevertheless, inherent disability is greater for both physical disability and mental disability. The second major 
reason of physical disability is disease. Accidental reasons also contribute to a noticeable amount to physical 
disability but not to mental disability. Old age is also another great cause of physical disability.    

The distribution of disabled persons by background characteristics is represented in Table 2.Area, Sex, Religion and 
Division are significantly associated with the dependent variable, that is, types of disability. Age of the respondent, 
even though identified as a potential risk factor in several studies, was not significantly associated with the 
dependent variable. 

 

Table 2: Cross table- distribution of Types of disability by background characteristics 

Background factor Types of disability Value of Chi-square  p-value 

Non-disabled Physical disability Mental disability 

N(%) N(%) N(%) 

Area Rural 699946(63.4%) 5121(.5%) 1489(.1%) 69.843 .000 

Urban 392417(35.6%) 3318(.3%) 1035(.1%) 

Sex Male 547244(49.6%) 4242(.4%) 1357(.1%) 13.629 .000 

Female 545119 (49.4%) 4197(.4%) 1167(.1%) 

Division Barishal 92066(8.3%) 619(.1%) 177(0%) .004 .000 

Chittagong 220009(19.9%) 1223(.1%) 389(0%) 

Dhaka 310448(28.1%) 2543(.2%) 732(.1%) 

Khulna 147921(13.4%) 1401(.1%) 404(0%) 

Rajshahi 256988(23.3%) 2306(.2%) 762(.1%) 

Sylhet 64931(5.9%) 347(0%) 60(0%) 

Religion Muslim 960034(87.0%) 7068(.6%) 2133(.2%) .016 .000 

Non-muslim 132329(12.0%) 1371(.1%) 391(0%) 

Age of the 
respondent 

 

 

Less than 15 350963(31.8%) 2707(.2%) 776(.1%) .052 .5490 

15-59 668896(60.6%) 5162(.5%) 1587(.1%) 

60+ 72504(6.6%) 570(.1%) 161(0%) 

Table 3 represents the parameter estimates of the multinomial logistic regression model. Here, the reference 
category for the dependent is non-disabled person. From this table, it is clear that Area, Sex, Division and Religion 
of the respondent have significant effects on Types of disability.  
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Table 3: Results for the multinomial logistic regression 

Type of 
disability  

Background factors  Estimated 
coefficient 

Std. 
Error 

Wald df p-value Odds 
ratio 

Physical 
disability 
 

Intercept  -4.843 0.073 0.0044 1 0.000  

Area 
 
 

 

Rural -.141 .022 39.151 1 .000 .869 
Urban       

Division 
 
 
 
 
 

 

BARISAL .282 .067 11.654 1 .001 1.258 
CHITTAGONG .061 .061 .417 1 .518 1.040 
DHAKA .471 .057 55.379 1 .000 1.533 
KHULNA .609 .060 90.521 1 .000 1.772 
RAJSHAHI .570 .058 80.537 1 .000 1.679 
SYLHET       

Sex 
 

 

Male .004 .022 .034 1 .853 1.004 
Female       

Religion Muslim -.386 .030 167.345 1 .000 .679 
Non-muslim       

Mental 
disability 
 

Intercept  -6.709      
Area 
 

Rural -.212 .041 27.147 1 .000 .809 
Urban       

 
Division  

BARISAL .771 .150 26.476 1 .000 2.161 
CHITTAGONG .660 .139 22.611 1 .000 1.935 
DHAKA .963 .135 51.909 1 .000 2.620 
KHULNA 1.106 .139 63.627 1 .000 3.022 
RAJSHAHI 1.204 .134 80.216 1 .000 3.334 
SYLHET       

Sex Male .145 .040 13.199 1 .000 1.156 
Female       

Religion Muslim -.339 .055 37.406 1 .000 .713 
Non-muslim       

 

The model shows that the rural people are about 15 percent less likely to be physically disabled as compared to the 
urban people. The rate of physically disabled in Barisal, Dhaka, Khulna and Rajshahi are significantly higher than 
Sylhet. The pattern is quite different for physical and mental disability. People of Rajshahi and Khulna are more 
than three times more likely to be mentally disabled as compared to Sylhet. The male are more likely to be mentally 
disabled than female. However, sex has no association with physical disability. Both Physical and mental disability 
are higher among non Muslims as compared to Muslims.   

Concluding Remarks: 

The focus of this study was to examine the sources of different types of disabilities and to find out the type of 
association between the disability type and independent variables. 
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From the results of bivariate analysis as well as the multinomial logistic regression, it is obvious that, the variables 
Area, Sex, Division and Religion of the respondent have significant effects on different types of (physical,  mental 
or none) disability. The background factors have affectthe mental and physical disabilities in varying pattern. The 
rate of disability is increasing in Bangladesh. The significant factors identified in this study could be helpful to 
identify the people at greater risk of different types of disabilities and hence is expected to play role in policy 
making and management effectively.  
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Abstract. Childhood morbidity is an emerging issue in third world countries. Delay of taking health care after 
onsets of morbidity leads to increase the severity of sickness as well as mortality among under five children. The 
purpose of the study is to scrutinize the influencing factors affecting on delay caring among under five morbid 
children in Bangladesh. To carry out this objective, bivariate distribution, t-test and Multiple Classification Analysis 
(MCA) has been performed using the real data in a specific area of Bangladesh extracted from a recognized 
international organization during 2003-2007. It has found that 13% of under five children have been suffering from 
any illness during interview but during last two weeks of survey, it has increased to 38.4%. Among all morbid 
children, 58.3% and 36.5% have suffered from fever and cough respectively. The result of MCA has indicated that 
parents have delayed on average 5.23 days after the onsets of morbidity to take health care of their morbid children. 
The delay caring has increased with increasing the severity of sickness and age of children, but it has decreased with 
increasing family conditions, age of mothers, maternal education and paternal education. A little sex differentials 
has been found where the delay of taking health care for female is more than that of male children. The effect of 
severity of sickness, family conditions in compare with neighbors and age of children are the first-three strongest 
influential factors of delay caring after the onsets of child morbidity respectively. This study has suggested that 
maternal education and accessibility of health services should be enhanced for reducing delay caring of under five 
morbidity.   

Key Words: Child Morbidity, Delay Caring, Multiple Classification Analysis (MCA), Bangladesh   

1 Introduction  

Childhood morbidity is a rising event in under developed and developing countries like Bangladesh. Health care 
seeking behaviours also play an important role in case of reducing morbidity as well as mortality. The target for 
Bangladesh related to Millennium Development Goal-4 (MDG-4) is to reduce under five mortality three quarters by 
2015 (Arifeen, 2008). But childhood morbidity especially under five morbidity is a major impediment in case of 
achieving MDG-4. Habib et al. (2009) has documented that infant morbidity ultimately leads to mortality. An 
estimate had showed that 8·795 million deaths occurred in children aged under 5 years worldwide in 2008, among 
them infectious diseases caused 68% (5·970 million), with the largest percentages due to pneumonia (18%, 1·575 
million), diarrhoea (15%, 1·336 million), and malaria (8%, 0·732 million); 41% (3·575 million) of deaths occurred 
in neonates; and the most important single causes were preterm birth complications (12%, 1·033 million), birth 
asphyxia (9%, 0·814 million), sepsis (6%, 0·521 million), and pneumonia (4%, 0·386 million); and 49% (4·294 
million) of child deaths occurred in five countries: India, Nigeria, Democratic Republic of the Congo, Pakistan, and 
China (Black et al., 2010). Although the declining of under five mortality is remarkable in low level socio-economic 
development, but still remains very high and unacceptable in less developed and developing countries like 
Bangladesh. However, most of these children are lived in developing countries and died from a disease or a 
combination of diseases or illnesses. The major health problems of under five children reported were acute 
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respiratory infections (ARI), diarrhoea, skin diseases, injuries, Vitamin B complex deficiency and eye diseases 
(Srinivasan and Prabhu, 2006). Ashraf et al. (2012) found that the common morbidities in Bangladesh during the 
follow-up period of pneumonia had included cough (28%), fever (17%), diarrhoea (9%) and rapid breathing (7%). In 
most of the cases, these can be easily prevented through identifying risk factors and implementing through special 
measures. Moreover, reducing the burden of preventable diseases is one of the important objectives of basic health 
services in developing countries. Therefore, under five morbidity and their health care behaviours have long been an 
interesting topic to population and health researchers in Bangladesh. Although Bangladesh has faced many serious 
challenges in the field of health, education as well as to improve the quality of life of her population, it has made 
remarkable progress in many sectors especially sustained macro-economic stability, improvement of health and 
education, and a steady decline in poverty levels in the last few decades. But under five morbidity and mortality still 
remains unacceptably high due to high prevalence of malnutrition and childhood diseases in this country. Habib et 
al. (2009) reported that male, rural dwelling, low socio-economic class, mother’s age above 30, illiteracy, birth order 
5th or above, short birth spacing, fertility more than three, anaemia, obstructed labor, contaminated drinking water, 
and diarrhoea syndrome are the risk factors for morbidity. Nevertheless, it is very difficult task to identify the early 
detection and severity of sickness with their proper treatment. Ashraf et al. (2012) recognized the importance of 
follow-up for early detection of medical problems and their management to reduce the risk of morbidity and death. 
Najnin et al. (2011) found that 41% of caregivers did not seek health care from trained health care providers. In 
addition, care was sought from health facilities only for less than half of sick rural children 43.2% as compared to 
urban 87.2%; mothers’ responses and actions were frequently influenced by their perception of severity or 
worsening of illness; and lack of money (36%), distances (27.7%) and perception of the illness not being serious 
(25.3%) were the major reasons for not seeking care in Ethiopia (Assefa et al., 2008). In Bangladesh, care seeking 
patterns were associated with the perceived severity of illness, the presence of danger signs, the duration and number 
of symptoms (Arifeen et al., 2008). But delay caring plays an important role to increase the severity of sickness, 
prolonged morbidity as well as mortality. Clearly, various types of socio-demographic and health related variables 
influences on the delay of taking health care after the onsets of child morbidity but the determination of these factors 
is not well established in Bangladesh. The present study is an attempt one which is considered the concerned issues. 
Therefore, the objective of the study is to scrutinize the factors affecting on delay of taking health care after the 
onsets of morbidity among under five children in Bangladesh which would be very helpful for policy makers, 
program designers/planners to design or redesign program(s) or existing program(s) considering the identified risk 
factors and hence, reducing delay care of under five morbidity as well as reducing mortality so that the country may 
achieve MDG-4. 

2 Data and Methods   

In this study, the real data has been employed which is derived from Health and Demographic Surveillance System 
(HDSS) of a recognized international organization, who has conducted a baseline household health and morbidity 
survey in mid-2000 year and later it has continued. All data collectors are trained in the use of the instruments and 
completed forms are reviewed and edited immediately by supervisors. Continuous monitoring is a key part of the 
study design, providing information on the progress of implementation and allowing mid-course corrections and 
refinements. Study staff systematically record details of all implementation activities, including costs. However, 
among all collected data of under five children during the period of 2003-2007, 1000 data have been considered for 
this research (under conditions) through simple random sampling (SRS) technique. To fulfill the objective of the 
study, bivariate distribution, t-test and MCA has been employed through the statistical software SPSS. In case of 
MCA, delay of taking health care after onsets of morbidity has been taken as dependent variable which is continuous 
variable and all of the selected predictor variables are categorical variable which are shown in respective table.   

3 Results of the Study  

The differential patterns (according to sex) of variables considered in the study and their statistical significance as 
well as 95% confidence interval (C.I.) are shown in Table 1. From Table 1, it is observed that there are 52.2% male 
and 47.8% female children, and most of the children (22.2% with C.I. [17.375, 27.025]) are belonged to 24-35 
months of age group of which 11% and 11.2% are male and female children respectively, but most of the male 
children (11.4%) and female children (11.2%) are in the 48-59 and 24-35 months of age group respectively. Mothers 
aged 25-29 years have more children of which they have 18% male child and 16.4% female child. In Bangladesh, 
early marriage occurs more in case of female. Most of the cases, parents want to give marriage of his daughters as 
early as possible instead of their giving higher education but it is harmful for females as well as development 
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because it is the cause of early pregnancy and producing more children of her early life which affects fertility, 
reproductive health and their life. Since child health is correlated with mother’s health, mother’s age has a great 
importance to achieve a healthy baby. Among all respondents, 28% mother and 32.9% father of the children are 
illiterate whose C.I. are [23.535, 32.465] and [28.739, 37.061] respectively. Moreover, there are 61.7% mother and 
49.1% father who don’t complete secondary level of education. In case of SSC pass and higher level of education, 
mothers are downgraded than fathers. It occurs because socio-cultural settings in developing countries like 
Bangladesh are relegating to a large extent responsible for mother and limit their opportunities in education. 
Moreover, most of the parents in Bangladesh are very much interested to give marriage of his daughter as early as 
possible instead of her giving higher education. However, the economic conditions of the respondents are not so 
good. Most of the respondent’s family conditions are almost same in compare with neighbors which is 71.1% with 
C.I. [67.985, 74.215]. Only 13.6% respondent’s family conditions are good but 3% and 12.3%   respondent’s family 
conditions are very bad and bad in compare with neighbors respectively. It is also found from Table 1 that the 
majorities (87% with C.I. [86.194, 87.806]) don’t suffer from any illness during interview which is positive sign but 
a remarkable number of under five children have been suffering from any illness during interview which is at a 
percentage of 13% with C.I. [7.605, 18.395]). In addition, 38.4% (C.I. [34.580, 42.220]) respondents have suffered 
from any illness during last 2 weeks, of which, 21% and 17.4% are male and female child respectively. Among all 
morbid children, the majorities (58.3% with C.I. [54.127, 62.473]) have suffered from fever and 36.5% (C.I. 
[30.135, 42.865]) has suffered from cough. In both cases, male children are suffered more than that of female 
children. Again, 12.8%, 61.7% and 25.5% of all morbid children are mild, average and severely sick where male 
children are suffered more than female children respectively. Most of the morbid children (78.4% with C.I. [76.236, 
80.564]) have sought health care outside of home during illness where male children are greater than female 
children. Among them, 30.9%, 6.6%, 36.9% and 25.6% with C.I. [23.080, 38.720], [-3.931, 17.131], [29.756, 
44.044] and [17.177, 34.023] has taken service from village doctor, homeopathic doctor, pharmacy or medicine 
vendors and others government or non-government service center respectively. It clarifies that most of them has 
sought for treatment to village doctors and pharmacy or medicine vendors. Nevertheless, 53.2%, 11.4% and 35.4% 
morbid children have taken care 1-3, 4-7 and >7 days later after the onsets of morbidity respectively. It is also found 
that male children have got better service than female children. Generally, parents are more careful about their male 
children than female children in Bangladesh. These results are supported by other studies. Larson et al. (2006) 
reported that 61% of the diarrhoea cases help was sought from a health care provider, with over 90% practicing in 
the private sector of Bangladesh. Again, Najnin et al. (2011) found that 41% of caregivers did not seek health care 
from trained health care providers.  

In case of delay of taking health care after the onsets of morbidity among under five children, different types of 
socio-demographic and health related variables may influence. MCA has been used to examine the differential 
patterns of delay of taking health care after the onsets of childhood morbidity in Bangladesh. The results of MCA 
are presented in Table 2 which contains unadjusted and adjusted predicted mean delay of taking health care after 
detection with their correlation ratio η2 (unadjusted) and β2 (adjusted) by different types of socio-demographic and 
health related factors. In addition, grand mean, proportion of variance (R2) and significance of the model has been 
mentioned. It is revealed from Table 2 that the significance of the model is 0.093 and the proportion of variance 
explained by MCA is R2 = 0.230 which indicates that 23% variation is explained on delay of taking health care by 
the selected socio-demographic and health related variables. Moreover, the grand mean of this model is 5.23 which 
indicate that the parents or guardians of the morbid children have delayed in 5.23 days on average to take health care 
of them which is not fair for growth and development of under five children as well as their better health.  

From Table 2, severity of child’s sickness has found to be the first strongest influential factor for explaining the 
variation on delay of taking health care after the onsets of morbidity among all included variables and the proportion 
of variance explained for severity of sickness is η2 = 0.215 and β2 = 0.271 respectively. It implies that the effect of 
severity of sickness has 27.1% contribution on delay of taking health care of the children which remains high after 
adjusting for the effect of all other selected variables in this model. The adjusted mean delay of taking health care is 
5.91, 4.34 and 6.52 days for the children who are mild, average and severely sick respectively. In Bangladesh, it is 
observed that most of the guardians don’t want to take health care of their children when they are mild or averagely 
sick. They delay to take care up to the conditions when their children are severely sick.    

Family conditions is an important factor for delay of taking health care of morbid children which has been found to 
be the second strongest influential factor for explaining the variation on delay of taking health care among all 
selected socio-demographic and health related variables. The proportion of variance explained for family conditions 
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in compare with neighbors is η2 = 0.208 and β2 = 0.230 respectively which indicates that the effect of family 
conditions in compare with neighbors contributes 23% on delay of taking health care of the children in this model 
and it remains high after adjusting for the effect of all other variables. It is depicted from the results that the adjusted 
mean delay of taking health care is 7.28, 5.70 and 4.71 days for the children whose family conditions are bad, almost 
same and good in compare with neighbors respectively. Clearly, delay caring decreases with increasing their family 
conditions.  

Age of the children has been found to be the third strongest influential factor for explaining the variability of delay 
of taking health care of the children among all other included variables as well as the proportion of variance 
explained for age of the children is η2 = 0.193 and β2 = 0.210 respectively which implies that the effect of age of the 
children has 21% (after adjusted) contribution on delay of taking health care of the children in this model. In 
addition, the effect of this variable remains high after adjusting for the effect of all other included variables in this 
model.  The adjusted mean delay of taking health care is 4.83, 4.11, 5.08, 6.17 and 6.33 for the children whose age is 
1-11, 12-23, 24-35, 36-47 and 48-59 months respectively. That means, the delay of taking health care is increasing 
with increasing their age.  

Age of mother is an important factor for child morbidity as well as mortality. From Table 2, it has found to be the 
fourth strongest influential factor for explaining the variation on delay of taking health care of the children among 
all other selected variables in this model and the proportion of variance explained for age of mother is η2 = 0.145 
and β2 = 0.199 respectively. It indicates that the effect of age of mother has 21% contribution on delay of taking 
health care of the children which remains high after adjusting for the effect of all other variables in this model. 
Again, the adjusted mean delay of taking health care is 6.72, 4.90 and 4.59 days for the children whose mothers are 
belonged to 15-24, 25-34 and 35-49 years of age respectively. It is identified that delay of taking health care is 
decreasing with increasing the age of mother.  

It is observed from Table 2 that service provider plays an important role for delay of taking health care which has 
been found to be the fifth strongest influential factor for explaining the variation on delay of taking health care of 
under five children among all included variables in this model.  The proportion of variance explained for service 
provider is η2 = 0.152 and β2 = 0.185 respectively which indicates that the effect of service provider contributes 
18.5% on delay of taking health care and this contribution has increased after adjusting for the effect of the included 
variables in this model. Moreover, the adjusted mean delay of taking health care of under five children is 4.41, 6.86, 
5.49 and 5.36 days for the children who take service during morbidity from village doctors, homeopathic doctors, 
pharmacy or vendors and medical centres respectively. It implies that people go to village doctors for taking health 
care so early than others categories. So, it is important to take special programs or courses for the village doctors by 
the government so that they can give better service to the people.       

Again, the effect of maternal and paternal education has found to be the seventh and eighth strongest influential 
factor for explaining the variation on delay of taking health care and the proportion of variance is η2 = 0.132 and β2 
= 0.129 explained for maternal education and η2 = 0.059 and β2 = 0.133 explained for paternal education in this 
model respectively. From the results, it is revealed that the effect of maternal and paternal education has 12.9% and 
13.3% contribution on delay of taking health care of under five morbid children respectively. In this respects, the 
effect of paternal education contributes more than that of maternal education. However, the adjusted mean delay of 
taking health care of these morbid children is 5.37, 5.75 and 4.61 days for the morbid children whose mother are 
illiterate, has primary and secondary and higher level of education respectively. In case of paternal education, it is 
decreasing with increasing paternal education as maternal education.   

From Table 2, cough and fever has been found to be the sixth and ninth strongest influential factors for explaining 
the variability of delay of taking health care of under five children among all other included variables in this model. 
The proportion of variance is η2 = 0.124 and β2 = 0.184 explained for cough and η2 = 0.050 and β2 = 0.051 explained 
for fever respectively which implies that the effect of cough and fever has 18.4% and 5.1% contribution on delay of 
taking health care respectively. Again, the mean delay of taking health care of under five children is 4.01 and 5.41 
days for the morbid children who are suffering from cough and fever respectively. It is clear that parents are more 
conscious in case of cough than fever of their children.  

Again, sex of the children has been found to be the tenth strongest influential factor for explaining the variation on 
delay of taking heath care as well as the proportion of variance explained for sex of the children is η2 = 0.056 and β2 
= 0.027 respectively. It indicates that the effect of sex of the children has 2.7% contribution on delay of taking health 
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care which remains low after adjusting for the effect of the included variables in this model. The mean delay of 
taking health care is 5.32 and 5.12 days for the morbid children who are male and female respectively i.e., a little 
sex differentials in case of delay caring after the onsets of morbidity has been found, in which, the delay caring of 
female morbid children is higher than that of male children.   

4 Discussion and Concluding Remarks   

In this study, it has found that about one-third of the parents (28% mother and 32.9% father) are illiterate and 
mothers are downgraded than fathers in case of SSC pass and higher level of education. In developing countries like 
Bangladesh, socio-cultural settings are relegating to a large extent responsible for mother and limit their 
opportunities in education. In addition, parents are very much interested to give marriage of his daughter as early as 
possible instead of her giving higher education in Bangladesh. It occurs more due to lack of economic sufficiency. 
Only 13.6% respondent’s family conditions are good in this study but the rest of them are not good in compare with 
neighbors respectively. But mother’s education and household economic status are significant determinant of 
childhood diarrhoea (Bodai et al., 2005). Kandala et al. (2007) had identified that children from mothers with higher 
levels of education and those from poor households had a significantly lower association with diarrhoea; children 
delivered in hospitals, living in urban areas, or from mothers having received prenatal visits had a significantly 
lower association with fever. Again, they also found that place of birth, type of feeding, parental education, maternal 
visits to antenatal clinics, household economic status, marital status of mother and place of residence were 
significantly associated with childhood fever, cough and diarrhoea (Kandala et al., 2008). Moreover, Azad (2009) 
found that child’s age, sex, body weight and Vitamin A deficiency were correlated with prevalence of ARI; and in 
addition, mother’s age, malnutrition, education level and socio-economic status of the family were found to be 
associated with this disease. However, a remarkable number of under five children (13% with C.I. [7.605, 18.395]) 
have been suffering from any illness during interview but in case of last two weeks preceding the survey, it has 
increased to 38.4% (C.I. [34.580, 42.220]) where male suffered children are greater than female suffered children. 
The majorities (58.3% with C.I. [54.127, 62.473]) of morbid children have suffered from fever and 36.5% (C.I. 
[30.135, 42.865]) has suffered from cough which is supported by other studies (Ashraf et al., 2012; Black et al., 
2010; Habib et al., 2009). In addition, Simouchi et al. (2002) found that the prevalence rate for ARI was 39.6%; for 
fast breathing was 4.1%; and for cough and cold was 54.2% and 52.9% respectively. Several studies found that 16% 
children had fever (Yusuf et al., 2010); 14% and 44% had diarrhoea and fever (Burton et al., 2011); and 28%, 17%, 
9% and 7% had cough, fever, diarrhoea and rapid breathing (Ashraf et al., 2012). Das and Gautam (2012) also found 
that 12.2%, 13.2% and 14.4% had diarrhoea, fever and cough; and these were less prevalent among children living 
in households having better household living conditions like safe drinking water facility, good toilet facility, better 
socio-economic living conditions etc. Among all morbid children, 78.4% (C.I. [76.236, 80.564]) have sought health 
care outside of home during illness where most of them have sought for treatment to village doctors and pharmacy 
or medicine vendors and male children are greater than female children. An estimate showed that 61% of the 
diarrhoea cases help was sought from a health care provider, with over 90% practicing in the private sector of 
Bangladesh (Larson et al., 2006). Nevertheless, about half (46.8%) of morbid children have taken health care ≥4 
days later after the onsets of morbidity. But delay of taking health care after onsets of morbidity leads to increase the 
severity of sickness as well as mortality among under five children which is influenced by different types of socio-
demographic and health related factors. Lack of finances (49.6%) and a perception that the illness was not serious 
(28.1%) were the main reasons given for failure to seek health care outside the home (Taffa and Chepngeno,2005). 
Even in the presence of ‘free services’, poverty is associated with delay to seek care (Rutebemberwa et al., 2009). 
The present study has been found that the parents have delayed in 5.23 days on average after the onsets of morbidity 
to take health care of their morbid children which is not fair for growth and development of under five children as 
well as their better health. Again, the effect of severity of sickness, family conditions in compare with neighbors, 
age of children, age of mothers and health service provider has identified to be the first-fifth strongest influential 
factors which contribute 27.1%, 23%, 21%, 19.9% and 18.5% effects on delay of taking health care after the onsets 
of child morbidity among all included variables respectively. Moser et al. (2006) documented that a number of 
patient, provider, and health care system factors contribute to pre-hospital delay in patients who seek treatment. 
Because community-based public education campaigns have to date been ineffective in reducing patient delay, 
future research should concentrate on interventions that target high-risk populations; social, cognitive, and emotional 
factors contributing to delay; and the contribution to delay by healthcare providers and health care systems (Moser et 
al., 2006). The delay caring increases with increasing the severity of sickness and age of children, but it decreases 
with increasing family conditions, age of mothers, maternal education and paternal education. Although maternal 
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education plays an important role in case of taking health care of their children, but it contributes lower effects in 
case of delay caring of childhood morbidity than that of paternal education. It is also found that parents are more 
conscious in case of cough than fever of the children and they go to pharmacy/medicine vendors, village and 
homeopathic doctors for taking health care so early than others categories. Moreover, there has been found a little 
sex differentials in case of delay caring after the onsets of morbidity i.e. the delay caring of female children is higher 
than that of male children. These findings are fully supported by other findings.  Mitra et al. (2000) found that the 
time lapse between onset of symptoms and hospital admission was significantly higher in females than males. 
Oketcho et al. (2012) also identified that diarrhoea occurrence was influenced by age of the child, age at which 
breastfeeding had been stopped, foods given, feeding utensils and the child’s toilet/disposal of the child’s faeces. In 
addition, the odds of prolonged diarrhoea increased with increasing stool frequency; young age of the children, not 
being breastfed and acquiring diarrhoea in the rainy season were found to be the risk factors for prolonged diarrhoea 
(Strand et al., 2012). Yet, health care seeking was most common for sick children in the youngest age group (0–11 
months); caretakers sought medical care more frequently for diarrhoea symptoms than for coughing and even more 
so when the diarrhoea was associated with fever (Taffa and Chepngeno,2005). Perception of illness severity was 
strongly associated with health care seeking; household income was significantly associated with health care seeking 
up to certain threshold levels, above which its effects stabilized; and improving caretaker skills to recognize danger 
signs in child illnesses enhanced health-seeking behaviour (Taffa and Chepngeno,2005).  

Therefore, it is strongly recommended in the light of the present study that maternal education, availability and 
accessibility of health services especially for the poor should be enhanced; the discrimination of gender must be 
eradicated from the society; special training about the major issues should be arranged for village doctors, 
homeopathic doctors and pharmacy/medicine vendors by the governments; and strengthening community based 
health related educational program are needed for reducing under five morbidity as well as mortality so that the 
country may achieve MDG-4. Hopefully, this study would be very helpful for policy makers, program 
designers/planners to design or redesign program(s) or existing program(s) considering the identified risk factors 
regarding this issue.  

Table 1. Distribution of Socio-demographic and Health Related Characteristics according to Sex of Under Five 
Children 

Variables Sex of children Total  ρ value  
Male (%) Female (%) Number (%)  95% C.I.  

Age of children 
1-11   months  
12-23 months  
24-35 months  
36-47 months  
48-59 months  
Total  

 
86 (8.6%)  

104 (10.4%) 
110 (11%) 

108 (10.8%) 
114 (11.4%) 
522 (52.2%)  

 
96 (9.6%)  
85 (8.5%) 

112 (11.2%) 
83 (8.3%) 

102 (10.2%) 
478 (47.8%)  

 
182 (18.2%)  
189 (18.9%) 
222 (22.2%) 
191 (19.1%) 
216 (21.6%) 
1000 (100%)   

 
(13.127, 23.273) 
(13.871, 23.929)  
(17.375, 27.025)  
(14.083, 24.117)  
(16.738, 26.462)  

 

0.000 

Age of mother  
15-19 years  
20-24 years  
25-29 years  
30-34 years  
35-39 years  
40-44 years  
45-49 years  
Total  

 
7 (0.7%)  

119 (11.9%)  
180 (18%)  

126 (12.6%)  
69 (6.9%)  
18 (1.8%)  
3 (0.3%)  

522 (52.2%)  

 
5 (0.5%)  

102 (10.2%)  
164 (16.4%)  
126 (12.6%)  
53 (5.3%)  
24 (2.4%)  
4 (0.4%)  

478 (47.8%)  

 
12 (1.2%)  

221 (22.1%)  
344 (34.4%)  
252 (25.2%)  
122 (12.2%)  
42 (4.2%)  
7 (0.7%)  

1000 (100%)  

 
(-4.927, 7.327) 

(17.269, 26.931)  
(30.332, 38.468)  
(20.562, 29.838) 
(6.755, 17.645)  
(-1.741, 10.141)  
(-5.458, 6.858) 

0.000 

Maternal education  
Illiterate  
Primary  
Secondary  
SSC pass  
HSC pass and above  
Total  

 
142 (14.2%)  
168 (16.8%)  
160 (16%)  
39 (3.9%)  
13 (1.3%)  

522 (52.2%)  

 
138 (13.8%)  
149 (14.9%)  
140 (14%)  
36 (3.6%)  
15 (1.5%)  

478 (47.8%)  

 
280 (28%)  

317 (31.7%)  
300 (30%)  
75 (7.5%)  
28 (2.8%)  

1000 (100%)  

 
(23.535, 32.465)  
(27.465, 35.935)  
(25.659, 34.341)  
(1.764, 13.236)  
(-3.228, 8.828) 

0.000 

Paternal education  
Illiterate  
Primary  

 
161 (16.1%)  
145 (14.5%)  

 
168 (16.8%)  
111 (11.1%)  

 
329 (32.9%)  
256 (25.6%)  

 
(28.739, 37.061)  
(20.986, 30.214)  

0.000 
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Variables Sex of children Total  ρ value  
Male (%) Female (%) Number (%)  95% C.I.  

Secondary  
SSC pass  
HSC pass and above  
Total 

121 (12.1%)  
48 (4.8%)  
47 (4.7%)  

522 (52.2%)  

114 (11.4%)  
40 (4%)  

45 (4.5%)  
478 (47.8%)  

235 (23.5%)  
88 (8.8%)  
92 (9.2%)  

1000 (100%)  

(18.756, 28.244)  
(3.145, 14.455)  
(3.569, 14.831)  

 
 

Family condition in 
compare with neighbors 
Very bad  
Bad  
Good  
Total  

 
 

5 (1.5%)  
21 (6.3%)  

128 (38.6%)  
178 (53.6%)  

 
 

5 (1.5%)  
20 (6%)  

108 (32.5%)  
154 (46.4%)  

 
 

10 (3%)  
41 (12.3%)  

236 (71.1%)  
332 (100%) 

 
 

(-7.428, 13.428)  
(2.874, 21.726)  

(67.985, 74.215)  
(4.274, 22.926)  

0.000 

Suffering any illness during 
interview 
No  
Yes  
Total  

 
 

449 (44.9%)  
73 (7.3%)  

522 (52.2%) 

 
 

421 (42.1%)  
57 (5.7%)  

478 (47.8%)  

 
 

870 (87%)  
130 (13%)  

1000 (100%)  

 
 

(86.194, 87.806)  
(7.605, 18.395)  

0.000  

Suffering any illness during 
last 2 weeks 
No  
Yes  
Total  

 
 

312 (31.2%)  
210 (21%)  

522 (52.2%)  

 
 

304 (30.4%)  
174 (17.4%)  
478 (47.8%)  

 
 

616 (61.6%)  
384 (38.4%)  
1000 (100%)  

 
 

(59.219, 63.981)  
(34.580, 42.220) 

0.000 

Fever  
No  
Yes  
Total 

 
88 (22.9%)  

122 (31.8%)  
210 (54.7%)  

 
72 (18.8%)  

102 (26.6%)  
174 (45.3%)  

 
160 (41.7%)  
224 (58.3%)  
384 (100%)  

 
(35.857, 47.543)  
(54.127, 62.473)  

0.000 

Cough 
No  
Yes  
Total  

 
128 (33.3%)  
82 (21.4%)  

210 (54.7%)  

 
116 (30.2%)  
58 (15.1%)  

174 (45.3%)  

 
244 (63.5%)  
140 (36.5%)  
384 (100%)  

 
(59.848, 67.152)  
(30.135, 42.865)  

0.000 

Severity of child’s sickness  
Mild  
Average  
Severe  
Total  

 
29 (7.6%)  

128 (33.3%)  
53 (13.8%)  

210 (54.7%)  

 
20 (5.2%)  

109 (28.4%)  
45 (11.7%)  

174 (45.3%)  

 
49 (12.8%)  

237 (61.7%)  
98 (25.5%)  
384 (100%)  

 
(4.051, 21.549)  

(57.866, 65.534)  
(18.043, 32.957)  

0.000 

Seeking health care outside 
of home  
No  
Yes  
Total  

 
50 (13%)  

160 (41.7%)  
210 (54.7%)  

 
33 (8.6%)  

141 (36.7%)  
174 (45.3%) 

 
83 (21.6%)  

301 (78.4%)  
384 (100%)  

 
(13.752, 29.448)  
(76.236, 80.564)  

0.000 

Service provider at time of 
illness  
Village doctor  
Homeopathic doctor  
Pharmacy/ medicine vendors  
Govt. or non-govt. service 
center  
Total  

 
49 (16.3%)  
10 (3.3%)  
58 (19.3%)  
43 (14.3%)  

160 (53.2%)  

 
44 (14.6%)  
10 (3.3%)  
53 (17.6%)  
34 (11.3%)  

141 (46.8%) 

 
93 (30.9%)  
20 (6.6%)  

111 (36.9%)  
77 (25.6%)  
301 (100%)  

 
(23.080, 38.720)  
(-3.931, 17.131)  
(29.756, 44.044)  
(17.177, 34.023)  

0.000 

How much time later take care 
after onsets of morbidity   
1-3 days  
4-7 days  
>7 days  
Total  

 
 

101 (26.9%)  
27 (7.2%)  
77 (20.5%)  

205 (54.5%)  

 
 

99 (26.3%)  
16 (4.3%)  
56 (14.9%)  

171 (45.5%)  

 
 

200 (53.2%)  
43 (11.4%)  

133 (35.4%)  
376 (100%) 

 
 

(48.462, 57.938)  
(2.449, 20.352)  

(28.858, 41.942)  

0.000 

N.B. ρ value has been estimated by t test 

 

  



322 
 

 

Table 2.Mean Delay of Taking Health Care after the Onsets of Child Morbidity with Some Selected Socio-
demographic and Health Related Variables by Using MCA 

Explanatory variables Delay of taking health care after onset of morbidity 
Predicted mean Correlation ratio 

Unadjusted Adjusted η2 
(Unadjusted) 

β2 
(Adjusted) 

Sex of children  
Male  
Female  

 
5.42  
5.00  

 
5.32  
5.12  

0.056  0.027  

Age of children  
1-11 months  
12-23 months  
24-35 months  
36-47 months  
48-59 months  

 
4.84  
4.55  
4.81  
6.63  
5.90  

 
4.83  
4.11  
5.08  
6.17  
6.33   

0.193  0.210  

Mother’s age  
15-24 years  
25-34 years  
35-49 years  

 
6.18  
5.12  
4.29  

 
6.72  
4.90  
4.59  

0.145  0.199  

Maternal education   
Illiterate  
Primary  
Secondary and above  

 
4.50  
5.77  
5.25  

 
5.37  
5.75  
4.61  

0.132  0.129  

Paternal education  
Illiterate  
Primary  
Secondary and above 

 
5.34  
5.40  
4.87 

 
5.55  
5.53  
4.41 

0.059  0.133  

Service provider  
Village doctors  
Homeopathic doctors  
Pharmacy/vendors   
Medical centre’s  

 
4.44  
6.10  
5.62  
5.42  

 
4.41  
6.86  
5.49  
5.36  

0.152  0.185  

Severity of sickness  
Mild  
Average  
Severe  

 
6.11  
4.52  
6.18   

 
5.91  
4.34  
6.52  

0.215  0.271  

Fever  
No  
Yes 

 
5.44  
5.05  

 
5.02  
5.41  

0.051  0.051  

Cough  
No  
Yes  

 
5.50  
4.41  

 
5.63  
4.01  

0.124  0.184  

Family conditions in compare with 
neighbors  
Bad  
Almost same  
Good  

 
7.07  
5.67  
4.76  

 
7.28  
5.70  
4.71  

0.208  0.230  

Grand mean = 5.23  
Multiple R = 0.479  
Multiple R2 = 0.230  
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Abstract. The level of fertility in a society is directly influenced by a set of variables called intermediate variable or 
proximate determinants (Davis and Blake, 1956). In this paper an attempt has been made to (i) Estimate the TFR for 
a given level of CPR (ii) Estimate the CPR for achieving the target fertility level (TFR) taking account the trends in 
a few proximate determinants of fertility.(iii) Estimate the indices of Proportion married (Cm), Non-Contraception 
(Cc), lactation in fecundability (Ci), and Fetal wastage (Cfw), for achieving the target fertility and (iv) Estimate the 
mean age at marriage, amenorrhea period, and duration of breastfeeding for desired level of fertility. The estimates 
of Proximate variables to achieve certain level of target fertility at a stipulated time using two models viz. linear 
regression and Bongaarts’ target setting models. The data used for the analysis are BFS`s and BDHS`s. The results 
indicate that achieving replacement level fertility at 2.1 births per women it should be increased the CPR, SMAM, 
duration of breastfeeding and amenorrhea period by 68%, 20.80 years, 15.5 months and 22.56 months respectively. 

Keywords: Target fertility, Fetal wastage, amenorrhea period, Breastfeeding, Bongaarts` model 

1 Introduction   

The study of determinants of human fertility is a very complex process. While human fertility influence population 
growth, which has consequences towards pressure on resource, employment situations, health and other social 
facilities and savings and investment, such consequences, in turn, great bearing on the socio-demographic and socio-
economic variables that affect fertility behavior. The level of fertility in a society is directly influenced by a set of 
variables called intermediate variable or proximate determinants (Davis and Blake, 1956). In general, the biological 
and behavioral factors through which socio-demographic, socio-economic, culture and environmental variables 
affect fertility called an intermediate fertility variable. The primary characteristics of an intermediate fertility 
variable are its direct influence on fertility.  

Bongaart's (1978) revised the original classification and provide a simple analytical method accounting framework, 
which permits a quantitative assessment of the contribution of different proximate determinants to give fertility 
levels or change. Bongaart's (1978) demonstrated that most of the variation in fertility is due to four intermediate 
variables or proximate determinants. These are proportion married, contraception, abortion and lactational 
infecundability. If a proximate determinant such as contraceptive use changes, then fertility necessarily changes also 
(assuming the other proximate determinants remain constant), though this is not necessarily the case of socio-
economic determinants. As a result, fertility differences among populations and changes in fertility of a population 
over time can always be traced to variations in one or more of the proximate determinants. 

Historical studies about fertility change have shown that as societies being to undergo the transformation from 
natural to deliberately controlled fertility, significant changes in the overall levels of total natural fertility, total 
marital fertility and total fertility being occur (Bongaarts' and Potter, 1983). Such changes can be traced to one or 
more proximate determinants, such as, an increase in contraceptive use for stopping and spacing purposes a rise in 
age at first marriage, a decline in the proportion married, prolonged breastfeeding and induced abortion.  

 

To improve our evident understanding of the fertility change, we critically examine the effect of major proximate 
determinants: proportion married, contraception, lactational in fecundability on fertility and their changing effects. 
Again, since fertility is the resultant of multiplicity of factors, studies have attempted to identify these factors, which 
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have important bearing for policy intervention in altering the level of fertility (Heer, 1966; Cain and Weininger, 
1973; Bahr, 1975; Defranzo, 1976; Kohli, 1977).  

Like so many developing countries Bangladesh emphasizes the importance of reducing fertility as part of her overall 
strategy to bring down the growth rate of population. Family planning programs at work in the country in order to 
achieve demographic goals through the reduction of fertility. The demographic goals of accepters of different family 
planning methods to be recruited in each case. 

Unfortunately, there has always been a gap between the target fertility and its achievement at the terminal year of 
the target period in the country all its plan periods. The country has never gained either the desired level of fertility 
or the contraceptive prevalence rate (CPR) at achieving the target fertility (Islam N, 1994). For example, during the 
plan period 1980-85 the target fertility has been 4.1 children per women (total fertility rate: TFR) and the desired 
level of CPR has been 38 percent: the achievement have been a TFR of 5.55 and CPR of 25 percent. Similarly are 
the case with TFR and CPR during the plan period of 1985-90(Islam N, 1996). Such gaps have raised questions 
about the estimation equation used to project CPR in order to achieve TFR at a desired level at the end of a plan 
period.  

The aim of this paper are as follows: 

(i)  Estimate the TFR for a given level of CPR 

(ii) Estimate the CPR for achieving the target fertility level (TFR) taking account the trends in a few proximate 
determinants of fertility. 

(iii) Estimate the indices of Proportion married (Cm), Non-Contraception (Cc), lactational in fecundability (Ci), and 
Fetal wastage (Cfw), for achieving the target fertility and  

(iv) Estimate the mean age at marriage, amenorrhea period, and duration of breastfeeding for desired level of 
fertility. 

2 Data and methods 

The study uses data available from surveys as Bangladesh Contraceptive Prevalence Surveys of 1979, 1981, 1983 
and 1985 and Bangladesh Fertility surveys of 1975, 1989 and BDHS of 2000, 2004 and 2007. These surveys cover 
the nationwide representative sample and the data provided by these surveys are taken to be of nationality good 
quality. 

3 Target setting Model of CPR to achieve required TFR 

Estimate of TFR for given level of CPR is made by fitting a simple regression model of the form 
εβα ++= CPR TFR  

Where TFR= Total Fertility Rate, CPR = Contraceptive Prevalence Rate and ε = the error term. Here α  and β  are 

two parameters. Estimates of α  and β  are made by the method of Least Squares using longitudinal data of TFR 
and CPR from 1979 to 2007. The practice of fitting regression equation to the data of TFR and CPR of which TFR is 
a dependent variable is not a new one. Bongaart’s (1984) examining the strength of relationship between TFR and 
CPR by fitting a regression line of TFR on CPR. 

Again, projection of CPR for the attainment of a specified level of fertility is made by means of Bangaarts target 
setting model (Bangaarts`, 1984). The model is derived as Bangaarts` original multiplicative model relating TFR 
with a few proximate determinants of fertility (Bangaarts` 1978) 

TFCCCCTFR ifwcm ××××=
(Proposed by Islam, N and Karim, R, 2012) 

Where Cm, Cc, Cfw and Ci are the indices of proportion married, Non-contraception, fetal wastage and lactational 
infecundability respectively and TF, the total fecundity rate. Each of the four indices various from 0 to 1, the model 
can be applied for target setting for the target year t with respect to the base year 0. That is   
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The above equation indicates that the reduction in fertility from TFR (0) to the target level depends on the trend in 
all of the indices of proximate variables. The base year may be the present or some recent year. Under the 
assumptions of no change in total fecundity, absence or negligible effect of fetal wastage and trends in the indices of 

mC  and iC  compensate each other the equation reduces to the form  
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Now, since 

euCc ××−= 08.11 , Where u = contraceptive prevalence rate, e = effectiveness of contraception, 

Then 
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Or, =××−− ))0()0(08.11)(1( euPRF )()(08.11 tetu ××−  

Since )(tu is the CPR among married women at the beginning of target year t, in which we are interested, we have 

=)(tu )(08.1
))0()0(08.11()1(1

te
euPRF

×
××−×−−

 
On the assumption of equal effectiveness of contraception between the base and target years, we have  

=)(tu 08.1
))0(08.11()1(1 uPRF ×−×−−

 

Thus, the data required for the estimation of u(t), the CPR at the target year t and )0(u , the CPR at the base year 
and PRF. Fitting the regression line and incorporating the target-setting model for the population of Bangladesh we 
estimate the contraceptive prevalence rate to achieve required target fertility.  

4 Models of Target fwim C  &C   C ,
 indices 

Our proposed model can also be used to estimate the projection of indices of proportion married ( mC ), lactational 

infecundability ( iC ), and Cfw fetal wastage by using proportional  reduction in fertility (PRF).  

From the proposed  model it can be written as: 

)0()0()0()0()1()()()()( fwicmfwicm CCCCPRFtCtCtCtC ××××−=×××
                    (1)  

 



328 
 

Now, if we eliminate the effect of fetal wastages, during time period, i.e 
)(tC fw =

)0(fwC
then the equation 

becomes  

Cm(t)×Cc(t)×Ci(t) = (1-PRF)×  Cm(0)×Cc(0)×Ci(0)                       (2) 

 

If the lactational in fecundability is constant over time. The equation (2) becomes 

Cm(t)×Cc(t)=(1-PRF)×  Cm(0)×Cc(0)                          (3) 

Again if the index of non-contraception is constant over time that is use of contraception may not be changed then 
the equation (3) becomes:  
Cm(t) =(1-PRF)×  Cm(0)                   (4) 

Again if all the indices except the index of Cc are constant over time then the index of non-contraception becomes 

Cc(t) = (1-PRF)×  Cc(0)           (5) 

Similarly, the index of lactational infecundability becomes 

Ci(t) = (1-PRF)×  Ci(0)          (6) and the index of fetal wastage becomes  

Cfw(t)=(1-PRF) ×  Cfw(0)          (7) 

Using the equation (4)  to (7) we can estimate  the values of  Cm(t) 

Cc(t),  Ci(t) and Cfw(t) for the required level of  fertility. 

 

5 Estimated duration of breastfeeding (B) for target fertility with given value of amenorrhea 

From the equation of relationship between the duration of breastfeeding and amenorrhea period, we can estimate the 
breastfeeding duration. The average duration of amenorrhea period is given by 
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6 Analysis of Results 

The contraceptive prevalence rates (CPR) and the total fertility rates (TFR) of Bangladesh from 1979 to 2007 are 

given in Table 1, yielded a regression line of CPRRTF 087.0742.7ˆ −=  

Using this solution we estimate the duration of breastfeeding and 
amenorrhea period 
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Table 1: Observed and Estimated TFR and CPR from 1979-2007 and Excess Fertility (TFR) Bangladesh 

Year TFR CPR TFR(Estimated) CPR (Estimated) Excess TFR 

1979 6.56 12.7 6.64 13.59 -0.0611 

1981 6.35 18.6 6.12 16.00 0.2422 

1983 6.08 19.1 6.08 19.10 0.0157 

1985 5.55 25.3 5.54 25.20 0.0251 

1987 5.30 29.6 5.17 28.06 0.1492 

1989 4.90 30.8 5.06 32.57 -0.1464 

1991 4.3 40.0 4.26 39.56 0.054 

1993-94 3.4 45.0 3.83 49.91 -0.411 

1996-97 3.3 49.0 3.48 51.06 -0.163 

1999-2000 3.3 54.0 3.04 51.06 0.272 

2004 3.0 58.0 2.70 54.51 0.32 

2007 2.7 56.0 2.87 57.95 -0.154 

 

RTFTFRTFR Excess

TFRRPC    and  CPR0.07.RTF
ˆ

087.0/)742.7(ˆ87742ˆ

−=

−=−=

 
 

The degrees of correlation seems to be high (r = -0.98) and significant (at 10% level of significance). Thus the 
temporal variation in fertility explain by CPR may be attributed to the 96%, remaining 4% of the total variation 
unexplained by CPR which may attributed to the effect of other socio-economic and demographic variables. 
Deviations from the regression line (execs fertility) are due party to measurement errors and partly to variations in 
the other proximate determinants of which marriage is an important one. According to the regression, the TFR 
equals, on average 7.742 births per women in the absence of contraception (CPR=0), and fertility declines at a rate 
of approximately 1.0 birth per women for each 9% increment in the contraceptive prevalence rate. Under such 
relationship between TFR and CPR, we can assessed the required contraceptive prevalence level to achieve 
replacement level fertility. The regression equation of TFR on CPR suggests that a TFR of 2.4 births per women can 
be achieved if the level of CPR is raised to 61% and if the level of CPR is raised to 65% it is possible to achieve a 
target level of 2.1 births per women. 
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Table 2: Estimated Contraceptive Prevalence level require to achieve Target Fertility with a given level of 
Contraceptive Effectiveness relative to base year 2007 (in 2007 TFR = 2.7, CPR = 0.56, e = 0.849) 

 

Target 
TFR 

PRF Required CPR u(t) to achieve TFR with Contraceptive 
Effectiveness e(t) 

  e(t) = 0.85 e(t) = 0.90 

2.6 0.03704 0.579605 0.577363 

2.5 0.07407 0.599209 0.594726 

2.4 0.11111 0.618814 0.61209 

2.3 0.14815 0.638418 0.629453 

2.2 0.18519 0.658023 0.646816 

2.1 0.2222 0.677628 0.664179 

 

Estimation of contraceptive prevalence rate required to each different level of target fertility shown in table 2. These 
rate are recurring Bongaarts` target setting model taking 2007 as the base year when TFR is observed to be 2.7 and 
the contraceptive prevalence and effectiveness are 0.56 and 0.85 respectively (BDHS, 2007). The prevalence rates 
are computed at the effectiveness levels of 0.85 and 0.90. The results in the table indicates that if a TFR of 2.6 is to 
be achieved with 0.85 contraceptive effectiveness has to be raised to around 58% and with effectiveness of 0.90, 
57% and that a TFR of 2.3 can be achieved CPR level of approximately 64% and 63% with 0.85 and 0.90 
effectiveness of contraceptive respectively. The model demonstrate that the contraceptive prevalence rate of nearly 
68% with an effectiveness of 0.85 and 66% percents with 0.90 effectiveness to achieve a target fertility around 2.1 

 

7 Estimated CPR and TFR 

 

Considering the previous year of the current year to be the base year the target setting model (based on regression) 
estimates CPR very close to observed levels for the years 1987 and 1991 but a little variation between the two at 
2007. According to model estimate the CPR should be around 58 percent in 2007 instead of 56 percent as observed 
for a TFR of 2.7. Contrarily, if the observed CPR is true then the model estimate of TFR should be 2.87 births per 
women instead of 2.7 births, a reduction of 0.17 births per women.  

8 Singulate Mean Age at Marriage and Total Fertility Rate 

 

Following the values of SMAM and TFR yielded the equation 

( ) 638.0/37.15,638.037.15 TFR SMAM SMAMOrTFR −=−=  
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Table 3. Female singulate mean age at marriage (SMAM) and total fertility rate (TFR) for different time 
periods, Bangladesh 1975 to 2007 

Year 1975 80 82 84 85 86 87 88 89 90 91 93 96 99 04 07 
TFR 6.34 4.99 5.21 4.83 4.71 4.70 4.42 4.39 4.35 4.33 4.30 3.40 3.30 3.30 3.0 2.7 

SMAM 15.0 15.0 17.5 17.2 16.95 17.0 17.9 16.9 17.7 16.5 18.0 17.4 18.7 18.8 18.9 18.95 

Source: BBS 1991; BBS; SVR; BDHS Statistical pocket book Bangladesh 2007. 

 

According to this regression, the total fertility rate equal on average 15.37 births per women in the non-increasing of 
age at marriage and fertility declines at a rate of 6.3 birth per women for each 10 percent increment in singulate 
mean age at marriage. It also indicates that singulate mean age at marriage explains about 68.20 percent (R2 = 
68.20%) of the variation in the total fertility rate. Deviations from the regression line are partly due to measurement 
errors and partly to variations in other determinants. This is a statistical relationship, but in most developing 
countries like Bangladesh, the increase in contraceptive use also might be a factor for declining fertility. From the 
relation we can determine the SMAM of females for desired level of fertility. 

 

Table 4:  Estimated singular mean age at marriage with given level of Target fertility 

 

Target TFR SMAM 

2.6 20.01 

2.5 20.17 

2.4 20.33 

2.3 20.48 

2.2 20.64 

2.1 20.80 

 

Table 4 indicates that singulate mean age at marriage increases for the decreases of target fertility. For the 
achievement of the replacement level fertility 2.1 SMAM should be increased at 20.80 years. It is a common belief 
that age at marriage is inversely related to fertility, particularly in countries with no popular effective use of 
contraceptives. This means that delayed marriage increases the interval between generations and hence puts an 
independent barrier to longer-range population growth by reducing the proportion of married female in the 
reproductive ages relative to the total population. As a society develops, desired family size decline, because   of the 
influences of different socio-demographic and socio-economic determinants. The evidence for this view of the 
reproductive behavior includes the high degree of negative association (r = -0.826) between the total fertility rate 
and the singulate mean age at marriage. 
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Table 5: Estimated values the indices of Cm, Cc,  Ci, and Cfw with given level of Proportional Reduction in 
Fertility for target TFR. 

TFR PRF Cm(t) 

 

Cc(t) Ci(t) 

 

Cfw(t) 

2.6 0.037037 0.709704 0.450667 0.602815 0.803111 

2.5 0.074074 0.682407 0.433333 0.57963 0.772222 

2.4 0.111111 0.655111 0.416000 0.556444 0.741333 

2.3 0.148148 0.627815 0.398667 0.533259 0.710444 

2.2 0.185185 0.600519 0.381333 0.510074 0.679556 

2.1 0.22222 0.573222 0.364000 0.486889 0.648667 

Using the value of PRF we estimate the indices of Cm(t), Cc(t), Ci(t) and Cfw(t) and  presented in table 5. The values 
of Cm   in table 5 and figure 1 indicate that the target fertility would be declined when the index of proportion 
married would be declined. The value of Cc in table 5 and figure 2 summarizes that the trend of the index of non-
contraception is decreasing and the target fertility is also declining. 

The value of Ci in table 5 and figure 3 indicates that if the mothers increase their breastfeeding duration then the 
target fertility would be decline. 

The value of Cfw in table 5 and figure 4 summarizes that the trend of the index of fetal wastage is decreasing when 
the target fertility is declining 

Hence if we achieve our replacement level fertility, the age at marriage, lactational infecundability and the level of 
CPR should be increase. But unfortunately in Bangladesh the CPR may not be exceed 60 percent, for instance in 
2004 and 2007 it was 58 and 56 percent respectively. So it is important to take the necessary step on other two 
important proximate factors proportion married and lactational infecundability, that is increase in age at marriage 
and duration of breastfeeding. So that we can achieve to the replacement level fertility. 

Figure 1: Trend the index of Proportion married with given level of Target Fertility 

 
Y = .7279-0.0292X,  R2=0.90 

 

 

 

Figure 2 Trend the index of Non-contraception  with given level of Target Fertility 
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Figure 3: Trend the index of lactational infecundability with given level of Target Fertility 

 

 

 

 

 

Figure 4: Trend the index of fetal wastage with given level of Target Fertility 
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Table 6:  Estimated duration of breastfeeding (B) and amenorrhea period with given level of Target fertility 

 

Target 
fertility(TFR) 

B Ci i 

2.6 13.93 0.602 14.72 

2.5 13.84 0.609 14.34 

2.4 14.57 0.548 17.99 

2.3 14.72 0.536 18.81 

2.2 15.02 0.511 20.64 

2.1 15.32 0.487 22.56 

 

Table 6 indicates that duration of Breastfeeding and duration of amenorrhea period are increasing for the decreasing 
of target fertility. For the achievement of the replacement level fertility 2.1. The duration of breastfeeding and 
amenorrhea period should be increased to about 15.5 months and 22.56 months respectively.  

 

9 Conclusion 

The estimates of CPR to achieve certain level of fertility at a stipulated time using two models viz. linear regression 
and Bongaarts’ (Proposed model) target setting models are found to be inconsistent for obvious reasons. Apart from 
methodological differences the estimate of CPR using linear regression model is based completely on the face 
values of TFR and CPR and takes account of the trends of both the factors while the estimate made by Bongaarts’ 
target setting model heavily depends only on the level of contraceptive use of the most recent year and ignores the 
effect of the two important proximate variables of marriage pattern and lactational in fecundability. There seems to 
be a change in marriage pattern in the country and also exists a norm of long durations of breastfeeding practice - the 
effects of which can not be ignored to achieve target fertility. A high degree of correlation between TFR and CPR 
bears the implication that it is possible to achieve a replacement level fertility if the present pace of progress in 
contraceptive practice is maintained. However the estimation requires more sophisticated techniques. 

The estimated CPR to achieve certain level of fertility at a stipulated time using two models viz. if we take 2007 to 
be the base year and if we achieve the replacement level of fertility according to the model estimate we have to 
attain a contraceptive level of around 68 percent with effectiveness  0.85 and 66 percent with effectiveness 0.90 an 
increase of nearly 12 and 10 percents respectively relative to the base year which is perhaps a far reaching target. To 
reach the desire level of target fertility we must be increase the use of contraception, duration of breastfeeding, 
singulate mean age at marriage and amenorrhea period. To achieve replacement level of fertility at 2.1 births per 
women we should increase the CPR, SMAM, duration of breastfeeding and amenorrhea period by 68%, 20.80 years, 
15.5 months and 22.56 months respectively. 
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Abstract. Different Anthropometric and Physiometric measurements such as body mass index (BMI), waist to hip 
ratio (WHR), waist and hip circumferences (WC and HC) are the important indicator to investigate the risk factors 
for cardiovascular diseases. No comprehensive attempt has been made to explore the influence of these parameters 
on blood pressure among our university students and teacher community although a growing burden of obesity and 
hypertension threaten our society. Therefore, a study based on data collected from Eastern University Medical 
Centre has been considered to assess the intrinsic feature, interrelationship as well the influence of Body Mass Index 
(BMI), Waist-Hip ratio (WHR), Basal Metabolic Rate (BMR) and the Body Surface Area (BSA) to the Systolic and 
Diastolic Blood Pressure (SBP and DBP). The ground of Hyper-tension is also inherent in these factors. A total of 
880 members of Eastern University family including students, teachers, officials and staff of all levels have been 
surveyed for blood pressures pulse rate, body temperature, height, weight, waist and hip circumferences. Waist-Hip 
Ratio (WHR), Body Mass Index (BMI), Basal Metabolic Rate (BMR) and BSA (Body Surface Area) and required 
calorie for all the individuals have been calculated hereafter. The analysis has carried on two age groups: 18-26 
years and over 40 years and each age group have been further classified through sex. The levels of BMI have been 
approached normal whereas the levels of WHR have offered an alarming figure about the risk of obesity. BMI and 
WHR have a significant linear relationship as well influence on BP positively for all considered groups. Height, 
weight, WC, HC has also association and significant affect on BP in certain segment of sampled population. BMR 
has been found significant for older group whereas pulse rate and temperature have not shown any significant 
influence in most of the cases. There is a significant difference in BMI and WHR between the people having normal 
BP named as ‘normotensive’ and ‘hypertensive’ people and a significant higher risk of being affected by 
hypertension has been observed for the people having higher BMI and WHR. The women, older age groups, 
intellectual and higher educated persons are exposed to the higher risk of affecting hypertension. 
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1 Introduction 

Elevated blood pressure can lead to increased risk for stroke, heart attack, heart failure or kidney failure. High blood 
pressure has long been called the "Silent Killer" because of the fact that there are no symptoms and many adults 
around the world have hypertension and cardiovascular diseases in one form or another. High blood pressure (BP) is 
estimated globally to cause 7.1 million deaths, about 13% of the total. About 62% of cerebrovascular disease and 
49% of is chaemic heart disease are attributable to suboptimal BP (systolic 4115mm Hg). Hypertension places an 
excessive financial burden on populations and health systems, consuming scarce resources. Establishment of 
influential relationship of between anthropometric and physiometric parameters on blood Pressure (BP) has long 
been the subject of epidemiological research. Despite the modern technique, anthropometric measurements such as 
height, weight, BMI etc. are traditionally important method to study the genetic structure and prediction of risk 
factors of hypertension many complex cardiovascular diseases in human health (Seidell et al., 1989, 2001). The 
relationship between excess weight and diseases has been recognized over time (Visscher and Seidell, 2001; 
Cameron et al, 2003). Obesity has been particularly recognized as a major independent risk factor for cardiovascular 
diseases (Despres, 2001). However many epidemiological studies (Folsom et al., 1993; Rimm et al., 1995; Schreiner 
et al., 1996; Silventoinen et al., 2003; Yalcin et al., 2005) have suggested that waist-to-hip ratio is also independent 
risk factor of cardiovascular disease for both sexes. Some anthropometric study suggests waist circumference (WC) 
(Bray and Gray, 1988; Flier and Flier, 2005) have been used to determine susceptibility to cardiovascular diseases. 

 

The people of South Asian origin have increased cardiovascular risk due to more centralized deposition of body fat 
with higher mean of WC and WHR compared to Europeans (McKeigue et al., 1991; Enas, 2000; Ghose et al., 2000). 
Though Body mass index identified by the WHO is widely used as the most useful epidemiological measure of 
obesity, it is nevertheless a crude index that does not take into account the distribution of body fat, resulting in 
variability in different individuals and populations (WHO, 2000). In the assessment of obesity, the central 
distribution of body fat cannot be overlooked, hence, the use of other anthropometric indices such as WC and WHR, 
as measures of adiposity (Welborn et al, 2003). Waist circumference has been recommended as a simple and 
practical measure for identifying overweight and obese patients. It is particularly useful for individuals and 
population groups with different body builds (Larson et al, 1984; Lapidus et al, 1984; Welborn et al, 2003). 

 

Again, BMR, the amount of energy expended in the post-absorptive state is also an important indicator of 
cardiovascular diseases. A related factor, then, is body surface area. In physiology and medicine, BSA is the 
measured or calculated surface of a human body. For many clinical purposes BSA is a better indicator of metabolic 
mass than body weight because it is less affected by abnormal adipose mass. The greater the BSA factor, the higher 
the BMR. 

 

The present study examines the relationship and influence of physiologic and anthropometric indices on BP over 
young and older generation across male and female among the university going students, teachers and stuffs. Again, 
it is intended to find out whether the risk of hypertension is continuously distributed at all levels of BMI, or if there 
are BMI groups with an increased risk of hypertension in largely lean populations. Such information would thus be 
relevant to the prevention and control of hypertension in developing countries. 
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2. Materials and methods 

2.1 Data collection 

The data has been collected from the medical centre of Eastern University, Dhaka, Bangladesh as a part of the 
ongoing ‘Health Research Program’ conducting from 2010, January with a view to improve the health situation of 
the students and employees of the university. The time span of this dataset is January, 2012 to July, 2012. During 
this period, measurements have been made on 880 persons including students, faculty members, academicians and 
office stuffs offering an excellent opportunity to explore the health condition of our young generation as well 
compare them with their older counterpart also. The target population under study has been considered all the 
members of Eastern University family and the sample containing most of the basic features of its parent group can 
be regarded as a perfect miniature model. Among the 880 respondents, 65% are male and 35% are female. In the 
whole sample, 62% of the respondents fall in the age range of 18-27 years, 15% fall in the 27-40 range and the rest 
23% have age range over 40 years. In terms of educational qualifications, 69% are below graduates, 7% are 
graduates and 24% are post-graduates. Sampled group contains 65% students, 10% official stuffs and 25% teachers. 
A simple random sampling procedure has been followed to choose the subjects.  

 

The Chief Medical Officer accompanying by a special medical stuff have collected this mass of data from the 
participants through a face to face interview in the medical centre. All the participants have been asked some 
specific questions regarding age, demographic features, socio-economic condition, life styles, food habits and 
dietary diversity, family history about some major diseases like hypertension, epidemiologic gradient across the 
home country, physical activity and religion and also about ethnicity. None of the selected subjects has refused to 
response for the study.  Data were collected using some forms and logbook, questionnaires and through physical 
measurements of weight, height, BT, WC, HC and BP using the WHO STEPS instruments. The sampling method 
and the survey questionnaire have been validated in an earlier pilot study in the university area. The basic 
measurements taken from the respondent were put into the computer by the second and third author of this study and 
BMI, WHR, BMR, required calorie, BSA have been calculated using standard formulas. 

 

2.1.1 Measurements of Anthropometric Variables 

All anthropometric measurements have been taken on each individual using standard anthropometric technique 
(Singh and Bhasin, 1968; Weiner and Lourie, 1981). Weight has been measured using digital weight-machine and 
height has been measured using a wooden stadiometer.Weight and height have been measured participants standing 
without shoes and with light clothed. Height has been recorded to the nearest 0.1 cm, and weight has been recorded 
to the nearest 0.1 kg. The calculation of the Body Mass Index, BMI has been performed using standard formula,

( )2)(
)(

mHeight
kgWeightBMI =

. Waist circumference was measured at the midpoint between the inferior margin of the last rib 
and the top of the iliac crest. Hip circumference was measured at the largest posterior extension of the buttocks. 
Waist and hip circumferences were measured to the nearest 0.1 cm. The waist-to-hip ratio was calculated using 

formula, )(
)(

cmncesCircumfereHip
cmnceCircumfereWaistWHR =

.  

The age of the individuals was determined directly from their reported date of birth. For measuring BSA, One 
commonly used formula is the Mosteller formula, published in 1987and has been adopted in our study is 

3600
)()()( 2 cmHeightkgWeightmBSA ×

=
 

2.1.2 Measurements of Physiometric Variables 

The physiometric variables include measurement of two kinds of Blood Pressure (BP): Systolic Blood Pressure 
(SBP) and Diastolic Blood Pressure (DBP) along with pulse rate and body temperature.BP has been measured using 
a digital automatic apparatus (Omron M4) according to WHO guidelines 32, in a sitting position with the right 
forearm placed horizontal on the table and after the participant rested for at least 5 min. Three measurements have 
been taken with intervals of 3 min between the consecutive ones. In addition, participants have been asked whether 
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they are taking any medications for the treatment of hypertension. Average SBP and DBP have been determined 
from the second and third measurements. Hypertension has been defined as mmSBP 140×  Hg or mmDBP 90×  
Hg. All efforts have been made to minimize the factors which affect blood pressure like anxiety, fear, stress, 
laughing and recent activity (Badaruddoza and Afzal, 1999). The radial artery at the wrist has been used to count the 
pulse. It has been counted over one minute. The body temperature has been measured through the digital 
Thermometer. 

 

In case of calculation of BMR, several prediction equations exist. Historically most notable is Harris-Benedict 
equation created in 1919. The original equations from Harris and Benedict are: 

 

and 

 

For men and women respectively, Here, P is total heat production at complete rest, m is the weight, h is the height, 
and a represents the age, and with the difference in BMR for men and women being mainly due to differences in 
body weight. 

 

Required calorie per day of a person has been calculated through the formula, 

 

2.2 Statistical tools and techniques of analysis 

Making an inference about the explanatory variables of BP and the risk factors corresponding to Hypertension are 
the main objective of the study. The sampled observations have been classified on sex strata as these parameters 
vary significantly between male and female and also two age groups: youth group (age range: 18-27 years) and 
senior group (age range: over 40 years) for performing a comparative analysis. Discovering the basic features of 
anthropometric and physiometric variables of the respondents across the youth and senior community, average along 
with the fluctuation measurement SD  have been observed stratified over male and female group. Then, the research 
interest has been focused on estimation of the number of occurrence at different levels of BMI, WHR and BP in the 
community. To visualize the relationship between BP and these entire factors, Correlations have been examined 
using Pearson correlation coefficients. Multiple Regressions has been performed to explore the influential 
parameters of BP in a specific age and sex group. Finally, Logistic Regressing analyses were carried out to 
determine the odds ratios of hypertension across groups classified on sex, age groups, education, occupation, BMI 
and WHR categories while controlling for possible confounding. SPSS Version 17.0 statistical software has been 
used for data analysis of the study. 

 

3 Results and Discussion 

Estimation of two basic measures: centre and dispersion of all the variables are presented in Table 1. Mean and 
Standard Deviation (SD) have been used for the prediction respectively. 
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Table 1: Descriptive Measures of variables: Mean (SD) 

 

 Anthropometric Measurements 

  Height Weight BMI WC HC WHR BSA 

Age group 

18-27 
Male 165.61(8.5) 61.46(10.8) 22.49(5.2) 80.56(9.8) 77.77(18.5) 1.09(0.4) 1.67(0.2) 

Female 158.68(9.4) 55.41(12.1) 21.94(4.2) 76.84(11.6) 77.28(18.3) 1.00(0.2) 1.55(0.2) 

Age group 

Over 40 
Male 164.20(4.7) 67.89(13.9) 26.93(4.8) 88.60(10.1) 85.99(13.8) 1.04(0.0) 1.74(0.3) 

Female 156.02(8.7) 57.03(11.1) 20.87(4.6) 79.16(11.2) 80.24(21.9) 1.03 (0.2) 1.61(0.5) 

 Physiometric Measurements 

  SBP DBP PR BT BMR 

 
Required Calorie 

Age group 

18-27 

Male 125.87(12.4)  79.16(8.2) 72.20(1.7) 97.91(0.5) 1585.28(172.5) 1902.33(207.0) 

Female 114.22(16.0) 75.43(10.2) 72.04(0.1) 98.02(0.2) 1484.59(219.1) 2310.87(296.3) 

 

         
Age group 

Over 40 

Male 127.62(18.4) 84.08(12.5) 72.36(1.3) 97.96(0.7) 1925.73(246.9) 

 

1781.51(262.9) 

Female 122.50(8.8) 82.33(10.3) 72.00(0.3) 98.00(0.2) 1874.38(210.9) 2249.26(253.1) 

 

The height and weight naturally varies according to male and female personals across two different age groups. The 
mean value of BMI of all the groups offer an assurance about the population that the youth as well the seniors fall in 
the ‘optimal weight’ level. BSA of all groups refers an ideal level. But the values WHR present just the opposite 
picture. The ratios have exceeded the safety level across the age groups for both male and female persons. The pulse 
rate as well body temperature of the respondent is quite normal. The BMR is naturally high for the older group than 
the younger. The required calorie per day for all the individuals has been calculated based on the BMR portraying 
the same picture. The BP of the sampled people shows an overall normal picture except young women who have a 
bit lower than the standard SBP and DBP. 
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Table: 2.1 Percentage of male and female respondents across age groups in different BMI 

 

BMI 

 Underweight Ideal Weight Overweight Obese 

 Less than 18.5 18.5-25 25-30 Greater than 30 

% of Male     
 Age 18-26 13.3 65.8 15.3 5.6 

 Age Over 40 12.6 56.8 19.6 11 

     
% of Female     

 Age 18-26 7.3 70.6 13.5 8.6 

 Age Over 40 15.3 61.2 16.7 6.8 

BMI provided a simple numeric measure of a person's "thickness" or "thinness", allowing health professionals to 
discuss over and under-weight problems more objectively with their patients. For the individuals, the current value 
settings are as follows: a BMI of 18.5 to 25 may indicate optimal weight; a BMI lower than 18.5 suggests the person 
is underweight while a number above 25 may indicate the person is overweight; a number above 30 suggests the 
person is obese (over 40, morbidly obese). In that sense, most of our sampled people fall in the ideal weight range. 

Table: 2.2 Percentage of male and female respondents across age groups in different WHR and BP 

WHR 

Range of Male 

 Less than 0.9 0.9-0.95 0.95-1.00 Greater than 1.00 

 Age 18-26 25.1 7.4 5.0 62.5 

 Age Over 40 6.1 12.2 19.5 62.2 

Range of Female 

 Less than 0.7 0.7-0.80 0.80-0.85 Greater than 0.85 

 Age 18-26 0 17.5 8.1 74.4 

 Age Over 40 0 16.7 0 83.3 

BP (Blood Pressure) 

 Hypertensive Normotensive 

 SBP>140 or DBP>100 SBP<140 and DBP<100 
% of Male   
 Age 18-26 20.11 79.89 

 Age Over 40 36.64 63.36 

% f F l    
 Age 18-26 23.18 76.82 

 Age Over 40 38.64 61.36 

http://en.wikipedia.org/wiki/Underweight
http://en.wikipedia.org/wiki/Overweight
http://en.wikipedia.org/wiki/Obesity
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Again, WHO STEPS states that, abdominal obesity is defined as waist–hip ratio above 0.90 for males and above 
0.85 for females or a body mass index (BMI) above 30.0. According to The National Institute of Diabetes, Digestive 
and Kidney Diseases (NIDDK), women with waist–hip ratios of more than 0.8 and men with more than 1.0 are at 
increased health risk because of their fat distribution. According to these information, most of our male as well 
female fall in the danger zone. Participants with systolic blood pressure (SBP) > 140 and diastolic blood pressure 
(DBP) > 100 were classified as being hypertensive (Tesfaye et al, 2007). In our study, elder group is affected in an 
alarming rate as well youth are also subject to the high risk of hypertension. 

Now we want to examine the inherent linear relationship between the parameters and BP (see Table 3) 

Table: 3 Correlation Table between Blood Pressure and other Parameter 

Variab
les 

SBP DBP 
18-26 Over 40 18-26 Over 40 

Male Female Male Female Male Female Male Female 

Height 0.16(0.02) 0.17 (0.01) 0.24 (0.32) 0.68(0.13) 0.07(0.04)  0.21 
  

0.02(0.98) 0.71(0.20) 
Weigh
 

0.21(0.01)  0.19(0.00)  0.18(0.04)  0.14(0.03) 0.18 (0.00) 0.14(0.00)  0.13(0.31) -0.11(0.84) 
BMI 0.21(0.00)  0.31(0.00)  0.15(0.07) 0.25(0.03) 0.24(0.00)  0.26(0.00)  0.22(0.02) 0.29(0.00) 
WC 0.17(0.00)  0.36(0.01)  0.04(0.68) 0.19(0.05) 0.09(0.00)  0.34(0.01)  0.12(0.04)  0.22(0.03) 

HC -0.06(0.15) 0.05(0.62) 0.01(0.92) 0.18(0.04) -0.01(0.89) 0.02(0.82) 0.16(0.14) -0.61(0.19) 

WHR 0.27(0.02) 0.32(0.04) 0.19(0.01) 0.25(0.00) 0.14(0.05) 0.22(0.04) -0.04(0.71) 0.21(0.03) 

PR 0.04(0.45) 0.44(0.34) 0.23(0.75) 0.09(0.19) 0.23(0.11) 0.14(0.33) 0.27(0.12) 0.56(0.31) 

BT 0.21(0.89) -0.41(0.13) 0.41(0.25) 0.17(0.67) 0.31(0.12) 0.24(0.41) -0.19(0.28) 0.19(0.44) 

BSA 0.19(0.00) 
 

0.26(0.00) 0.23(0.08) 0.30(0.04) 0.20(0.20) 0.06(0.00) 0.11(0.03) 0.16(0.01) 

BMR  0.20(0.00) 
 

0.58(0.00) -0.29(0.04) -0.42(0.40) 0.22(0.00) 0.54(0.00) 0.13(0.55) -0.06(0.89) 

The bold values are statistically significant at 5% level 

Height and weight is positively related with BP for youth male and female though the relationship is not very strong 
for all cases. The highest value of coefficient has been observed for height and DBP and that for weight and SBP in 
case of young women and men respectively. There has been no significant relation has been found for these two 
cases anywhere. BMI is positively related with BP varying from 0.15 to 0.31 across the sex and age group for both 
SBP and DBP except senior male. For both young and old group, the inherent relationship is a bit higher for the 
female than those of the male and it has been found highest among the young female for SBP. WC is significant and 
positively related with both BP in all cases except older men and it has been found higher for women. HC has been 
found insignificant in case of linear relationship with BP except the case of senior women. But, WHR has been 
found strongly correlated with BP in all cases except senior men as expected from the earlier studies. The rate of 
pulse and temperature of human body have been found natural in 95.4% cases and are not linearly associate with BP 
in correspondence. BSA has been associated positively with BP except for the case of old and young male in case of 
SBP and DBP respectively. The stronger values have been observed for female in case of SBP for both age groups. 
BMR has a positive relation with BP in case of young men as well women. In case of searching the influence of 
parameters on BP in human being, male (Table 4) and female respondents (Table 5) have been considered separately 
for building a model from both young and elder generations.   

 

  

http://en.wikipedia.org/wiki/Body_mass_index
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Table 4: Regression Model of Systolic and Diastolic Blood Pressure of Male across age groups 

 18-26  Over 40 
 SBP DBP  SBP DBP 

 Adjusted R2=0.502 Adjusted R2=0.496  Adjusted R2=0.428 Adjusted R2=-0.562 
 F (sig) = 9.790 (0.000) F (sig) = 9.225 (0.000)  F (sig) = 2.699 (0.015) F (sig) = 0.677 (0.691) 
Independent 
Variables 

β ±  
SE( β ) 

 

t 
(sig) 

β ±  
SE( β ) 

 

t 
(sig) 

 β ±  
SE( β ) 

 

t (sig) β ±  
SE( β ) 

 

t (sig) 

Constant 125.359 
(88.872) 

1.411 
(0.159) 

67.154 
(59.247) 

1.133 
(0.258) 

 586.085 
(339.713) 

1.725 
(0.089) 

85.324 
(250.797) 

0.340 
(0.735) 

BMI 0.582 
(0.247) 

2.356 
(0.019) 

0.453 
(0.165) 

2.747 
(0.006) 

 0.129 
(0.953) 

0.136 
(0.032) 

0.100 
(0.703) 

0.042 
(0.058) 

WC 0.308 
(0.088) 

3.494 
(0.001) 

0.271 
(0.059) 

2.911 
(0.004) 

 - - - - 

HC 0.245 
(0.044) 

5.564 
(0.000) 

0.133 
(0.029) 

4.522 
(0.000) 

 - - 0.451 
(1.137) 

0.396 
(0.033) 

WHR 0.867 
(1.253) 

0.692 
(0.010) 

0.459 
(0.835) 

0.550 
(0.023) 

 0.449 
(0.710) 

0.600 
(0.050) 

0.609 
(0.115) 

0.332 
(0.041) 

BMR - - - -  0.007 
(0.004) 

1.558 
(0.020) 

0.005 
(0.003) 

1.573 
(0.016) 

The values are statistically significant at 5% level 

The model for male (see Table 4) suggests that, BMI is significant predictor of SBP and DBP for both age groups 
across male and female respondent except the case of senior male for predicting DBP. WHR is significant predictor 
in all cases. WC and HC are significant predictors for young male in case of SBP and DBP. HC is also significant 
for older male to predict DBP. BMR significantly influences BP for senior male. The problem of multicollinearity 
has been removed from the model. 

Again, the female models (see Table 5) also state that, SBP and DBP are significantly influenced by BMI and WHR. 
Both WC and HC significantly predict both BP for older age group and they are significant predictor for DBP of 
young female. Pulse rate and temperature is significant in case of SBP for old and young women respectively. Like 
the model of male respondents, BMR is significant for senior females. 

Table 5: Regression Model of Systolic and Diastolic Blood Pressure of Female across age groups 

 18-26  Over 40 
 SBP DBP  SBP DBP 

 Adjusted R2=0.502 Adjusted R2=0.496  Adjusted R2=0.428 Adjusted R2=-0.562 
 F (sig) = 9.790 

(0 000) 
F (sig) = 9.225 (0.000)  F (sig) = 2.699 

(0 015) 
F (sig) = 0.677 (0.691) 

Independent 
Variables 

β ±  
SE( β ) 

t 
(sig) 

β ±  
SE( β ) 

t 
(sig) 

 β ±  
SE( β ) 

t (sig) β ±  
SE( β ) 

t (sig) 

BMI 1.47 
(0.64) 

2.29 
(0.02) 

0.935 
(0.405) 

2.309 
(0.024) 

 0.347 
(0.005) 

3.299 
(0.001) 

0.310 
(0.068) 

4.569 
(0.000) 

WC - - 0.994 
(0.351) 

2.835 
(0.006) 

 0.588 
(0.067) 

8.813 
(0.000) 

0.338 
(0.043) 

7.856 
(0.000) 

HC - - 1.178 
(0.365) 

3.226 
(0.002) 

 0.263 
(0.044) 

6.034 
(0.000) 

0.151 
(0.028) 

5.361 
(0.000) 

WHR 55.246 
(41.038) 

1.346 
(0.002) 

68.065 
(25.837) 

2.634 
(0.001) 

 1.486 
(1.434) 

1.037 
(0.030) 

0.790 
(0.924) 

0.854 
(0.009) 

BMR - - - -  0.923 
(0 279) 

3.307 
(0 001) 

- - 
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Again, the participants were further classified as normotensive (SBP <160; DBP <100) and hypertensive (SBP 
>140; DBP>100). The hypertensive participants have a significantly higher WHR (> 0.9) as well as a significantly 
higher BMI (> 25kg/m2) compared to the normotensive participants (see table 6). A significant difference (P < 0.05) 
has been observed between the WHR and BMI of hypertensive and normotensive participants. 

Table 6: Comparisons of Indices of Adiposity of Normotensive and Hypertensive Participants 

 Normotensive 

 

 

Hypertensive 

 

 

t statistic P-value 

WHR 0.95 1.12 -0.412 0.035 

     
BMI 24.13 29.62 -8.974 0.000 

Selected biological, socio demographic, nutritional and behavioral characteristics those are considered as possible 
determinants of hypertension have subjected to a logistic regression analysis (see table 7). The analysis was 
conducted on the whole sampled population, and the resulting Odds Ratiosare presented in Table 7. The BMI, WHR 
occupation, education along with sex and age were found to be significant determinants of hypertension across this 
community. In the table, odd ratios are expressed the comparative risk of the considered category than that of the 
base one.  

In case of age variable, peoples having age 18-28 are considered as the base category. There is slight increased risk 
among the people having age 29-39. For the age group 40 years and higher has naturally, the highest risk of 
hypertension that is more than three-fold of the reference category. 

For sex variable, male have been considered as the base and The odds ratio of hypertensions is slightly higher in 
female than that of our male population. 

Table: 7: Determinants of hypertension (Logistic Regression Analysis) 

 Adjusted Odds ratio 
Age Groups  

18-28 1.00 
29-39 1.02 

40 and higher 3.04 
Sex  

Male 1.00 
Female 1.09 

BMI Category  
Less than 18.5 1.00 

18.5-25 1.03 
25-30 1.19 

Greater than 30 2.03 
WHR Category  

Less than 1 1.00 
Greater than 1 2.98 

Education  
Below Graduate 1.00 

Graduate 0.91 
Post Graduate 1.12 

Occupation  
Student 1.00 

Officer and stuffs 0.86 
Teacher 1.88 



345 
 

 

The odds of hypertension have been greater than among overweight and more than two-fold among the obese. The 
risk of hypertension is almost three-fold among the persons having WHR greater than 1 than those of having less 
than 1. A lower risk of hypertension among graduates but higher among post graduate have been noted. Teachers 
have significant higher risk and official stuff have a lower risk than that of the students.  

 

Conclusion 

In general, the results of the present study support the hypothesis that BMI, WHR, WC and HC have some 
independent effects on the risk of elevated blood pressures (SBP and DBP) among University community. WHR 
have been found as hazard for health condition among the young as well older generations. However, WHR has 
shown better prediction power for cardiovascular disease among women. Similar observations have been 
documented from other studies (Lean et al., 1995; Rexorde etal., 2001; Janssen et al., 2002; Yalcin et al., 2005). 
Many investigators (Pouliot et al., 1994; Dalton et al., 2003; Esmaillzadeh et al., 2004; Khan et al., 2008) advocated 
that WC as well as WHR have strongest relationship with the elevation of blood pressures especially in females 
although age and menopause have significant effect on cardiovascular parameters. Therefore, the elevation of SBP 
and DBP among young and old generation has been found correlated with weight, WC, WHR and BSA. BMR 
significantly influences BP for senior personals. The risk of hypertension is significantly higher in older age group 
and among women. It is significantly higher among people having higher BMI and larger WHR. Most interestingly, 
the risk of hypertension rises for the higher educated and intellectual group.Another result has shown that the mean 
difference of BMI and WHR between normotensive and hypertensive is significantly different.  
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Abstract. There has been some improvement in child nutritional status during 2004-11. But the findings  of  BDHS-
2011 report says  “It is clear that level of stunting and level of underweight has been declining”, “The pattern and 
change in wasting has been small and inconsistent”. Like these there are many examples where the report narrates 
the findings in terms of increase/decrease of the events related to child malnutrition. But the statistical significance 
of the numerical results has not been tested. This paper evaluates the statistical significance of the results presented 
in the BDHS reports. Statistical analyses have been carried using the test of significance for (i) proportion (ii) 
equality of proportions and finding the Odds ratios of the malnourished group in relation to time, education level, 
residence type, gender and age of the children. Based on these analyses some recommendations have been made for 
policy development to reduce epidemiology of malnutrition of under-five children in Bangladesh. 

1 Introduction 

Children who are malnourished are likely to become ill adults and suffer the concomitant risk of chronic disease. 
Malnutrition in children also tends to cause psychological problems such as depression, anxiety, social isolation, and 
low-self-esteem. Malnutrition increases the risk of infection and infectious disease, and moderate malnutrition 
weakens every part of the immune system. It is a major risk factor in the onset on tuberculosis. It also affects HIV 
transmission by increasing the risk of transmission from mother to child and also increasing replication of the virus. 
Lower energy and impaired function of the brain also represent the downward spiral of malnutrition as victims are 
less able to perform the tasks they need to in order to acquire food, earn an income, or gain an education. 

In the public health perspective, malnutrition is usually defined more precisely in terms of height-for-age (HA), 
weight-for-height (WH) and weight-for-age (WA). The prevalence of malnutrition has shown a decreasing trend 
over the last few years. But malnutrition is significant in under-five children. At the individual level, inadequate or 
inappropriate feeding patterns leads to malnutrition. Socioeconomic and cultural factors have influence on the 
prevalence of malnutrition, especially in the under-five children. 

Table 1 Water low classifications of malnutrition  

Degree of PEM Stunting (%) Height for age Wasting (%) Weight for height 

Normal : Grade 0 >95% > 90% 

Mild: grade 1 87.5-95% 80-90% 

Moderate : Grade II 80-87.5% 70-80% 

Severe : Grade III <80% <70% 

Source: Waterlow, 1972 

In 1956, Gomez and Galvan studied factors associated with death in malnourished children in a hospital in Mexico City, Mexico. 
They defined categories of malnutrition first, second and third degree. The degrees were based on weight below a specified 
percentage of median weight for age. The classification has been criticized for being “arbitrary” and for not considering 
overweight as a form of malnutrition. Instead of using just weight for age measurements, the classification established by John 
Conard Water low combines weight-for-height ,indicating acute episode of malnutrition, with height-for-age to show the stunting 
that results from chronic malnutrion. Water low classifications are given in Table 1. 
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In medicine, wasting refers to the process by which a debilitating disease causes muscle and fat tissue to “waste” 
away. Wasting is sometimes referred to as “acute malnutrition” because it is believed that episodes of wasting have 
a short duration, in contrast to stunting, which is regarded as chronic malnutrition. Wasting could also mean 
inefficient and/or ineffective consumption. Infections and conditions associated with wasting include tuberculosis, 
chronicdiarrhea, AIDS, and superior mesenteric artery syndrome. 

There has been some improvement in child nutritional status during 2004-11.The level of stunting , the pattern and 
change in wasting , and the level of underweight from different surveys  are presented in Table 2, in addition the  
target values for 2016  in these respect are also given. 

Table 2 Level of stunting, wasting, and underweight from different surveys 

Year Stunting (%) Wasting (%) Underweight (%) 
2004 51 15 43 
2007 43 17 41 
2011 41 16 36 
2016 38 ( target)  33 (target) 

Source: BDHS 2011 

Based on the figures BDHS-2011 report says that it is clear that level of stunting and level of underweight has been 
declining. The pattern and change in wasting has been small and inconsistent. Like these there are many examples 
where the report narrates the findings in terms of increase/decrease of the events related to child malnutrition. But 
the statistical significance of the numerical results has not been tested. This paper tests the statistical significance of 
the results presented in the BDHS reports. Based on these analyses some recommendations have been made for 
policy development. In our analysis we have used the following abbreviations and symbols. 

2Methodology 
Data used in this piece of work are from the BDHS-2007 and BDHS-2011. These surveys are based on a multi-stage sampling 
scheme under which the primary sampling units were explicitly crafted to reflect some meaningful notion of the primary unit. 
Within each selected primary sampling unit, a sample of households was randomly chosen. Household-level and community-
level instruments were administered to collect the information. To analyse a few findings related to child malnutrition given in 
the report following statistical methods have been applied in this article.  

For testing the significance a particular proportion of a categorical variable,   we use Z test. If the population 

proportion of a particular category isπ , then the necessary test statistic is, n
pq

pZ π−
=

 

Which follows the standard normal distribution, where p is the sample proportion of the given category, n is total 
observations and q=1-p. 

Equality of proportion tests are performed with two proportions considering the variation in residence, marital status 
and educational level. When the sample observations based on which the population proportions are estimated are 
large, Z- statistic is used to test the equality between the proportions of the categories. 

Where,                   n
pq

ppZ 21 −=

 

Which follows the standard normal distribution? Here p1 is the estimate of the population proportion  of the first 
category  and p2 is the  estimate of the population proportion of the second category, n is the combined number of 
observations in the combined group i.e. n= n 1 + n 2 , n 1 and n 2 are the sample sizes of the two groups. 

 

 p=   21
21

nn
pp

+
+

                                    and q=1-p. 
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Test for equality of frequencies 

For a univariate frequency distribution of a category variable with more than two categories, we can test the equality 
of all frequency. Since the data in this case is of nominal type and the number of observations is large, so under the 

null hypothesis the appropriate test statistic is
∑
=

−=
k

i i

i n
E

O
1

2
2χ

 , which follows the chi-square distribution with k-
1 degree of freedom . 

Odds Ratio 

A condition, physical characteristic, or behavior that increases the probability (Risk) that a currently healthy 
individual will develop a particular disease is termed as risk factor for that disease. In this study we have considered 
some Environmental and Social risk factors to find association with malnutrition (disease). Since a large scale 
survey is Cross-sectional/Prevalence in nature (here individuals are concurrently classified as diseased) 
malnutrition) or disease-free (not malnourished) and exposed or non-exposed to risk factors at a single point of 
time), prevalence rates are compared between those exposed and those not exposed to certain risk factor. In this type 
of study outcomes are evaluated in terms of the Odds Ratio (OR) and the chi-square test. 

The odds ratio provides a measure of the strength of the association between the dichotomous exposure and the 
outcome variables. This ratio compares the odds that exposed and nonexposed individuals will have the disease. 

OR = (Odds that exposed individuals will have the disease)/(Odds that non-exposed individuals will have the 
disease), where  

Odds of disease = P(disease)/P(no disease). 

The larger the value of OR , the stronger the association between the disease in question and exposure to risk factor. 
The value of OR close to 1 indicates that the disease and exposure to the risk factor are unrelated. Values of OR less 
than 1 indicate a negative association i.e. there is a protective effect between the risk factor and the disease. 

Attributable Risk (AR) defines the excess risk of disease that can be ascribed to exposure to the risk factor, over 
and above that experienced by people who are not exposed. It thus provides an estimate of the number of cases of 
the disease that might be prevented if exposure to risk factor were eliminated and is useful for determining the 
magnitude of the public health problem posed by such exposure.  

 AR= P (Disease/Exposed)- P (Diseases/Not exposed) . 

 Population attributable risk (PAR) is a measure of excess risk of disease in a population that can be solely 
attributed to the risk factor. PAR= AR * P(exposure). 

Whereas the chi-square test can be used to evaluate the statistical significance of the association between the 
suspected risk factor and the disease. 

 

3 Results & Analysis 

The proportion of under-five malnourished children in respect of stunting, wasting and underweight   as shown in 
BDHS-2011 and their   significance level are given in Table 3.  We have taken those children as malnourished who 
are under -3D of the normal children. 

Table 3 Proportion of under-five malnourished children in terms of  stunting, wasting and underweight 

Malnutrition status Proportion in BDHS-2011 Significance 
Stunting (HA) 0.41 Highly significant 
Wasting (WH) 0.16 Highly significant 
Underweight(WA) 0.36 Highly significant 

The highly significant results for all types of measure of malnutrition clearly indicate that Bangladeshi children are 
suffering from malnutrition in all respect. Admitting this fact the government of Bangladesh has launched many 
programs for the betterment of health of mothers and children. It is to be noted that health sector is one of the areas 



350 
 

where Bangladesh is ahead of its neighboring Asian countries. The government of Bangladesh also were praised and 
prized by the United Nations in this regard. Further public health facilities are not evenly distributed in Bangladesh. 
Having the above findings we are interested to know whether there is significant change in 2011 in the rate of 
malnutrition in Bangladesh in relation to the exposure to some factors . It is to be noted that to measure malnutrition 
we have considered height- for-age. 

First we want to study the impact of gender on the  proportions of malnourished children for different years using 
equality of proportion test, which are presented in Tables 4. 

Table 4Gender wise Comparisons of proportions of malnourished children for different years 

Factors Years Z Significance 2007 2011 
Male 0.165 0.147 0.061 Insignificant 
Female 0.158 0.159 -0.003 Insignificant 

There has been no significant reduction in malnutrition during 2007-2011. It clearly indicates that that the steps 
taken by the government to develop health situation in Bangladesh specially for the mothers and children are to be 
boost up for reducing malnutrition of children in Bangladesh. 

Now equality of proportions of malnourished children in 2011is tested to see whether there was any significant 
difference in malnutrition status of the children for some socio-economic and demographic factors in Bangladesh 
and is presented in Table 5.  

Table 5 Comparison of proportion of malnourished children for some socio-economic and demographic factors 

Factors Proportion Z value Significance 
Sex    
Male 0.147 -.043 Insignificant Female  0.159 
Residence    
Rural 0.159 5.62 Significant Urban  0.130 
Education of mother    
Secondary incomplete 0.121 10.59 Significant Secondary complete 0.056 
Division    
Dhaka 0.159 12.07 Significant Rajshahi 0.088 
Wealth quintile    
Lowest 0.245 63.52 Significant Highest 0.064 
Age group of child (in months)    
36-47 0.181 6.04 Significant 48-59 0.143 

From the results in Table 5 of test of significance it is noted that there is no significant difference in malnutrition 
status between male and female children. Also it is clear that  the proportion of malnourished children in rural areas 
is significantly higher than those in the urban areas. So more public health facilities are to be expanded in rural 
areas. 

Children of less educated mothers are more vulnerable than those of more educated mothers. So special facilities 
created by the government of Bangladesh to educate the girls of the country should be continued and strengthen to 
reduce the malnutrition in the children. 

Evidence of significant differences isthere in all the measures of malnutrition among the children of two city 
corporations. Influx of population in the capital city without proper residence and health has definitely contributed 
for more malnourished children in Dhaka. Though lot of public health programs are run in the capital and huge 
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NGO’s are working in the capital in the health sector but this finding clearly indicates lack of coordination and 
monitoring in these public health programs. 

Further it is clearly revealed that children from lowest wealth quintile are more malnourished than those from the 
highest wealth quintile. So proper distribution of wealth is a necessity to maintain good health for our future 
children. It is also revealed that malnourishment decreases significantly  with the increase in age. But children need 
better food within their first 3 years of age for proper development of brain and growth of other physical organ. For 
further analysis Odds Ratios for the factors Gender,Residence,Education of mothers, Residence Division, Wealth 
quintile and Age group of children are computed.The values of odds ratios are presented in Table 6.  

Table 6 Odds ratios for malnourished children in relation to some socio-economic and demographic factors 

Factors OR AR PAR 
Sex    
Male 0.911 -.012 .0019 
Female r    
Residence    
Rural 4.25 .029 .004 
Urban r    
Education of mother    
Secondary incomplete 2.34 .065 0.01 
Secondary complete r    
Division    
Dhaka 1.96   
Rajshahi r    
Wealth quintile    
Lowest 4.77 0.181 0.028 
Highest r    
Age group of child (in months)    
36-47 1.32 0.038 .006 
48-59 r    

Note: r indicates reference group for different factors 

The odds ratio also shows that male and female children are more or less equally susceptible to malnutrition. 

Further the risk of the rural children of being more malnourished is given by odds ratio. It is clear that rural children 
are 4.25 times more vulnerable to malnutrition than urban children. From the odds ratio it is also evident that 
children of less educated mothers are 2.34 times more vulnerable to malnourishment than the educated mothers. 
Also the odds ratio value clearly gives evidence that children in the capital city are 1.96 times more vulnerable to 
malnutrition than those of Rajshahi city a divisional headquarter. Again from the odds ratio it is evident that children 
in the lowest wealth quintile are 4.77 times more vulnerable to malnourishment than the children from the highest 
quintile group. Further from the odds ratio it is noted that children in the age group 36-47 months 1.32 times more 
susceptible to malnutrition than the children of age 48-59 months. So findings of the tests of significance are cleared 
supported by the odds ratios. 

4 Discussion and policy recommendation 

There has been no significant reduction in malnutrition during 2007-2011. Further considering the stunting, wasting 
and underweight situation it is revealed that Bangladeshi children are suffering from malnutrition . Admitting this 
fact the government of Bangladesh should strengthen the  programs already launched and introduce new programs  
for the betterment of health of mothers and children. 

It is noted that there is no significant difference in malnutrition status among males and females. Further the odds 
ratio also shows that male and female children are more or less equally susceptible to malnutrition. These findings 
give clear indication that Bangladesh has advanced a lot in creating gender equality. 
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It is clear that  the proportion of malnourished children in rural areas  is significantly higher than those in the urban 
areas. So more public health facilities are to be expanded in rural areas. The risk of the rural children of being  
malnourished  is 4.25 more than the urban children. Further children of less educated mothers are 2.34 times  more 
vulnerable than those of more educated mothers. So  special facilities created by the government of Bangladesh  to 
educate the girls of the country should be continued and strengthened to reduce the  malnutrition in the children. In 
addition public  health education programs should also  be continued to impart knowledge to reduce  malnutrition in 
children. We can also recommend  for  spread and upliftment of education  in general and transmission of health 
education through public health programs for females which  will contribute a lot in reducing malnutrition in 
children.  

Evidence of significant differences is there  in all the measures of malnutrition among the children of two city 
corporations.  The Children in the capital city are 1.96 times more vulnerable to malnutrition than those of Rajshahi 
city. Health facilities in the Rajshahi city corporation are better managed . Moreover Rajshahi is a city corporation 
mainly with tertiary level education institutions and the city has a good infrastructure in giving delivery of health 
facilities in public and private sectors. These may have positive impact on the awareness about health specially of 
child health. But the influx of population in the capital city without proper residence and health facilities has 
definitely contributed for more malnourished children in Dhaka. Though lot of public health programs are run in the 
capital and huge number of  NGO’s are working in the capital in the health sector but these finding clearly indicate 
lack of coordination and monitoring in these public health programs.  

Children from the lowest wealth quintile are more malnourished than those from the highest wealth quintile  and the  
children in the lowest wealth quintile are 4.77 times  more vulnerable to malnourishment than the children from the 
highest quintile group. So proper distribution of wealth is a necessity to maintain good health for our future children. 

Further it is noted that malnourishment decreases significantly  with the increase in age. Children in the age group 
36-47 months 1.32 times  more susceptible to malnutrition than the children of age 48-59 months. But children need 
better food within their 3 years of age for proper development of brain and other physical organ. So we shall have to 
carry out programs so that children get proper feeding in the proper age. The nation should also think about the 
safety net programs for feeding children below 4 years of age. 

It is to be noted that health sector is one of the areas where Bangladesh is ahead of its neighboring Asian countries. 
The government of Bangladesh also were praised and prized by the United Nations in this regard. To maintain the 
achievements in public health facilities  specially for the children are to be evenly distributed in Bangladesh.  

Further special public health programs for currently married women are to be launched to keep  this sect of 
population physically fit as far as possible. Because this is the group of childbearing and child caring age. The health 
of our future children heavily depends on this group. The government should also think about the safety net 
programs for this vulnerable group. Thus we can strongly recommend for special public health programs for  the 
currently married women and children under five years of age to reduce malnutrition in Bangladesh. These public 
health programs should also include the family planning issues, otherwise the country will be further burdened by its 
population growth and malnourished  children.  
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Trends in Age at First Marriage of Bangladeshi Women Over Four Decades: Urban and 
Rural Differentials 
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Abstract. Woman’s age at first marriage is an important characteristic of population dynamics. The aim of the 
present study was to investigate the changes in age at first marriage of Bangladeshi women over four decades. The 
reproductive women (age 15-49 years) were considered in this study. Data for 47109 married Bangladeshi women 
were extracted from the (1993-1994, 1996-1997, 1999-2000, 2004 and 2007) Bangladesh Demographic and Health 
Survey (BDHS). The mean and median age at first marriage of Bangladeshi women was 14.73 ±2.96 and 14.00 
years, respectively; rural women got marriage significantly (p<0.01) earlier than urban women. More than 85 
percent (rural 87.6 percent and urban 78.2 percent) Bangladeshi women got marriage before they reached 18 years 
old, among them 17.0 percent (rural 18.5 percent and urban 13.1 percent) got marriage very early age (before 13 
years old).  Using ANOVA, age at first marriage showed significant (p<0.01) differences among birth year cohorts 
from 1944 to 1985 of the present sample. However, the slope of linear regression line indicated that age at first 
marriage for both rural and urban women exhibited increasing tendency during the investigated period. Also, the 
present study demonstrated that the child marriage among Bangladeshi women showed slightly decreasing tendency 
during birth year cohorts from 1944 to 1985. These results suggest that age at first marriage of Bangladeshi women 
has been increasing for last four decades, and increasing rate of urban women is faster than rural women.  

Key words:  Bangladesh,  Women, Age at first marriage, ANOVA, Linear regression  

 

1 Introduction 

 Marriage is a significant and memorable event in one’s life cycle as well as the most important foundation in the 
family formation process. Age at first marriage is of particular interest because it marks the transition to adulthood 
in many societies; the point at which certain options in education, employment, and participation in society are 
foreclosed; and the beginning of regular socially acceptable time for sexual activity and childbearing. Marriage is 
not only the most predominant context for childbearing but also one of the most important determinants of fertility 
(Lesthaeghe et al., 1989). Early marriage is associated with an increased risk of HIV infection (Clark, 2004). 
Moreover, age at first marriage of woman is an important factor for early childbearing, and early childbearing 
mother is at higher risk for poor prenatal outcomes such as gestational diabetes, gestational hypertension and 
preterm deliveries than the general population (Palacios and Kennedy, 2011).Trends in age at first marriage over 
time may provide useful information about changes in the level of public health and reflect the general living 
environment of a given population. This is particularly important for developing countries where health and 
medically related reforms are being actively implemented. Many researchers reported changes in age at first 
marriage in various populations on a worldwide basis over time (Copen et al., 2012; Marston et al., 2009; Cremin et 
al., 2009; Chen, 2009; Mukherjee et al., 2007; Löfstedt et al., 2005; Andersson, 1998; etc). Specifically with respect 
to Bangladeshi female population, researchers have investigated the relationship between age at first marriage and 
socioeconomic factors (Ahmed, 1986), early childbearing (Kamal, 2012), fertility (Islam et al., 2010), 
sociodemographic factors (Khan et al., 2011) and body mass index (Hossain et al., 2012). The marital decision was 
undoubtedly the first step to demonstrate parental control of this important family issue in Bangladesh. Especially, 
the marriage of girls is completely dependent on parents’ decision. The illiterate rate of Bangladeshi population has 
been showing decreasing tendency and economical condition is increasing during the last two decades (NIPORT, 
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2009). Government and non-government organization in Bangladesh is trying to make aware to mass population 
about the disadvantage of early marriage, not only that government has imposed a rule that girls get marriage before 
18 years old, her parents will be punished. Nowadays parents are more conscious about their child’s future life and 
girls conscious about their health and life. Special attention should be paid to marriage of women because it is 
considered marriage after one year women become mother and mothers considering their potential influence on the 
family and their contribution to the nation’s workforce and productivity. It is important to investigate the age at first 
marriage of Bangladeshi women and its trends over time.  The purpose of the present study was to test for the 
presence of trends in age at first marriage of Bangladeshi women over four decades.  

2 Materials and Methods 

2.1Materials 

Cross-sectional data were derived from the Bangladesh Demographic and Health Survey (BDHS) is a national-level 
with the various districts of Bangladesh represented by the period (1993–2007). The sample population of this study 
consisted of 53,419 married Bangladeshi women. Ages at the time of measurements ranged from 15 to 49 years, 
with an average age of 32.22±8.82 years. BDHS surveys conducted in 1993-1994, 1996-1997, 1999-2000, 2004 and 
2007, the sampling technique, survey design, survey instruments, measuring system and quality control have been 
described elsewhere (NIPORT, 2009). The data set was checked for outliers by the present authors using statistical 
techniques (Dunn & Clark, 1974), because these abnormal points can affect the interpretation of results (Stevens, 
1996). Some missing values were also detected, and these cases were excluded. After removing outliers, cases with 
incomplete data set were reduced to 47,109 for the analysis in the present study. 

2.2 Methods  

Age at first marriage was classified into three classes according to age; (i) 12 years younger, (ii) between 13 and 17 
years and (iii) 18 years and older. To look the difference pattern of changes in age at first marriage, the sample was 
subdivided into two classes according to residence; (i) Urban and (ii) Rural. The sample was subdivided into forty 
two groups according to birth year cohorts from 1944 to 1985 to find the average trends in age at first marriage over 
time. ANOVA was used to examine the interclass variation of age at first marriage. The statistical linear model for 
one-way analysis of variance (ANOVA) corresponding to each dimension as  

                             Yij = µ + αi + εij,  i = 1, 2, …, p, and j = 1,2, …, q,                                              (1) 

where Yij is the jth observation (response) in the ith birth year cohort, µ the general mean effect, αi = µi- µ the 
additional effect of ith birth year cohort, µi the average effect of ith birth year cohort, and  εij the  error term. 
ANOVA procedure is primarily concentrated on testing the hypothesis H0 : α1= α2 …= αp = 0  equivalently µ1 = µ2  
=…= µp = µ by means of a single F test. If the hypothesis of equality of cohort means is rejected, we may conclude 
that there are differences among the cohort means. The standard assumptions of the ANOVA, randomness, 
normality and homogeneity of cohort variances were checked using the Kolmogorov–Smirnov non-parametric test, 
a normal probability plot, and the Levene test, respectively. Finally, linear regression analysis was applied to detect 
the presence of trends in age at first marriage among the birth year cohorts from 1944 to 1985. Statistically 
significance was accepted at p<0.05. All statistical analyses were performed using SPSS (version 15.0). 

3 Results 

A total of 47,109 married Bangladeshi women were analyzed in the present study. The age of subjects varied from 
15 to 49 years with mean age 32.22±8.82 years. The average age at first marriage of the women was 14.73 ±2.96 
years (95% CI: 14.70–14.75), ranging from 6 to 39 years (Table1), and the median was 14.00 years. Women lived in 
rural environment got marriage (14.47±2.77 years) significantly (p<0.01) earlier than urban women (15.41±3.35 
years).  
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Table 1: Descriptive statistics of age at first marriage by year of survey and residence 

Year of  
Survey 

N Mean SD Median 95% CI for Mean Minimum Maximum 
 Lower 

Bound 
Upper 
Bound 

1993-1994 13860 14.21 2.81 14.00 14.16 14.25 6 35 
1996-1997 7511 14.15 3.01 14.00 14.09 14.22 6 35 
1999-2000 8716 14.99 3.00 14.00 14.93 15.05 6 37 
2004 8929 15.05 2.81 14.00 14.99 15.11 10 39 
2007 8093 15.50 3.05 15.00 15.44 15.57 9 37 
Total 47109 14.73 2.96 14.00 14.70 14.75 6 39 
Residence        Mean Difference 
Urban 12637 15.41 3.35 15.00 15.35 15.47 0.94** 
Rural 34472 14.47 2.77 14.00 14.44 14.50 

**: 1% level of significant.  

Table2 shows the frequency distribution of age at first marriage of Bangladeshi women by residence. More than 
68% (urban 65.1% and rural 69.1%) women got marriage between 13 to 17 years old. A remarkable number 
(17.0%) of Bangladeshi women got marriage before they reached at 13 years old, among them 18.5% were living in 
rural environment and 13.1%  in urban, while14.9% (urban 21.8% and rural 12.4%) women got marriage at 18 years 
old and older (Table 2). 

Table 2: Frequency distribution of age at first marriage by residence 

 Residence  
 Urban Rural Total 

AAFM≤12 1651 (13.1%) 6377 (18.5%) 8028 (17.0%) 
13≤AAFM≤17 8229 (65.1%) 23837 (69.1%) 32066(68.1%) 

18≤AAFM 2757 (21.8%) 4258 (12.4%) 7015(14.9%) 

AAFM: Age at first marriage. 

3.1Trends in age at first marriage 

Since the current study was subdivided into cohorts by birth year, this facilitated a study of possible trends over 
time. The variation in age at first marriage among the birth year cohorts from 1944 to 1985 was examined with the 
ANOVA. Before using ANOVA, it is necessary to ensure that the standard assumption underlying the ANOVA 
model are satisfied. Consequently, the data were checked for randomness, normality and homogeneity. The 
Kolmogorov–Smirnov non-parametric test and the normal probability plot exhibited no serious problems concerning 
the randomness and normality of the data. In addition, the Levene test showed that the data were homogeneous. 
Thus, the data satisfied the standard assumptions of the ANOVA model. The ANOVA results demonstrated that the 
variations in age at first marriage of Bangladeshi women among the birth year cohorts from 1944 to 1985 were 
statistically significant (p < 0.001) for urban, rural and all samples (Table 3).  

Table 3: ANOVA results of age at first marriage by birth year cohorts from 1944 to 1985 

Residence Source of variation Sum of  
Squares 

df Mean  
Square 

Fcal 
-value 

p-value 

Urban Between Groups 4260.99 38 112.13  
10.279 

 
0.001 Within Groups 137424.41 12598 10.91 

Rural Between Groups 4289.83 38 112.89  
14.972 

 
0.003 Within Groups 259628.98 34433 7.54 

Total sample Between Groups 8910.38 38 234.48  
27.266 

 
0.000 Within Groups 404797.94 47070 8.60 
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To further examine the presence of trends in age at first marriage, linear regression coefficients were computed. The 
mean age at first marriage values of the study population are depicted graphically in Fig.1 by birth year cohort from 
1944 to 1985. This figure showed yearly fluctuations in average age at first marriage. This is characteristic of such 
cohort study (Fig.1).  Figure 1 also showed that the intercept term of urban, rural and total sample were 14.02 years, 
13.83 years and 13.86 years, respectively.  

 

These fluctuations in age at first marriage were further examined with linear regression. The coefficients of 
regression analysis demonstrated that the average rate of increase of age at first marriage urban women was 0.051 
years (95% CI: 0.05-0.06, p<0.001), rural was 0.031 years (95% CI: 0.03-0.03, p<0.001) and age at first marriage 
for the whole sample was 0.040 years (95% CI: 0.04-0.042, p < 0.001) among the birth year cohorts from 1944 to 
1985 (Table 4). These results indicated that age at first marriage of Bangladeshi women were showing increasing 
tendency among the birth year cohorts from 1944 to 1985.   

Figure 2 displays the trends in child (age at first marriage ≤17) marriage and marriage after 18 years and older. 
Figure 2 exhibited that child marriage among Bangladeshi women showed slightly decreasing tendency for both 
urban and rural female population during the birth year cohorts from 1944 to 1985, while the marriage at 18 years 
and older showing increasing tendency (Figure 2).  

 
Table 4: Coefficient of linear regression analysis of age at first marriage on year of birth over 1944 to 1985 

Residence Model Coefficient SE t-value R2-
value 

p-value 95% CI of 
coefficient 

Lower Upper 
Urban (Constant) -85.48 5.812 -14.71  0.001 -96.88 -74.09 

Year of birth 0.051 0.003 17.36 0.830 0.001 0.05 0.06 
Rural (Constant) -47.206 2.778 -16.99  0.001 -52.65 -41.76 

Year of birth 0.031 0.001 22.20 0.859 0.001 0.03 0.03 
Total (Constant) -63.316 2.561 -24.724  0.001 -68.34 -58.29 

Year of birth 0.040 0.001 30.475 0.901 0.000 0.04 0.042 
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4 Discussion 

The data used in the present study were extracted from the Bangladesh Demographic and Health Surveys conducted 
in 1993-1994, 1996-1997, 1999-2000, 2004 and 2007. The samples are nationally representative, covering both 
urban and rural areas in Bangladesh. Previous studies in Bangladesh have examined the relationship between age at 
first marriage and socio-economic, demographic variables and body mass index (Ahmed, 1986; Kamal, 2012; Islam 
et al., 2010; Khan et al., 2011; Hossain et al., 2012). In the present study tried to find the trends in age at first 
marriage of Bangladeshi women over time.  The present study demonstrated that the mean and median of age at first 
marriage of Bangladeshi women was 14.73±2.96 and 14.00 years, respectively and women lived rural environment 
got marriage earlier than urban women. Bangladeshi women got marriage earlier than USA, Copen et al. (2012) 
reported that the median age at first marriage of USA women was 25.8 years; they used data extrated from National 
Survey of Family Growth (NSFG) collected from 2006 to 2010.  Zimbabwean women got marriage later than 
Bangladeshi; Cremin et al. (2009) found that the median age at first marriage of Zimbabwean women was 18.5 
years. The mean age at first marriage of Chinese women is higher than Bangladeshi women, Löfstedt et al. (2005) 
reported that the mean age at first marriage of Chinese women was 22.5 years, also women in the neighboring 
countries Nepal got marriage later than Bangladeshi women; Aryal (2006) reported that the median age at first 
marriage of Nepalese women was 17 years. The current study also showed that more than 85% women got child 
marriage (age≤17 years), child marriage had occurred in rural area (87.6%) more than in urban (78.2%), education is 
an important factor related to child marriage (Kamal, 2012; Jin et al., 2005) and rural women is less educated than 
urban (NIPORT, 2009).  

4.1 Trends in age at first marriage 

In this study found that the tendency of child marriage has been decreasing for rural and urban area during the 
investigated period. This result of the current study are in agreement with that of Kamal (2012), he used Bangladesh 
Demographic and Health Surveys 2007 data only and found that the child marriage of Bangladeshi women has been 
decreasing. The average age at first marriage of Bangladeshi women showed fluctuated among the birth year cohorts 
from 1944 to 1985. These fluctuations were examined by linear regression to find the trends, and the coefficients of 
regressions demonstrated that the age at first marriage of Bangladeshi women has been increasing during the last 
four decades. The present finding corroborate the study of Marston et al. (2009) they reported that the age at first 
marriage of  women in Sub-Saharan Africa showed increasing tendency over time. This increasing tendency in age 
at first marriage has also been found in USA (Copen et al., 2012) and China (Löfstedt et al., 2005).  The present 
study also demonstrated that the increasing rate of age at first marriage of urban women was more than rural 
women.  The changes in economical condition and education level towards higher in urban area faster than in rural 
area, may be one of the important regions to found differentials in the change of age at first marriage between urban 
and rural. This study only investigated trends in age at first marriage over time and differences its changes between 
urban and rural. It was not possible to look factors related to changes the age at first marriage of Bangladeshi women 
over time. Clearly, more research is required.  

5 Conclusions 

The cross sectional data used in the present study derived from Bangladesh Demographic and Health Surveys. The 
mean and median value of age at first marriage of Bangladeshi women was 14.73±2.96 years and 14.00 years, 
respectively, showing an increase tendency over time. Moreover, child marriage showed slightly decreasing 
tendency during the investigated period.  The increasing rate in age at marriage of urban women was more than rural 
women.  
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Abstract. A number of methods for fitting nonlinear mixed effects model are available in literature, most of the 
methods require approximating wither the model function or the likelihood function. A new method is proposed 
which numerically evaluate the integrations involved in the likelihood function with Monte Carlo integration using 
Sobol's sequence. The methods are compared using a simulation study and the method based on Laplace 
approximation is found to fit the nonlinear mixed effects model the best. The proposed Sobol's sequence based 
method performs better than some of the existing methods, especially in some cases; it produces good result in 
estimating random effects parameter. Thus, the Sobol's sequence based proposed method is very much compatible 
with the existing ones. 

Keywords: Sobol's sequence, Quasi Monte Carlo integration, Laplace approximation, Taylor series approximation. 

1 Introduction 

Nonlinear models play a great role in different fields, especially in health sciences. Nonlinear models describe the 
nonlinear relationship between the response and one or more explanatory variables. In this type of models, response 
is expressed as a nonlinear function of explanatory variables and nonlinear models are preferred over linear models 
due to parsimony, i.e. small number of parameters can represent the system more closely by capturing nonlinear 
behavior of the system. Another important concept is mixed effects model, which contains some fixed effects 
parameters as well as some random effects parameters. Mixed-effects models can easily handle unbalanced 
repeated-measures data, can allow for flexible variance-covariance structures of the response vector, and are 
intuitively appealing. Thus nonlinear mixed effects model have properties of both nonlinear model and mixed 
effects model. Nonlinear mixed effects models are very important and extensively used in various studies which are 
costly to conduct. There are two types of parameters in such models. These are regression parameters associated 
with the fixed effects and variance component parameters associated with the random effects. Regression parameters 
have subject-specific interpretation while variance component parameters have population average interpretation. 
Due to great importance of such models the respective parameters of these models are very important. So, fitting 
nonlinear mixed effects model is a good concern. 

In recent years several different nonlinear mixed-effects models have been proposed [1-4]. A slightly modified 
version of the model proposed in [2] can be viewed as a hierarchicalmodel that in some ways generalizes both the 
linear mixed-effects model of [5] and the usual nonlinear model for independent data [6]. Such models have two 
stages where in the first stage observations under any subject are modeled. It is noted that each subject has several 
observations and each of these observations (response) are linearly related to (expressed as) a nonlinear function of 
the parameters and the explanatory variables added with some noise term. The parameters are subject-specific 
parameters and noise terms are normally distributed with zero mean. In the second stage the subject-specific 
parameter vector is modeled and this is the response vector in this stage. It is expressed as a linear function of vector 
of fixed population parameters and random effects vector with design matrices. It is worthy nothing that these 
design matrices are matrices of explanatory variables and the design matrix associated with the vector of random 
effects is a subset or exactly equal as the design matrix associated with the vector of fixed population parameters, 
depending on the dimension of the vector of random effects. It should be noted that the dimension of the vector of 
random effects must be less or equal to the dimension of the vector of fixed population parameters. 
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Several estimation methods have been proposed for mixed effects modelsthough maximum likelihood and restricted 
maximum likelihood [7] are generally adopted for linear mixed effects models [8]. There are alsoseveral different 
formulations of nonlinear mixed effects modelsare available in the literature. Most commonly used one is proposed 
by [2] and [9-10] have a detailed compilation of nonlinearmodels. There are different estimation methods for the 
parameters in the nonlinear mixed effects model [11] and there is an ongoing debate in the literature about the most 
adequatemethods. One of the reasons for this variety of estimation methods is related to the numerical 
complexityinvolved in the derivation of REML estimates in the nonlinear mixed effects model. This complexity 
isdue to the fact that the likelihood function in the nonlinear mixed effects model does not usually have a closed 
form expression. 

Different approximations have been proposed to try to circumvent this problem [2, 4, and 12]. There are alternative 
approximations tothe log-likelihood based on the Laplacian approximation [13], importance sampling [14], and 
Gaussian quadrature [15]. Some of these methods consist of taking a first-order Taylor expansion of the 
modelfunction around the expected value of the random effects [1, 4], or around the conditional modes of the 
random effects [2]. Others have proposed the use of Gaussian quadrature rules [3]. 

In statistical problems the integrand may be a probability density function not easily expressible in a form suitable 
for computation, but at the same time it may be easy to sample from the distribution. In such cases Monte Carlo 
methods of Integration is a plausible candidate. The use of quasi-random, rather than random, numbers in Monte 
Carlo methods is called quasi Monte Carlo methods, which converge much faster than normal Monte Carlo. Quasi 
Monte Carlo methods are now widely used in scientific computation, especially in estimating integrals over 
multidimensional domains and in many different financial computations [16]. The Sobol's sequence is one ofthe 
standard quasi-random sequences and is widely used in quasi Monte Carlo applications.In likelihood construction 
and fitting of nonlinear mixed effects model, we have to solve intractableintegrations, which can be 
multidimensional. For solving such intractable integrationsthis study attempts to use also Monte Carlo method of 
integration based on Sobol's sequence which is thenewly proposed one along some existing methods. We compare 
them based on their computational and statisticalproperties, using simulation results. Section 2 contains a description 
of the different approximations for fittingthe nonlinear mixed-effects model. Section 3 presents a comparison of the 
different approximations based on simulated data. Section 4 gives our conclusions and suggestions for further 
investigation. 

2 Estimation Techniques for Nonlinear Mixed Effects Models 

Nonlinear mixed effects model is specified in two stages, at the first stage the response corresponding to the 𝑗-
thobservation on the 𝑖-th subject is modeled as 

                                                       𝑦𝑖𝑗 = 𝑓�𝜷𝑖 ,𝒙𝑖𝑗� + 𝜀𝑖𝑗 ,     𝑖 = 1,2, … ,𝑚, 𝑗 = 1,2, … ,𝑛𝑖 ,                                             (1) 

where𝑓 is a nonlinear function of a subject-specific parameter vector 𝜷𝑖 ,𝒙𝑖𝑗 is the predictor vector, 𝜀𝑖𝑗 is a normally 
distributed noise term, i.e. 𝜀𝑖𝑗  ~ 𝑁(0,𝜎2). In the second stage the subject-specific parameter vector is modeled as 
𝜷𝑖 = 𝑨𝑖𝜷 + 𝑩𝒊𝒃𝒊, where 𝜷is a 𝑝- dimensional vector of fixed population parameters and 𝒃𝒊is a𝑞-dimensional vector 
of random effects, and A and B are design matrices corresponding to the fixed andrandom effects respectively. The 
random effects term 𝒃𝒊is assumed to follow a normal distribution, e.g. 𝒃𝒊~ 𝑁𝑞(𝟎, 𝑫). It is further assumed that 
given the random effects 𝒃𝒊, response made on different subjects are independent and that the𝜀𝑖𝑗 are independent of 
the 𝒃𝒊. 

The likelihood function in the nonlinear mixed effects model, which is based on the marginal distribution of 
response, does not usually have a closed form expression because random term 𝒃𝒊is nonlinearly involved in the 
model. For the nonlinear mixed effects model in equation (1) the marginal density of the response 𝒚𝑖 is 

𝑝(𝒚𝑖;𝜷,𝑫,𝜎2) =  ∫𝑝1(𝒚𝑖| 𝒃𝑖 ,𝜷,𝑫,𝜎2) 𝑝2( 𝒃𝑖;𝑫)𝑑𝒃𝑖,(2) 

where𝑝1 is the conditional density of 𝒚𝑖given 𝒃𝒊and𝑝2 is the marginal density of 𝒃𝒊. In general the integral needed to 
evaluate the marginal distribution of the response and hence to evaluate the likelihood function does not have a 
closed-form expression when the model function is nonlinear in random effects. 

Different approximation techniques for constructing likelihood function are available in literature, among them three 
commonly used techniques, namely Taylor series approximation [1], Linear mixed effects (LME) approximation [2] 
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and a modified version of Laplace's approximation [13] are briefly reviewed in the following sections. In this paper, 
a new estimation method is proposed that is based on quasi Monte Carlo integration using Sobol's sequence [16].  

2.1 Taylor Series Approximation 

Taylor series approximation approximates the nonlinear (in random effects) model function into a linear function (in 
random effects) and then proceeds with this approximated function to construct likelihood function. The nonlinear 
model in equation (1) can be written as 

                                   𝑦𝑖𝑗 = 𝑓𝑖𝑗(𝜷,  𝒃𝒊) + 𝜀𝑖𝑗 ,     𝑖 = 1,2, … ,𝑚, 𝑗 = 1,2, … ,𝑛𝑖 ,                                                             (3) 

 

where𝑓𝑖𝑗(𝜷,𝒃𝒊) = 𝑓�𝑨𝜷 +  𝑩𝒃𝒊;  𝑥𝒊𝑗� = 𝑓𝑖𝑗 (say). The Taylor series approximation technique linearizes the 
nonlinear function 𝑓𝑖𝑗(𝜷,𝒃𝒊) using first-order Taylor series expansion around 𝐸(𝒃𝒊) = 0 (say) as 

                              𝑓𝑖𝑗 ≈ 𝑓𝑖𝑗(𝜷,𝒃𝒊)│𝒃𝒊=𝟎  +  
𝜕𝑓𝑖𝑗(𝜷,  𝒃𝒊)

𝜕𝒃𝒊
│𝒃𝒊=𝟎(𝒃𝒊 − 𝟎) = 𝜇𝑖𝑗 + 𝑭𝑖𝑗𝒃𝒊,                                                    (4) 

where𝑓𝑖𝑗(𝜷) = 𝜇𝑖𝑗 and  𝑭𝑖𝑗 =
𝜕𝑓𝑖𝑗(𝜷,𝒃𝒊)

𝜕𝒃𝒊
│𝒃𝒊=𝟎 is a vector. Since repeated observations for each subject are correlated, 

but each subject is independent from one another so that for likelihood construction we need to think subject-wise, 
that is, to consider  

                                       𝒚𝑖 =  𝒇𝑖 + 𝜺𝑖 = 𝝁𝑖 + 𝑭𝑖𝒃𝒊 + 𝜺𝑖 ,      𝑖 = 1,2, … ,𝑚,                                                                            (5) 

where𝒇𝑖 = 𝝁𝑖 + 𝑭𝑖𝒃𝒊 =  [𝑓𝑖1,𝑓𝑖2, … , 𝑓𝑖𝑛]′,  𝜺𝑖 = [𝜀𝑖1, 𝜀𝑖2, … , 𝜀𝑖𝑛]′, 𝝁𝑖 =  [𝜇𝑖1,𝜇𝑖2, … , 𝜇𝑖𝑛]′and 𝑭𝑖 is a matrix with  
𝑭𝑖𝑗 as the 𝑗-th row of the matrix. The responses 𝒚𝑖 ,      𝑖 = 1,2, … ,𝑚are independently normally distributed 
(multivariate of order n) of one another with mean and variance𝐸(𝒚𝑖) = 𝝁𝑖 and 𝑉𝑎𝑟 (𝒚𝑖) = 𝑭𝑖𝑫𝑭𝑖′ +  𝐼𝜎2 =  𝑽𝑖 , 
respectively because 𝐸(𝒃𝒊) = 0 and 𝐸(𝜺𝑖) = 0. Hence,  𝒚𝑖~ 𝑁𝑛(𝝁𝑖 ,  𝑽𝑖).The log-likelihood function for the 
samples(𝒚1,𝒚2, … ,𝒚𝑛), where  𝒚𝑖~ 𝑁𝑛(𝝁𝑖,  𝑽𝑖), can be expressed as 

                       𝑙𝑇 (𝒚;  𝜷,𝜎2,𝑫) = −
𝑚𝑛
2

log(2𝜋) −
1
2
� log|𝑽𝑖|
𝑚

𝑖=1

−
1
2
�[(𝒚𝑖 − 𝝁𝑖)′𝑽𝑖−1(𝒚𝑖 − 𝝁𝑖)]
𝑚

𝑖=1

.                            (6) 

This log-likelihood function contains both the fixed (𝜷) and random(𝜎2,𝑫)effects parameters. Optimizing both the 
parameters simultaneously may lead us to computational problem. So, we optimize the log-likelihood function in 
two steps. At first this log-likelihood function is optimized for estimating fixed effects parameters assuming that the 
random effects parameter is known here. Again, this log-likelihood function is optimized for estimating the random 
effects parameter given the estimates of the fixed effects parameters in the earlier step. These two optimization 
processes are continued until specific convergence criterion is met. The advantage of using this method is that this is 
very simple to implement and requires less mathematical calculation. But this is a crude approximation, for which 
we may loss some important information. This same type of approximation is considered by [2], but Taylor series 
expansion is considered around different value than this which is discussed in following. 

2.2 Lindstrom and Bates Approximation 

The second approximation considered in this study is proposed by [2] forestimating the parameters in nonlinear 
mixed effects model. Their algorithm consists oftwo alternating steps: (i) a penalized nonlinear least squares (PNLS) 
step and (ii) a linear mixed effects (LME) step. The basic difference of this with the previous one is that it takes 
first-order Taylor expansion of the modelfunctionf  around the conditional (onD) modes of the random effects 
whereas the previous one takes around the expected value of the random effects. 
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The LME step creates an approximation to the log-likelihood. It is this approximation that we call the LME 
approximation. In the PNLS step the current estimates of the elements of  𝑫(the variance-covariance matrix of the 
random effects) are fixed and the conditional modes of the random effects 𝒃𝒊 and the conditional estimates of the 
fixed effects 𝜷 are obtained by minimizing a penalized nonlinear least-squares objective function defined as 

�[‖𝒚𝑖 − 𝒇𝑖(𝜷,𝒃𝑖)‖2 + 𝒃𝑖′𝑫−1𝒃𝑖]
𝑚

𝑖=1

,                                                                          (7) 

The LME step updates the estimate of 𝑫based on a first-order Taylor expansion ofthe model function around the 
current estimates of𝜷 and the conditional modes of therandom effects𝒃𝒊, which we will denote by𝜷�(𝑠) and 𝒃�𝑖

(𝑠)
 

respectively. Letting 

 

𝒁�𝑖 =
𝜕𝒇𝑖
𝜕𝜷′

│(𝜷�,𝒃�𝑖) , 𝒘�𝑖
(𝑠) = 𝒚𝑖 − 𝒇𝑖 �𝜷�(𝑠),𝒃�𝑖

(𝑠)
� + 𝑿�𝑖

(𝑠)𝜷�(𝑠) + 𝒁�𝑖
(𝑠)𝒃�𝑖

(𝑠)
  ,                                      (8) 

the approximate log-likelihood function used for the estimation of𝑫 can be expressed as 

 𝑙𝐴(𝒚;  𝜷,𝜎2,𝑫) =  −
1
2
��log �𝜎2 �𝐼 +  𝒁�𝑖

(𝑠)𝑫𝒁�𝑖
(𝑠)′��  

𝑚

𝑖=1

+ 𝜎−2 �𝒘�𝑖
(𝑠) − 𝑿�𝑖

(𝑠)𝜷�
′
�𝐼 +  𝒁�𝑖

(𝑠)𝑫𝒁�𝑖
(𝑠)′�

−1
⨉ �𝒘�𝑖

(𝑠) − 𝑿�𝑖
(𝑠)𝜷��                                                  (9) 

This log-likelihood is identical to that of a linear mixed-effects model [5] in whichthe response vector is given by 
𝒘� (𝑠)and the fixed and random effectsdesign matrices are given by 𝑿�(𝑠) and𝒁�(𝑠). Using the results in [17] one can 
express the optimal values of 𝜷 and 𝜎2as functions of 𝑫 and work withthe profile log-likelihood of𝑫, greatly 
simplifying the optimization problem [18].  

 

The algorithm alternates between the PNLS and LME steps until some convergencecriterion is met. Such alternating 
algorithms tend to be more efficient when the estimatesof the variance components (𝑫 and 𝜎2) are not highly 
correlated with theestimates of the fixed effects𝜷. For the linear mixed effects model [19] demonstrated thatthe 
maximum likelihood estimates of 𝑫 and 𝜎2 are asymptotically independentof the maximum likelihood estimates 
of𝜷. LME step is only used by [2] to update the estimate of𝑫.However, the LME step also produces updated 
estimates of 𝜷 and the conditional modesof 𝒃𝑖. Thus we can iterate LME steps by re-evaluating equation (8) and 
equation (9) at the updated estimates of 𝜷 and 𝒃𝑖, as pointed out by [20].This method is also crude and before 
evaluating the integral the model function is approximated same like as Taylor series approximation and all the 
calculations are done using this approximated function.  Any approximation or direct solution to the integral is not 
considered in these two methods and this is the base of the Laplace approximation described next. 

2.3 Laplace Approximation 

The third method is based on the Laplacian approximations which are frequently used in Bayesian inference to 
estimate marginal posterior densities and predictive distributions [13, 21]. The conditional distribution of 𝒚𝑖 given 
𝒃𝑖is normal 

                            𝑝(𝒚𝑖|𝒃𝑖;  𝜷,𝜎2,𝑫) =  
1

(2𝜋𝜎2)𝑛 2⁄ exp �−
1

2𝜎2
‖𝒚𝑖 − 𝒇𝑖(𝜷,𝒃𝑖)‖2� ,                                                       (10) 
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The marginal distribution of𝒃𝑖 is also normal 

                                                          𝑝(𝒃𝑖;  𝑫)

=  
exp �−║𝜟𝒃𝑖║

2

2𝜎2
�

2𝜋𝜎2│𝜟│−1
                                                                                                    (11) 

where𝜟isrelative precision factor with 𝜟′𝜟 = 𝜎2𝑫−1. Here │𝜟│denotes the determinant of the matrix 𝜟. Now, the 
marginal density of 𝒚𝑖is 

                                               𝑝(𝒚𝑖;  𝜷,𝜎2,𝜟)

= �
|𝜟|

(2𝜋𝜎2)(𝑛+2) 2⁄ exp �
−𝑔(𝜷,𝜟,𝒚𝑖 ,𝒃𝑖)

2𝜎2
� 𝑑𝒃𝑖 ,                                                 (12) 

where 𝑔(𝜷,𝜟,𝒚𝑖 ,𝒃𝑖) =  ‖𝒚𝑖 − 𝒇𝑖(𝜷,𝒃𝑖)‖2 + ║𝜟𝒃𝑖║
2
. Here, in estimating𝒃𝑖we assume all 𝜷,𝜟,and 𝒚𝑖 are known 

in 𝑔. Consider a second-order Taylor series expansion of 𝑔 around 𝒃� 𝑖, 

                           𝑔(𝜷,𝜟,𝒚𝑖 ,𝒃𝑖) ≈  𝑔�𝜷,𝜟,𝒚𝑖 ,  𝒃� 𝑖� + 
1
2
�𝒃𝑖 −  𝒃� 𝑖�

′
𝑔′′�𝜷,𝜟,𝒚𝑖 ,  𝒃� 𝑖��𝒃𝑖 −  𝒃� 𝑖�.                                      (13) 

Since at 𝒃𝑖 =  𝒃� 𝑖, 𝑔′�𝜷,𝜟,𝒚𝑖 ,  𝒃� 𝑖� = 0, so, the linear term of the approximation vanishes.  Putting this approximated 
value of𝑔 in equation (12) we can solve the intractable integration in the marginal density of𝒚𝑖 and for the vector 𝒚 
of 𝒚𝑖’s the Laplacian approximation is defined as, 

𝑝(𝒚;  𝜷,𝜎2,𝜟) = (2𝜋𝜎2)−(𝑛𝑚 2)⁄ |𝜟|𝑚 exp �−
1

2𝜎2
�𝑔�𝜷,𝜟,𝒚𝑖 ,  𝒃� 𝑖�
𝑚

𝑖=1

� × ��𝑔′′�𝜷,𝜟,𝒚𝑖 ,  𝒃� 𝑖��
1 2⁄

𝑚

𝑖=1

,     

The hessian is, 

𝑔′′�𝜷,𝜟,𝒚𝑖 ,  𝒃� 𝑖� = −
𝜕2𝒇𝑖(𝜷,𝒃𝑖)
𝜕𝒃𝑖𝒃𝑖

′ │ 𝒃� 𝑖�𝒚𝑖 − 𝒇𝑖�𝜷,  𝒃� 𝑖�� + 
𝜕𝒇𝑖(𝜷,𝒃𝑖)
𝜕𝒃𝑖

′ │ 𝒃� 𝑖

𝜕𝒇𝑖(𝜷,𝒃𝑖)
𝜕𝒃𝑖

│ 𝒃� 𝑖  +  𝑫−1 

The contribution of first part is negligible to the second part [22], so, the hessian reduces to 

                                    𝑔′′�𝜷,𝜟,𝒚𝑖 ,  𝒃� 𝑖� =  
𝜕𝒇𝑖(𝜷,𝒃𝑖)
𝜕𝒃𝑖

′ │ 𝒃� 𝑖

𝜕𝒇𝑖(𝜷,𝒃𝑖)
𝜕𝒃𝑖

│ 𝒃� 𝑖  +  𝑫−1 ≃ 𝐺(𝜷,𝜟,𝒚𝑖).                               (14) 

This has the advantage of requiring only the first-order partial derivatives of the model function with respect to the 
random effects, which are usually available from the estimation of𝒃�𝑖. This estimation of 𝒃�𝑖 is a penalized least-
squares problem. Now, using the modified Laplacian approximation, the log-likelihood function takes the form 

                                 𝑙𝐿𝐴 =  −
𝑚𝑛
2

[log(2𝜋) + log(𝜎�2) + 1] + 𝑚log|𝜟| −  
1
2
� log|𝐺(𝜷,𝜟,𝒚𝑖)|
𝑚

𝑖=1

,                               (15) 

where as  𝒃� 𝑖 does not depend upon 𝜎2 so that for given 𝜷and𝜟the maximum likelihood estimate of𝜎2 (based upon 
𝑙𝐿𝐴) is defined as 

𝜎�2 =  𝜎�2(𝜷,𝜟,𝒚𝑖) =  
1
𝑚𝑛

�𝑔�𝜷,𝜟,𝒚𝑖 ,  𝒃� 𝑖�.
𝑚

𝑖=1

 

The log-likelihood function in equation (15) is a function of all fixed effects and random effects parameters. This 
joint log-likelihood function is to be optimized for the purpose of estimation of the fixed effects and random effects 
parameters. It is noted that if  𝒇 is linear in𝑫, then the modified Laplacian approximation is exact because the 
second-order Taylor expansion is exact when𝒇(𝜷,𝒃) =  𝒇(𝜷) + 𝒁(𝜷)𝒃. The Laplacian approximation presented 
here differs from the one described in [20] in that we expand the integrand only around𝒃�, but he expanded it around 
both 𝜷�and 𝒃�, by assuming flat priors for 𝜷�. This method incorporates second order approximation, requiring more 
closeness to the nonlinear models which is an advantage of it over the previous two methods. Also, there is 
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complexity in numerical calculation while using this approximation, indicating requirement of more concentration. 
Again this approach induces to direct solution to the integral which is considered in quasi-Monte Carlo integration 
technique based on Sobol's sequences. 

2.4 Sobol's Sequences 

The Sobol’s sequence is the most popular quasi-random sequence because of its simplicity and efficiency in 
implementation. The Sobol sequence is one of the standards quasi-random sequences and is widely used in quasi 
Monte Carlo applications. Quasi-Monte Carlo (QMC) simulation is like the traditional Monte Carlo simulation 
except that it uses quasi-random sequences instead of pseudo-random number sequences. The quasi-random 
sequences are also called low-discrepancy sequences where discrepancy is a measure of deviation from uniformity 
of a sequence of points in D = ([0, 1]s). The low-discrepancy sequences cover the unit cube as ‘uniformly’ as 
possible by reducing gaps and clustering of points [23]. Here the outputs are constrained by a low-discrepancy 
requirement that has a net effect of points being generated in a highly correlated manner (i.e., the next point ‘knows’ 
where the previous points are). Such a sequence is extremely useful in computational problems where numbers are 
computed on a grid, but it is not known in advance how fine the grid must be to obtain accurate results. Using a 
quasi random sequence allows stopping at any point where convergence is observed, whereas the usual approach of 
halving the interval between subsequent computations requires a huge number of computations between stopping 
points. 

Sobol's sequences are quasi-random sequences, which are very useful in integration solving through Monte Carlo 
integration and hence to construct likelihood. For the purpose of likelihood construction in nonlinear mixed effects 
model this study proposes this method. The methods discussed earlier use some sort of approximations where this 
proposed one attempts to solve the intractable integration through Monte Carlo integration based on Sobol's 
sequences. Here modifying equation (3) we assume that,  

𝑦𝑖𝑗|𝒃𝑖  = 𝑓𝑖𝑗  (𝜷,𝒃𝑖)  + 𝜖𝑖𝑗 , 𝑖 =  1,⋯ ,𝑚, 𝑗 =  1⋯ ,𝑛, 

 

where𝑦𝑖𝑗|𝒃𝑖 , 𝑗 =  1⋯ ,𝑛′s are independent of one another with 𝑦𝑖𝑗|𝒃𝑖~𝑁(𝑓𝑖𝑗(𝜷,𝒃𝑖),𝜎2).So, 
𝑝(𝑦𝑖|𝒃𝑖;𝜷,𝜎2)~𝑁𝑛(𝒇𝒊;  𝑰𝜎2), where 𝒇𝒊=(𝑓𝑖1,⋯ , 𝑓𝑖𝑛)′ and 𝑰 is an 𝑛 × 𝑛 identity matrix. Also,𝒃𝒊 ~𝑁(𝟎,𝑫). Hence, 

𝑝(𝑦𝑖|𝒃𝑖;𝜷,𝜎2) = 1

(2𝜋𝜎2)
𝑛
2�

exp �− 1
2𝜎2

∑ (𝑦𝑖𝑗 − 𝑓𝑖𝑗)2𝑛
𝑗=1 �, 

and from equation (2), the marginal density of the response 𝒚𝒊 is 

            𝑝(𝑦𝑖;𝜷,𝜎2,𝑫) = �
1

(2𝜋𝜎2)𝑛 2� (2𝜋|𝑫|)1 2�
exp �−

1
2𝜎2

��𝑦𝑖𝑗 − 𝑓𝑖𝑗�
2 −

𝑏𝑖′𝑫−1𝑏𝑖
2

𝑛

𝑗=1

� 𝑑𝑏𝑖 .         (16) 

The log-likelihood function is defined as, 

                                                                       𝑙𝑆

= � log𝑝(𝑦𝑖;𝜷,𝜎2,𝑫).
𝑚

𝑖=1

                                                                                                 (17) 

In equation (16) the integration is evaluated using the Monte Carlo integration rule with the help of Sobol’s 
sequence. The values of 𝒃𝑖 are generated from normal Sobol's sequence (with appropriate dimensions), with specific 
mean vector 0 and variance-covariance matrix D. This is to be optimized for estimating all fixed effects and random 
effects parameters considered here as this is a function of these parameters. 
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2.5Summary 

To construct likelihood the above four methods proceed into different ways. The first one discussed here is Taylor 
series approximation which approximates the nonlinear (in random effects) model function into a linear function (in 
random effects) and then constructs likelihood function using this approximated function. Lindstrom and Bates 
approximation is very close to Taylor series approximation and both of these works in two steps for constructing 
likelihood. Main difference of this with the previous one is that it takes first-order Taylor expansion of the nonlinear 
model function around the conditional modes of the random effects whereas the previous one takes around the 
expected value of the random effects implying some modification of the first one. Laplace approximation 
approximates the intractable integration and then constructs the likelihood. The final one, that is, the fitting method 
based on Sobol's sequences solve the intractable integration by Monte Carlo integration technique using quasi-
random Sobol's sequences and hence construct likelihood for fitting purpose. A simulation study is conducted and 
the parameters of a nonlinear mixed effects model are estimated using all these methods which are described in the 
following section. 

3 Simulation Study and Results 

This section contains a comparison between the methods for fitting nonlinear mixed effects models. As an example 
of nonlinear model, the Michaelis-Menten model is considered for the comparison. A simulation study is performed 
for a nonlinear mixed effect Michaelis-Menten model for the comparison. 

3.1 The Michaelis-Menten Model 

Michaelis-Menten equation is often used in enzyme kinetics for examining the relationshipbetween rate of reaction 
and substrate concentration. The model, which is named afterAmerican biochemist Leonor Michaelis and Canadian 
physician Maud Menten, takes thefollowing form for relating reaction rate (𝑣) to substrate concentration (𝑥) as 

                                                                                   𝑣

=
𝑉𝑚𝑎𝑥𝑥
𝐾𝑚 + 𝑥

 ,                                                                                                                 (18) 

where 𝑉𝑚𝑎𝑥 represents the maximum rate achieved by the system, at maximum (saturating) substrate concentrations 
and the Michaelis constant 𝐾𝑚 is the substrate concentration at which the reaction rate is half of 𝑉𝑚𝑎𝑥. 

Consider an hypothetical experiment which involves liver sample from one of the 𝑚selected subjects and a level of 
concentration of the substrate under investigation. Inthis case the response is the measured rate of reaction from each 
experiment, e.g. 𝑦𝑖𝑗 isthe response corresponding to the experiment involving the 𝑗𝑡ℎ level of substrate 
concentration and the 𝑖𝑡ℎ subject. For each subject a number of experiments are performedwith different substrate 
concentrations so that a Michaelis-Menten equation can be fitted.Assume that only the subject specific 𝑉𝑚𝑎𝑥 
parameter can describe the subject- specificvariation in the Michaelis-Menten equations, so the following model is 
assumed for theresponse corresponding to the (𝑖, 𝑗)𝑡ℎ treatment 

             𝑦𝑖𝑗 =
𝑉𝑚𝑎𝑥𝑖𝑥𝑖𝑗
𝐾𝑚 + 𝑥𝑖𝑗

+ 𝜖𝑖𝑗 =
𝑒𝜃𝑖𝑥𝑖𝑗
𝑒𝛽 + 𝑥𝑖𝑗

+ 𝜖𝑖𝑗 ,   𝑖 =  1,⋯ ,𝑚,

𝑗 =  1⋯ ,𝑛,                                                                                                          (19) 

where𝜃𝑖 = log(𝑉𝑚𝑎𝑥𝑖) = 𝜃+ 𝑏𝑖,𝛽= log(𝐾𝑚) , 𝜖𝑖𝑗~ 𝑁(0,𝜎2)and 𝑏𝑖 is random effects for subject 𝑖with 𝑏𝑖~𝑁(0,𝜎𝑏2), 
and 𝑏𝑖 and 𝜖𝑖𝑗 are assumed to be independent. Both the fixed effects parameters (𝜃,𝛽)and random effects 
parameters (𝜎𝑏2, 𝜎2) are of interest, and  𝜌 = 𝜎𝑏2 (𝜎2 + 𝜎𝑏2)⁄ is known as the intra-class correlation coefficient, 
which indicates the strength of association between responses within a specific subject. 

3.2Simulation Study 

The model (19) is used to generate responses for the hypothetical experiment described above where𝜃 = log(5) and 
𝛽 = log(2) are used as the true value of the fixed effects parameters, and𝜎2𝑏 =  0.502, 𝜎2 = 0.102are used as the 
true values of variance components which corresponds to the intra-class correlation coefficient𝜌 = 0.96. A design 
with 20 equally distant levels of substrate concentration ranging from 0.5 to 10 and the largest substrate 
concentration 50 i.e. 𝑥 = {0.5, 1.0, 1.5, … , 9.5, 10, 50}is considered in the experiment for each of the subjects 
considered for the study. Different numbers of subjects are considered in the simulation study to examine the effect 
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of it in estimation methods, which areA (with 𝑚 = 10), B (with 𝑚 = 5) and C(with 𝑚 = 20). The same true values 
of the fixed and random effects are considered for the three cases A, B, and C. For comparing four estimation 
procedures for nonlinear mixed effects models, namely Lindstrom-Bates, Taylor series, Laplace approximation, and 
Sobol sequence based methods, bias, estimated standard error (se), and simulated standard error (sd) based on 1000 
simulations are reported in Table1.  

Table 1 shows that estimators of all the fixed effects parameters have negligible bias when 10 subjects are 
considered (i.e. Case A), which is true for all the methods of estimation. Among them Laplace approximation based 
method has least bias for 𝑉𝑚𝑎𝑥 and 𝐾𝑚than the others. The estimates are treated as unbiased in the sense that the bias 
is more than 10 times smaller than the simulated standard deviation of the corresponding estimates. The standard 
errors of the estimators of the fixed effect parameters are correctly computed by all the methods except the  

Table 1.Simulation results of parameter estimation in four different estimation methods for Cases A, B, and C 

Cases Parameters  Estimation methods 
Taylor Lindstorm-Bates Laplace Sobol’s sequence 

 
 
 
 
 

Case A 

 
𝑉𝑚𝑎𝑥 

Bias 0.0006 0.0014 0.0002 0.0019 
se 0.1482 0.1482 0.0215 0.0468 
sd 0.1564 0.1564 0.0208 0.0823 

sd/ |Bias| 260.6667 111.7143 104.0000 43.3158 
 

𝐾𝑚 
Bias -0.0015 -0.0002 -0.0001 -0.0002 
se 0.0320 0.0319 0.0314 0.0320 
sd 0.0335 0.0335 0.0338 0.0335 

sd/ |Bias| 22.3333 167.5000 338.0000 167.5000 
 
𝜎𝑏 

Bias 0.0369 0.0370 0.0032 0.0056 
sd 0.1068 0.1068 0.1142 0.1355 

sd/ |Bias| 2.8943 2.8865 35.6875 24.1964 
 
 
 
 

Case B 

 
𝑉𝑚𝑎𝑥 

Bias -0.0085 -0.0077 0.0006 -0.0128 
se 0.1895 0.1894 0.0304 0.0631 
sd 0.2225 0.2225 0.0287 0.1478 

sd/ |Bias| 26.1765 28.8961 47.8333 11.5469 
 

𝐾𝑚 
Bias -0.0001 0.0011 -0.0001 0.0011 
se 0.0453 0.0449 0.0442 0.0452 
sd 0.0452 0.0452 0.0464 0.0452 

sd/ |Bias| 52.0000 41.0909 464.0000 41.0909 
 
𝜎𝑏 

Bias 0.0831 0.0832 0.0160 0.0319 
sd 0.1534 0.1534 0.1615 0.1843 

sd/ |Bias| 1.8460 1.8438 10.0938 5.7774 
 
 
 
 
 

Case C 

 
𝑉𝑚𝑎𝑥 

Bias -0.0019 -0.0012 0.0006 -0.0023 
se 0.1096 0.1096 0.0152 0.0645 
sd 0.1122 0.1122 0.0142 0.1011 

sd/ |Bias| 59.0526 93.5000 23.6667 43.9565 
 

𝐾𝑚 
Bias -0.0008 0.0004 0.0007 0.0005 
se 0.0226 0.0226 0.0222 0.0426 
sd 0.0225 0.0225 0.0229 0.0452 

sd/ |Bias| 28.1250 56.2500 32.7143 90.4000 
 
𝜎𝑏 

Bias 0.0150 0.0151 -0.0034 -0.0191 
sd 0.0758 0.0758 0.0806 0.1615 

sd/ |Bias| 5.0533 5.0199 23.7059 8.4555 

Sobol's sequence based method for which only the standard error of  estimator𝐾�𝑚 is correctly computed. The 
estimates of random effects parameter 𝜎�𝑏are unbiased for Laplace approximation and Sobol's sequence based 
method and other two methods produced some biased estimates.  On the other hand, both the estimators 
corresponding to the fixed effects parameters are found to be unbiased for the Case B where only 5 subjects are 
considered for the simulation. In this case, the estimator of the random effects parameter is found to be more biased 
compare to the Case A and only Laplace approximation based method produces unbiased estimate. The standard 
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errors are correctly computed for the estimator 𝐾�𝑚 for all the methods. The standard errors of the estimator 𝑉�𝑚𝑎𝑥 are 
slightly less accurate for the Case B compared to the Case A for all the four methods. 

For the Case C where 20 subjects are considered in the simulation, both the fixed effect estimators 𝑉�𝑚𝑎𝑥and 𝐾�𝑚 are 
found to be unbiased for all the methods and the estimator 𝜎�𝑏 is found to be slightly biased for all the methods 
except the Laplace approximation based method while for Sobol's sequence based method the bias is nearly 10 times 
smaller than the simulated standard deviation of the corresponding estimates. The standard errors of 𝐾�𝑚 are found to 
be correct for all the methods, but the standard error of 𝑉�𝑚𝑎𝑥is slightly incorrect for the Sobol’s sequence based 
method. However, all the results improve for the Case C compared to the Case A and Case B. 

The simulation programs are written in R. The time required for the simulation is different for the four methods 
considered in the analysis.  It is found that the Lindstrom-Bates approximation based method has faster 
convergence, which requires 0.07 seconds in each simulation while Taylor series approximation and Laplace 
approximation based methods require 2.03 and 1.65 seconds, respectively. Sobol’s sequence based method requires 
8.69 seconds for each simulation, which requires more time due to more function evaluations. As the number of 
subject increases, for all methods the time needed for each simulation increases. 

4 Conclusions 

Fitting of the nonlinear mixed effects model is an important issue because of the parameters involved with it and the 
way of their estimation procedure. Here the score functions are nonlinear in parameters so that no close form 
solution is available. Instead the iterative procedure is applied for parameter estimation in such model. A number of 
estimation procedures are available for fitting nonlinear mixed effects models, of which three methods, namely 
Lindstrom and Bates approximation, Taylor series approximation and Laplace approximation are briefly reviewed in 
this paper. These methods consider different approaches for estimation; e.g. both the Lindstrom-Bates and Taylor 
series approximation bases methods approximately linearize the nonlinear model function and hence construct 
likelihood function, where as the Laplace approximation based method approximates the likelihood of the nonlinear 
mixed effects model. A new method of estimation for nonlinear mixed effects model is proposed in this paper, 
which is exact in the sense that it does not require any approximation as it uses Sobol’s sequence, a quasi-random 
sequence, to evaluate the integrations involved in the resulting likelihood function. 

The simulation results show that there is no difference between the four methods in estimating the fixed effects 
parameters. The Laplace approximation based method is found to be the best and the proposed Sobol’s sequence 
based method gives better result than Lindstrom-Bates approximation and Taylor series approximation methods in 
fitting random effects parameter, which depends on the number of subjects used in the simulation. As expected the 
estimates of random effects parameter tends to more accurate as the number of subjects increases. The study shows 
that the Sobol’s sequence based method is quite compatible with the existing methods. Also approximation based 
methods are quite handy in fitting of nonlinear mixed effects models and Laplace approximation based method gives 
best results in all cases considered in this study. 

This study considers a very simple nonlinear model, which can be extended to more complex nonlinear models. 
Probably Sobol’s sequence based method will be a good choice then, as it does not based on approximations. Again, 
we consider Sobol’s sequence, a quasi-random and low discrepancy sequence in our proposed method. This can be 
extended by applying other low discrepancy sequences such as Halton sequence, Faure sequence etc, and check their 
performances with Sobol’s sequence based method.Also, we have considered just three of the existing estimation 
methods this study and checking the performance of these methods along with newly incorporated Sobol’s sequence 
based method. This comparison can be extended by considering other existing methods such as Gauss Hermite 
quadrature method, Adaptive Gaussian quadrature method etc. 
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Abstract. Transform-both-sides (TBS) nonlinear models have proved useful in many experimental applications 
including those in pharmaceutical sciences and biochemistry. The maximum likelihood method is commonly used to 
fit TBS nonlinear models, where the regression and transformation parameters are estimated simultaneously. In this 
paper, an analysis of variance (Anova) based method is described in detail for estimating TBS nonlinear models 
from randomized experiments. It estimates the transformation parameter from the full treatment model and then the 
regression parameters are estimated conditionally on this estimate of the transformation parameter. The Anova 
method is computationally simpler compared with the maximum likelihood method of estimation and allows a more 
natural separation of different sources of lack of fit. Simulation studies show that the Anova method can provide 
unbiased estimates of TBS nonlinear fixed effects models.  

1 Introduction  

Nonlinear regression models have been used in statistical analysis for many years and the related theory of 
estimation and inference regarding the parameters of the model are well developed (Seber and Wild, 1989). As in 
linear regression models, a normal distributional assumption regarding errors is necessary for making valid 
inferences about the parameters of the nonlinear regression model using standard methods. The classical 
assumptions regarding errors might not be satisfied in practice and a transformation of the data can be used in order 
to adjust a skewed and heteroskedastic error distribution. The technique of transforming only the response has been 
widely used for many years either to stabilize the error variance or to simplify the regression function (Box and 
Cox, 1964). Since most nonlinear regression models are derived from theoretical arguments, the regression 
parameters have scientific interpretations, which might be altered if only the response is transformed. Transforming 
both the response and regression function keeps the interpretation of the parameters the same as on the original scale 
(Snee, 1986), e.g. transforming both sides of a regression model can provide the predicted response and its standard 
error on the scale on which the responses were originally measured in the experiment. However, transforming both 
sides of the regression model increases the complexity of model fitting compared with transforming only the 
response. The maximum likelihood (ML) approach can be used for fitting the transform-both-sides (TBS) model 
and a detailed discussion of it can be found in Carroll and Ruppert (1988, Chapter 4).  

In this paper we discuss only randomized experiments. In all published applications of transform-both-sides 
models, the transformation parameter is estimated by maximizing the likelihood function corresponding to the 
nonlinear model - similar to the other parameters of the model. This approach of estimating the transformation 
parameter does not use the fact that the transformation parameter only deals with the distribution of the error terms 
and has no connection to the nonlinear model under investigation. In this paper, we will discuss a method for 
estimating the transformation parameter in a nonlinear regression setup by considering an appropriate full treatment 
model which corresponds to the randomization used in the experiment. The remaining parameters of the nonlinear 
model are estimated conditionally after transforming both sides of the nonlinear model with the estimate of the 
transformation parameter. We will also discuss the advantages of this approach over estimating all the parameters 
simultaneously, using some simulation studies. In brief, it gives biases and variances which are similar to those 
obtained from ML, but is computationally much simpler, gives more stable convergence, gives a more natural way 
to estimate pure error, can be easily fit using standard software and is more easily extended to complex design 
structures.  
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In §2 the transform-both-sides nonlinear fixed effects model is described and the usual ML estimation procedure 
is briefly discussed and, in §3, the new analysis of variance (Anova) based method is described. A number of 
simulation studies are reported in §4 for comparing the ML and Anova methods and also for assessing the 
performance of the Anova method in estimating the parameters of TBS nonlinear fixed effects models.  

2 Transform-both-sides nonlinear fixed effects models  

Let n be the number of available experimental units and assume that we will use C experimental conditions 
(treatments)x1,...,xC. We also assume that at least two treatments have more than one replicate and let ncbe the 
number of experimental units assigned to treatment xc, where∑ 𝑛𝑐𝑐 = 𝑛. Assume that the design is completely 
randomized. Let 𝑦𝑖(𝑐)denote the response measured from the ithexperimental unit (i=1,...,n), where the subscript 
“i(c)” indicates that the treatment xcwas assigned to theithexperimental unit. For notational convenience, we drop “c” 
from the subscript in the following sections, i.e. yi= yi(c). 

We assume the following nonlinear regression model for describing the relationship between the response and 
the treatment randomly assigned to the ithexperimental unit  

m(yi)= f(xc; θ),       (1)  

wherem(·) is some measure of location, θ is the p-dimensional vector of regression parameters to be estimated and 
the regression function f(·) is assumed to be nonlinear in at least one of the parameters θ. The least squares (LS) 
method of estimation is often used to fit a model of the type  

m(yi)= f(xc; θ)+ 𝜖′𝑖      (2) 

if the classical assumptions (i.e. independent and identically distributed errors, constant variance, etc.) regarding the 
additive error terms 𝜖′are satisfied. Moreover, if the errors are normally distributed, the maximum likelihood (ML) 
method of estimation can be used to estimate the parameters and for the model of type (2), the LS and ML methods 
are equivalent. Iterative procedures are required for fitting nonlinear regression models because the corresponding 
score functions or normal equations are functions of the parameters to be estimated. The theory of estimation and 
inference for nonlinear regression models are well developed and for a detailed theoretical treatment of the methods 
for fitting them see Seber and Wild (1989), for example. Most of the standard statistical software (e.g. R, SAS, Stata, 
etc.) have user-friendly routines for fitting nonlinear fixed effects models.  

If the classical assumptions regarding the errors cannot be assumed to be satisfied, a transformation technique can be 
used with the expectation that the transformed data will satisfy all the model assumptions. Transform-both-sides 
models have advantages over models which transform only the response in many applications where nonlinear 
regression models are used. After transforming both sides of the nonlinear regression model (1), the resulting model 
becomes  

h(yi,λ)= h(f(xc; θ),λ)+ 𝜖𝑖,     (3) 

whereh(y, λ) is a family of transformations of y and λ is known as the transformation parameter, which may be a 
scalar or vector depending on the type of transformation considered. The model (3) is known as the transform-both-
sides (TBS) nonlinear fixed effects (NLFE) model, which has been in the statistics literature for many years (Snee, 
1986). After the transformation, it is expected that the errors are independent and identically distributed with zero 
mean and a constant variance, i.e. they satisfy the classical assumptions regarding the errors. In this paper as an 
example, the Box-Cox transformation (Box and Cox, 1964),  

h(y𝑖 , λ ) = �  (𝑦𝜆 − 1)/λ               if λ ≠  0;
log 𝑦                             if λ =  0;                                                         (4) 

is considered to define the TBS nonlinear regression model, where y> 0. Note that the methods described in the 
following sections can also be defined for other families of transformations.  

2.1 The maximum likelihood method of estimation  

In this section, the commonly used ML method is briefly reviewed in the context of the TBS nonlinear fixed effects 
model (3). Assume that the transformed response zi= h(yi, λ) follows a normal distribution with mean h(f(xc; θ),λ) 
and constant variance σ2. The probability density function (pdf) of the response on the original scale yi= h−1(zi, λ) 
can be obtained by multiplying the Jacobianyi

λ-1 of the transformation Zi→ Yiwith the pdf of the transformed 
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response h(yi, λ) and takes the form  

gy (yi) = ϕ�ℎ(𝑦𝑖,   𝜆)−ℎ(𝑓𝑐,   𝜆)
𝜎

� 𝑦𝑖𝜆−1, 

where𝜙(. )denotes the pdf of a standard normal random variable and, for notational simplicity, we definefc = f(xc; θ). 
Since the yi’s are independent, the log-likelihood function for the responses y1,...,ynis, up to an additive constant,  

l(θ, λ, σ) = -n log σ - 1
2𝜎2

 ∑i(h(yi, λ)-h(fc, λ))2 + (λ-1)∑ilog yi   (5) 

The log-likelihood function (5) can be simplified by expressing the parameter σ2in terms of the regression 
parameters θ and the transformation parameter λ as  

𝜎�2(𝜽, 𝜆) = 1
𝑛
∑i (h(yi,λ)-h(fc, λ))2                    (6)  

which is the solution of the score function corresponding to σ2equated to zero (i.e. ∂l/∂σ2= 0). By substituting 𝜎�(θ,λ) 
for σ in (5), the concentrated log-likelihood function can be written as  

lm (θ, λ) = -n log�𝜎�(𝜽,   𝜆)
𝑦�(𝜆−1) � −

𝑛
2
                           (7) 

whereỹ = exp( ∑ilogyi/n) is the geometric mean of the responses y1,...,yn. The maximum likelihood estimators (mles) 
𝜽�mand �̂�m can be obtained by maximizing the log-likelihood function lm(θ, λ), which is defined in (7). Note that 
maximizing the log-likelihood function (7) is equivalent to minimizing  

𝑛𝜎�2(𝜽,𝜆) 
𝑦�2(𝜆−1) = ∑ �ℎ(𝑦𝑖,𝜆)−ℎ(𝑓𝑐,𝜆)

𝑦�𝜆−1
�
2

𝑖 =  ∑ 𝑒𝑖2(𝑥𝑐 ,𝜽, 𝜆)𝑖 (8) 

forθ and λ simultaneously, where ei(xc, θ ,λ) is known as the pseudo-regression function (Carroll and Ruppert, 1988).  

It is convenient to use a regression routine available in statistical software (e.g. the nls function in R) instead of a 
general optimization routine in fitting a regression model because, for the latter, the user needs to write the function 
to be optimized. Since nonlinear regression routines in standard statistical software do not allow the response to 
depend on a parameter, the TBS nonlinear regression model (3) cannot be fitted using available nonlinear regression 
routines. To overcome this problem, Carroll and Ruppert (1988) suggested using a dummy response Diwith all of its 
values being zero and regress it on the pseudo-regression function ei(xc, θ,λ), which is defined in equation (8).  

Nonlinear regression routines in standard statistical software can be used to fit the pseudo regression model (Di 
= ei) to obtain the mles𝜃�m and �̂�m. This pseudo-regression approach cannot find the maximum likelihood estimator 
(mle) of the error variance, however, but the mle𝜎�2can be obtained from (6) using the estimates 𝜃�𝑚and �̂�𝑚obtained 
from the pseudo-regression analysis. The corresponding restricted maximum likelihood (REML) estimator of σ2is 𝜎�2 

=n𝜎�2(𝜽�m, 𝜆�m)/(n − p − 1), where (n − p − 1) is the degrees of freedom associated with the residual sum of squares.  

2.1.1 Estimates of standard errors  

The standard errors of the parameter estimates of the TBS-NLFE model (3) can be obtained in several ways and a 
good discussion of different methods can be found in Carroll and Ruppert (1988, Chapter 4). Among the available 
methods for obtaining standard errors of the TBS-NLFE models, the following two methods are compared in this 
paper using a simulation study.  

(a) We call the first method “ML(a)”, where the standard errors are obtained from the pseudo-regression 
analysis.  

(b) The second method is based on the parametric bootstrap approach and we call this method “ML(boot)”. A 
random sample of residuals 𝜖̂1*,..., 𝜖̂n*is drawn from N (0,𝜎�2)and the model  

zi
*= h(f(xc; 𝜽�m), 𝜆�m)+ 𝜖̂i* 

is used to generate response 𝑦𝑖∗ = ℎ−1�𝑧𝑖∗, �̂�𝑚�for the bootstrap sample. The estimates 𝜃�𝑚∗ and �̂�𝑚∗ can be 
obtained using the ML approach (described in the previous section) using yi

*as the response. This procedure 
is repeated a large number of times to obtain the sampling distributions of the estimates 𝜃�m and �̂�m and, 
hence, the corresponding standard errors.  
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3 The Anova method of estimation  

The ML method, described in the previous section, simultaneously estimates both the regression and transformation 
parameters of the TBS nonlinear fixed effects model. The simultaneous estimation of the parameters requires more 
computational effort compared with the fitting of regular (without transforming) nonlinear models. In this section a 
new method, which we call the Anova method, for estimating the parameters of the TBS nonlinear fixed effects 
model (3) is described.  

3.1 Estimation of the transformation parameter  

The role of the transformation parameter λ in a TBS nonlinear model of the type (3) is to select an appropriate scale 
for the response so that, under randomization, the distribution of the transformed response has constant variance and 
is at least approximately normal. In other words, the transformation parameter λ is selected so that the assumption of 
additivity of treatment and experimental unit effects is best met.  

To describe the Anova method of estimation, assume the following treatment model for the transformed 
response corresponding to theithexperimental unit  

h(yi,λ) = μc(x)+δi       (9) 

where the ith experimental unit is assigned to the cthtreatment, µc(x) is the mean function of transformed response 
corresponding to the cthtreatment and the error term corresponding to the ith experimental unit, δi, is assumed to be 
independent and normally distributed with mean 0 and constant variance𝜎2𝑒. The complete randomization 
procedure involved in the experiment leads to such a linearmodel -see Hinkelmann and Kempthorne (2008) for 
details. The TBS nonlinear model (3) is a special case of the treatment model (9) with  

µc(x)=h(fc,λ). 

The treatment model (9) is always true and it does not depend on the nonlinear model assumed for describing the 
relationship between the response and the treatments. For the simple one-way experiment, the following 
parameterization of the mean function is commonly used  

µc(x)=µ + τc,      (10) 

where µ is the overall mean and τcis the fixed effect of thecthtreatment. The model (10), assumed for the mean 
function, is linear in the regression parameters, so in this case the regression parameters have closed form solutions, 
which depend only on the treatments and the transformed response. The goal of considering the treatment model for 
the transformed response is to estimate the transformation parameter and the error variance (pure error) with 
minimal assumptions, i.e. the regression parameters of the model (10) are nuisance parameters at this stage.  

Since the regression parameters involved in the model (10) considered for the mean function can be expressed as 
functions of the treatments and the response, the corresponding log-likelihood function, similar to (7), can be defined 
as a function of the transformation parameter λ only  

lb(λ) = -n log� 𝜎�𝑒(𝜆)
𝑦�(𝜆−1)� −  𝑛

2
 

where𝑦� is the geometric mean of the response on the original scale and  

𝜎�𝑒2(λ)= 1
𝑛
∑i(h(yi, λ) − �̂�c (x) )2     (12) 

is the mle of 𝜎𝑒2 for a given λ. The mle�̂�a = argmax𝜆lb(λ) can also be obtained as λ�a = argminλ{𝜎�e(λ)/𝑦�λ−1}. Since the 
error mean square or the likelihood function can be expressed as a function of λ only, a one-dimensional grid search 
can be used to obtain �̂�a. The REML estimator of 𝜎𝑒2 is 𝜎�2 = n𝜎�2(�̂�a)/(n−C), where (n − C) is the residual degrees of 
freedom in this case. The Anova method of estimating the transformation parameter is identical to that Box and Cox 
(1964) described for analyzing linear models when transforming only the response.  
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3.2 Estimation of the regression parameters  

As has already been mentioned, the transformation parameter deals with selecting the appropriate scale for the 
response which leads to the distribution of the response having constant variance and being approximately normal. 
In the previous section, we described a method to obtain the mle of the transformation parameter which does not 
depend on the form of the nonlinear regression model assumed for describing the relationship between the response 
and the treatments. Once the appropriate scale for the response is selected, i.e. the transformation parameter λ is 
estimated, the TBS nonlinear fixed effects model for the response measured on the scale �̂�a can be expressed as  

h(yi, λa)= h(f(xc, θ),�̂�a)+ 𝜖i,      (13) 

whereθ is the parameter vector to be estimated and the error terms are assumed to be normally distributed with zero 
mean and a constant variance σ2. As Box and Cox (1964) suggested in the context of linear models, the 
transformation parameter is being treated as known in the TBS nonlinear model (13).  

The log-likelihood function and error mean square for the model (13) are lm(θ,�̂�a) and 𝜎�2(θ,�̂�a), respectively. The 
mle𝜽�a can be obtained by maximizing the log-likelihood function lm(θ,�̂�a) or minimizing the error mean square 
𝜎�2(θ,λa)/𝑦�𝜆

�𝑎−1. The TBS nonlinear model with a given value of the transformation parameter (13) can be fitted using 
standard statistical software. Unlike fitting the TBS model using the ML approach, no pseudo-regression function is 
required in this case. Fitting the model (13) is computationally simpler than fitting the model (3) because inclusion 
of the transformation parameter brings more complexity in the computation. 

3.3 Estimation of standard errors  

For the Anova method, the ML method described in Box and Cox (1964) is used to estimate the transformation 
parameter λ of the TBS nonlinear model (3). A number of methods are available in the literature for estimating the 
standard error of the mle�̂�a (Sakia, 1992). The simplest way is from the information matrix corresponding to the log-
likelihood function (11) evaluated at the mle�̂�a. Lawrance (1988) discussed a method of calculating the standard 
error of �̂�a using the full information matrix of the linear treatment model, similar to (9), evaluated at the mean 
transformed response -see also Atkinson and Lawrance (1989). The nonlinear regression routine of any standard 
statistical software can be used to fit the TBS-NLFE model with known transformation parameter (13) and the 
software can provide reliable estimates of error variance and standard errors of the estimates of the regression 
parameters 𝜽�a. We label this method as “Anova(a)” for obtaining standard errors of �̂�aand𝜽�a. The standard errors of 
𝜽�a and�̂�a can also be obtained using a bootstrap method, which is similar to that we described for the ML approach 
in §2.1.1. In this case, the random samples of residuals and, hence, the responses are generated from N(0,𝜎�2). 

The Anova method estimates the regression parameters conditionally, i.e. regression parameters are estimated for a 
given value of the transformation parameter. On the other hand, the ML method estimates the regression and 
transformation parameters simultaneously. However, use of the estimate of �̂�in making inference about the 
regression parameters remains an issue for both the methods. In the case of linear models with transformed 
responses, Bickel and Doksum (1981) showed that treating the estimates of transformation parameter as known can 
inflate the asymptotic variance of the linear regression parameter estimates compared with what standard linear 
theory provides. In response to this criticism, Hinkley and Runger (1984) stated that the results of Bickel and 
Doksum (1981) have little significance in practical applications even though they are mathematically correct. They 
argued that the regression parameters have no meaning without a particular scale and parameter estimates at 
different scales are not comparable. In this paper, we follow Hinkley and Runger (1984) and fix the transformation 
parameter λ at some value for estimating the standard errors of regression parameter estimates, i.e. we are interested 
in SE(𝜽�|�̂�).  

3.4 Separation of lack-of-fit from pure error  

The size of the lack of fit compared with pure error can be used to examine the validity of the assumed model. If the 
data fit the model well then it is expected that the lack of fit sum of squares will not be much larger than the the pure 
error sum of squares. The methods described in Draper and Smith (1998) for separating lack of fit from the pure 
error can be used with both the ML and Anova methods in the context of the TBS nonlinear model (3). For 
replicated data, the total residual sum of squares can be separated into lack of fit and pure error sums of squares and 
the ratio of the corresponding mean squares is commonly used as the test statistic for examining the significance of 
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the lack of fit. The test statistic follows a central F-distribution if there is no significant lack-of-fit, see Seber and 
Wild (1989) for details.  

This approach to separating lack-of-fit from pure error can be used for both the ML and Anova methods, but a 
second method can be defined only for the Anova method. The residual sum squares of the treatment model (9) 
corresponds to the pure error sum squares, whereas residual sum of squares of the model (13) corresponds to the 
sum of pure error and lack of fit sums of squares. The lack of fit sum of squares can be obtained by subtracting the 
residual sum of squares of the treatment model (9) from the residual sum of squares of the TBS nonlinear model 
(13). Since the TBS nonlinear model (13) is a special case of the treatment model (9), the difference of the 
likelihood functions corresponding to these two models can be used to assess the size of the lack of fit. Since the 
treatment model is used to estimate the pure error, the Anova method provides more natural definitions of pure error 
and lack-of-fit of the assumed nonlinear model form than the ML method for which the nonlinear predictor can be 
computed using a wrong λ, i.e. using ML, a wrong nonlinear functional model form can be compensated for by a 
wrong scaling of the responses.  

 

3.5 Example  

As an example, the Puromycin data set (Bates and Watts, 1988, p. 269) is analyzed to compare the ML and Anova 
methods, described in Sections 2.1 and 3, in fitting a TBS nonlinear fixed effects regression model. The data were 
obtained from an experiment in which the velocity of an enzymatic reaction was measured in counts/min2 at 6 
different substrate concentration levels with and without treating the enzyme by Puromycin. The goal of the original 
experiment was to examine whether the introduction of Puromycin affects the velocity of the reaction, which 
requires the analysis of both the treated and untreated data simultaneously. For our purpose, i.e. to compare the ML 
and Anova methods in fitting TBS nonlinear regression model, only the data treated by Puromycin is analyzed for 
this paper.  

Similar to the original analysis of the Puromycin data, the Michaelis-Menten equation  

f(xc;𝜽) = 𝑉𝑥𝑐
𝐾+𝑥𝑐

      (14) 

is assumed to model the relationship between the velocity and the substrate concentration, where θ =(V, K)´.The 
Michaelis-Menten equation is often used to model the rate of a reaction as a function of the substrate concentration, 
where the parameters V and K represent the maximal rate of the reaction and the substrate concentration 
corresponding to the half-maximal rate, respectively. A detailed discussion of the ML method for estimating the 
TBS Michaelis-Menten fixed effects model can be found in Ruppert et al. (1989).  

The analyses of the Puromycin data using the Michaelis-Menten (M-M) model, described in Bates and Watts 
(1988), and the TBS Michaelis-Menten model are shown in Table 1. The large value of the F-statistic for lack of fit 
indicates that the ordinary Michaelis-Menten model does not fit the data well (p-value <.0001) whereas the TBS 
Michaelis-Menten model fits the data reasonably well (p-value > 0.2) 

Table 1:Analysis of Puromycin Data (Bates and Watts, 1988) 

Lack of fit  
Methods  𝑉�  SE(𝑉� ) 𝐾� SE(𝐾�) �̂� SE(�̂�) F value 
M-M  212.68 6.95 .064 .008 – – 147.75 
ML  218.03 4.74 .075 .009 2.08 .79 1.52 
Anova 217.77 4.53 .074 .008 1.99 .47 1.15 

The estimates of the parameters and the corresponding standard errors are similar for both the ML and Anova 
methods of estimation.  

4 Simulation studies  

In this section, we discuss the results of some simulation studies for examining the performance of the methods 
described in previous sections. For the TBS nonlinear fixed effects model, described in Sections 2–3, we will show 
the comparison between the commonly used ML method and the Anova method.  
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4.1 TBS-NLFE model  

As an example of the nonlinear fixed effects model, the Michaelis-Menten equation (14) is considered for the 
simulation study. In this case, the response corresponding to the ith experimental unit is modeled as  

yi= h−1(h(f(xc; θ), λ) + 𝜖i,      (15)  

wheref(xc, θ)= Vxc/(K + xc), errors are assumed to be independent and 𝜖 ∼ 𝑁(0,σ2). As the true parameter values, we 
considered V = 5, K = 3, and σ = 0.1 for simulating responses from model (15). Simulation results are examined for 
different values of the true transformation parameter λ ∈ [−1, 2] and also for different sets of concentration levels, 
i.e. different designs.  

Table 2 reports the average bias and standard deviation (SD) of the estimates 𝑉�  , 𝐾�, �̂�, and 𝜎�, computed from 10,000 
simulated samples. In this case, 10 replications of the design X1 = {1, 3, 5, 7, 9}are considered in the simulation, i.e. 
the total number of experimental units used is n = 50. The results show that all the parameter estimates are almost 
unbiased in the sense that the bias is found to be very small compared with the corresponding standard deviation. 
The variability of the estimates 𝑉�and 𝐾�tend to decrease as the true value of the transformation parameter increases. 
On the other hand, the variability of the estimates �̂�and 𝜎� do not depend on the true value of λ. On comparing the 
Anova and ML methods, the standard deviations are found to be equal up to two decimal places for each λ value. 
The Anova method is found to be more computationally stable compared with the ML method, especially when the 
true transformation parameter is around zero. 

The pseudo-regression based and bootstrap methods of obtaining standard errors are described in sections §2.1.1 and 
§3.3 for the ML and the Anova method, respectively. The comparisons between the methods of estimating standard 
errors are reported in Table 3, where the estimates are computed from 2000 simulations using the model (15). For 
the bootstrap method, 500 bootstrap samples are generated from each simulated sample to obtain the standard errors 
of the estimates. The same values of the regression parameters, error variance, and the design are considered in this 
case but results are reported only for λ∈{1.5, 1,.5} because the bootstrap method requires more computational time. 
The methods of estimating standard errors are compared using the ratio of the average standard error (AvgSE) to the 
standard deviation (SD) of the estimates, which is RE = AvgSE/SD. For a method that correctly  

Table 2: Bias and standard deviation (SD) of the Michaelis-Menten fixed effects model parameters for the ML and 
Anova methods of estimation. 10,000 simulations are used with true parameter values V = 5, K = 3, σ = .1, and λ∈ 
[−1, 2]. The design X1 = (1, 3, 5, 7, 9) and n = 50 are used.  

Bias (SD) 
λ Method 𝑉�  𝐾� �̂� 𝜎� %Converged 

2.0 ML .0004 (.0301) .0008 (.0561) -.0163 (.2685) .0014 (.0277) 100 
 Anova .0005 (.0302) .0009 (.0563) -.0326 (.2743) -.0011 (.0275) 100 

1.5 ML .0009 (.0496) .0018 (.0882) -.0256 (.2726) .0006 (.0278) 100 
 Anova .0010 (.0497) .0019 (.0884) -.0325 (.2743) -.0011 (.0275) 100 

1.0 ML .0017 (.0783) .0033 (.1302) -.0362 (.2746) -.0004 (.0279) 100 
 Anova .0017 (.0783) .0033 (.1301) -.0322 (.2742) -.0010 (.0276) 100 

0.5 ML .0028 (.1201) .0051 (.1797) -.0343 (.2694) -.0003 (.0274) 97 
 Anova .0026 (.1203) .0047 (.1799) -.0314 (.2734) -.0010 (.0277) 100 

0.0 ML .0034 (.1883) .0064 (.2424) -.0587 (.2838) -.0023 (.0285) 91 
 Anova .0041 (.1876) .0063 (.2414) -.0293 (.2711) -.0008 (.0277) 99 

-0.5 ML .0062 (.3079) .0086 (.3341) -.0509 (.2555) -.0021 (.0263) 99 
 Anova .0095 (.3084) .0105 (.3348) -.0193 (.2585) -.0001 (.0270) 100 

-1.0 ML .0288 (.5395) .0243 (.5073) .0059 (.2074) .0020 (.0244) 93 
 Anova .0398 (.5420) .0324 (.5094) .0292 (.2095) .0035 (.0248) 93 

estimates the standard error, the RE value will be close to unity. The results show that the bootstrap approach of 
estimating standard errors outperforms the pseudo-regression based method in most cases for both the ML and 
Anova methods. On average, a large number of experimental units and a small value of the transformation parameter 
lead to more reliable estimates of the standard errors. If the pseudo-regression based method is considered, the ML 
method outperforms the Anova method for the estimates 𝑉�and 𝐾�, but the Anova method performs better than the 



376 
 

ML method for the estimates �̂�. On average, the ML and the Anova methods perform equally well if the bootstrap 
approach is used for estimating the standard errors of the estimates.  

5 Conclusion 

The maximum likelihood method is commonly used for estimating transform-both-sides nonlinear models. It 
estimates both the transformation and regression parameters simultaneously. The ML method does not consider the 
fact that the transformation parameter is introduced only to select an appropriate scale on which classical 
assumptions regarding the regression model are satisfied and the transformation parameter does not have a 
theoretical connection with the parameters of the nonlinear regression model. In this paper, we advocate the Anova 
method for fitting TBS nonlinear regression models, which considers a general treatment model to estimate the 
transformation parameter and then the TBS nonlinear model fitted as if the transformation parameter is known. The 
Anova method is computationally simpler than the ML method and it can provide an unbiased estimator of the 
transformation parameter even if the wrong nonlinear regression model is assumed for the analysis.  

The performance of the ML and Anova methods in estimating the TBS nonlinear fixed effects model are compared 
using a number of simulation studies and the Michaelis-Menten equation is used as a nonlinear function of the 
model. The results show that both methods estimate the regression and transformation parameters with very small 
bias compared with the corresponding simulated standard deviations. For the TBS nonlinear model, accurate 
estimation of the standard errors of regression  

Table 3: Ratio of the average SE to SD (RE=AvgSE/SD) of the Michaelis-Menten fixed effects model parameters 
for the ML and Anova methods of estimation. 2,000 simulations are used with true parameter values V = 5, K = 3, σ 
= .1, and λ = {1.5, 1.0, 0.5}. The design X1 = {1, 3, 5, 7, 9} and n = {25, 50} are used.  

 RE(𝑉�  )  RE(𝐾�)  RE(�̂�)  
n  λ  Method  (a)  (boot)   (a)  (boot)   (a)  (boot)  
25  1.5  ML  0.962  0.984  0.942  0.965  1.317  1.014  
  Anova 0.910  1.006  0.886  0.987  0.847  1.021  
 1.0  ML  0.982  1.011  0.964  0.996  1.291  1.013  
  Anova 0.937  1.020  0.916  1.009  0.837  1.004  
 0.5  ML  0.965  0.996  0.914  0.950  1.232  0.981  
  Anova 0.939  1.009  0.895  0.976  0.826  0.991  
50  1.5  ML  1.004  1.014  0.997  1.008  1.375  1.009  
  Anova 0.985  1.027  0.976  1.021  0.933  1.014  
 1.0  ML  0.995  1.006  0.976  0.989  1.361  1.001  
  Anova 0.980  1.019  0.959  1.002  0.920  1.003  
 0.5  ML  0.981  0.992  0.970  0.983  1.388  1.026  
  Anova 0.964  0.996  0.954  0.994  0.923  1.006  
parameter estimates is an issue. The Anova method cannot improve the estimates of standard errors but simulation 
results show that the bootstrap method can estimate the standard error more precisely compared with the pseudo-
regression based approach, for both the ML and Anova methods. The Anova method is found to be more stable 
compared to the ML method in some situations.  

Of course, the methods described here can only be applied to replicated experiments. However, in such cases, they 
perform very well and we recommend them for practical use.  
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Abstract. Climate change is a global phenomenon but its implications are distinctively local. The climatic variables 
include temperature, rainfall, humidity, wind speed, bright sunshine and so on. So, the study of behavior of the 
climatic variables is very important and knows the future behaviors of climatic variables are important for policy 
implication. The problem is how to study the past, present and future behaviors of the climatic variables. The 
problems overcome for analyzing vector auto regression model. Thus, the purpose of the present study is to estimate 
the vector auto regression (VAR) model using the climatic variables such as temperature, humidity and cloud 
coverage of Rajshahi District. The secondary data on these weather parameters were collected from database of 
Bangladesh Agricultural Research Council. The test of stationarity of the time series is done using Augmented 
Dickey Fuller (ADF), Phillips-Perron (PP) and Kwiatkowski-Phillips-Schmidt-Shin (KPSS) test and suggests all 
climatic variables (temperature, humidity and cloud coverage) are stationary. The endogeneity of these climatic 
variables are measured by Granger causality test.The VAR model is estimated through least square method and 
select VAR(8) model. The comparative study among the variables was performed using forecast error variance 
(FEV) decomposition and impulse response function (IRF). This entire test suggests that the climatic variables 
temperature, humidity and cloud coverage are interrelated and endogenous. Finally, we forecast of T, H and C from 
January, 2011 to December, 2016 using the selected VAR(8) model. The forecasted value imply temperature and 
humidity slightly upward trend and cloud coverage slightly downward trend. Therefore, to protect the climate 
change, we need to take action for which any one of these climatic variables cannot change by human activities not 
only in Bangladesh but also in rest of world. 

Keywords: Vector Autoregression (VAR), Granger Causality test, Forecast Error Variance (FEV) decomposition, 
Impulse Response Function (IRF) 

1 Introduction 

Bangladesh is the developing country and likely to be one of the worst victims of the climate change caused by the 
industrialized nations. Bangladesh is vulnerable to cyclones, floods and droughts badly affecting more people who 
living in rural areas. The two-thirds of the country are less than five metres above sea level and, in an average year, a 
quarter of the country is flooded. So, the learning of climatic variables is necessary. The time series analysis for 
climatic variables is best way to learning whether the climate change occurs or not. There are many climatic 
variables but in our study we consider only monthly temperature, humidity and cloud coverage.   

Time series modeling and forecasting on climatic data such as the temperature, humidity and cloud coverage means 
the study on long term weather pattern and forecasting on climatic variables. This study is very important because 
climate change is the problem of whole world. To make a solution of this problem, we have to find out its pattern 
first. VAR model can do a vital role to sketch out this pattern. As this method is able to produce forecasts of 
interrelated variables, examine the effects of interrelated time series variables shocks and analyzing the dynamic 
impact of random disturbances or the system of variables. Many researchers study the climatic variables separately, 
some of them: Ferdous and Baten (2011) used least square method for trend analyzing of climatic data (temperature, 
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rainfall, relative humidity and sunshine) of Rajshahi and Rangpur Division to observe the climate variability, 
separately; Shamsnia et al. (2011) used stochastic methods (ARIMA model) for modeling of weather parameters  
such as precipitation, monthly temperature and relative humidity; but they cannot study climate variability for 
response of one climatic variable on another. So, the study the climatic variability among the climate variables is 
essential. Vector autoregression (VAR) offer such analysis. A VAR analysis is widely used in several disciplines, 
however, some of them: Khan and Hossain (2010) used VAR model for democracy and trade balance, Altaf et al. 
(2012) used the VAR model for macroeconomic variables of Pakistan’s economic growth, Moneta et al. (2011) used 
structural vector autoregression models for causal search,Awokuse and Bessler (2003) used VAR model to the U.S. 
economy. So, it is needed to analysis all the interrelated variablesfor a better forecast on climate data. 

Thus, the purpose of the present study is to develop an appropriate VAR model for a better forecast on climate data 
in Bangladesh. 

2 Data and Methodology 

Temperature is a physical property of matter that quantitatively expresses the common notions of hot and cold. 
Objects of low temperature are cold, while various degrees of higher temperatures are referred to as warm or hot. 
Humidity is a term for the amount of water vapor in the air. The relative humidity expressed as a percent in weather 
(air). In our study, we used relative humidity and define as humidity. Cloud cover refers to the fraction of the sky 
obscured by clouds when observed from a particular location.  

We build a VAR models for monthly temperature, humidity and cloud coverage of Rajshahi District. The 
measurement units of these variables are Celsius, Percent and Octas, respectively. The monthly data of different 
climatic variables such as temperature, humidity and cloud coverage of Rajshahi District for the period of January, 
1979 to December, 2010 (i.e. 32 years) were used in this study and data were collected from Bangladesh 
Agricultural Research Council (BARC). Here the sample size is 384. The data source is capable of giving 
information from month to month without missing value. So, we cannot estimate missing value because there is no 
missing value in our data. 

After completion of collecting data were compiled, tabulated analyzed according to objectives of the study. Data 
were put MS excel to arrange as time series data and, the popular software R and EViews used for whole statistical 
analysis related to objectives.  

The test of stationarity in our study based on very popular methods Augmented Dickey Fuller (Dickey and Fuller, 
1979), Phillips-Perron (Phillips and Perron, 1988) and Kwiatkowski-Phillips-Schmidt-Shin (Kwiatkowski, Phillips, 
Schmidt and Shin, 1992) are used. 

The concept ofbuilding a VAR model is that all the variables under study are endogenous and usually no one is 
exogenous (Gujarati, 1993). Logically, our study variables: temperature, humidity and cloud coverage are 
endogenous in nature. To explain the endogeneity of the variables statistically, we would use the pair-wise Granger 
causality tests proposed by Granger (1969) and popularized by Sims (1972), which tests whether an endogenous 
variable can be treated as exogenous. Granger-causality statistics examine whether lagged values of one variable 
help to predict another variable. If cannot, then we say that ‘does not granger cause’ that in exogenous nature.  The 
Granger causality test statistics compare with the percentage point of the F distribution. 

Christopher Sims (1980) provided a new macro econometric framework that held great promise: vector 
autoregression (VAR). The vector autoregressions come three varieties: reduced form, recursive and structural.  

The reduced form VAR process of order p is written as follows: 

𝑦𝑡 = 𝑐 + A1𝑦𝑡−1 + A2𝑦𝑡−2 + ⋯+ A𝑝𝑦𝑡−𝑝 + 𝑒𝑡,𝑡 = 1, … ,𝑇 

Where,𝑦𝑡 is 𝑘 × 1vector, c is a 𝑘 × 1 vector of constants (intercept), A𝑖is a 𝑘 × 𝑘 matrix (for every i=1, 2… p), 𝑒𝑡 is 
a 𝑘 × 1 vector of error terms and assume d𝑒𝑡~NID(0,Ω). 

The sample log likelihood for the while sample can be written as follows: 

𝐿(Ω,Π) = −
𝑇𝑛
2

ln(2𝜋) +
𝑇
2
𝑙𝑛|Ω−1| −

1
2
�(𝑦𝑡 − Π΄𝑥𝑡)΄Ω−1(𝑦𝑡 − Π΄𝑥𝑡)
𝑇

𝑡=1

 

http://en.wikipedia.org/wiki/Heat
http://en.wikipedia.org/wiki/Cold
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Where, Π΄ = [𝑐 A1A2 … A𝑝] and𝑥𝑡 = [1 𝑦𝑡−1𝑦𝑡−2 … 𝑦𝑡−𝑝]΄ 

Using the maximum likelihood estimation the estimated value of Ω and Π are written as follows: 

Π�΄ = [∑ 𝑦𝑡𝑥΄𝑡𝑇
𝑡=1 ][∑ 𝑥𝑡𝑥΄𝑡𝑇

𝑡=1 ]−1and Ω� = 𝑇−1 ∑ �̂�𝑡�̂�΄𝑡𝑇
𝑡=1 . 

To determine the lag length value of VAR model the Akaike information criterion (AIC) (Akaike, 1974), Schwarz 
information criteria (SC) (Schwarz, 1978), Hannan-Quinn information criteria (HQ) (Hannan and Quinn, 1979), 
Final prediction error (FPE) (Akaike, 1969) and Likelihood ratio statistics (𝜆𝑇)(Lutkepohl, 1991) are frequently 
used. Based on the same sample size the following information criteriaare computed: 

AIC(p) = log�Ω�(p)� + 2m(p2+1)
T

; SC(p) = log�Ω�(p)� + log (T)m(p2+1)
T

; 

HQ(p) = log�Ω�(p)� + 2log (log(T))m(p2+1)
T

; FPE(p) = �T+mp+1
T−mp−1

�
m
�Ω�(p)� 

with Ω�(𝑝) = 𝑇−1 ∑ 𝑒𝑡�̂�΄𝑡𝑇
𝑡=1  and m(p2 + 1)is the total number of the parameters in each equation, m is the number 

of equation or variables in VAR model, p assigns the lag order, T is the sample size and The likelihood ratio test 
statistic is defined as follows: 

𝜆𝑇 = −2�𝐿�𝜃�� − 𝐿(𝜃�0)� 

Under the null hypothesis, 𝜆𝑇 asymptotically has a 𝜒2 distribution with degrees of freedom equal to the number of 
restrictions imposed under null hypothesis (𝐻0 ). 

The h-period-ahead forecasts are constructed recursively and written as follows: 

𝑦�𝑡+1 = A�1𝑦𝑡 + A�2𝑦𝑡−1 + ⋯+ A�𝑝𝑦𝑡−𝑝+1 

𝑦�𝑡+2 = A�1𝑦�𝑡+1 + A�2𝑦𝑡 + ⋯+ A�𝑝𝑦𝑡−𝑝+2 

and, so on. 

Forecast error can be obtained from variance decomposition of each VAR model. The h step forecast error 
variance can be computed as follows: 

𝑦𝑡+ℎ − 𝐸(𝑦𝑡+h) = Ψ0𝑒𝑡+ℎ + Ψ2𝑒𝑡+ℎ−1 + ⋯+ Ψℎ−1𝑒𝑡+1 

𝑣𝑎𝑟𝑡(𝑦𝑡+ℎ) = Ψ0Ψ΄0 + Ψ1Ψ΄1 + ⋯+ Ψℎ−1Ψ΄ℎ−1 

Then,𝑤ℎ,𝑟 = ∑ Ψ𝑗𝐼𝑇Ψ �́�
ℎ−1
𝑗=1  is the variance of h step ahead forecast errors due to the T-th shock and the variance is 

sum of these components, e.g. 𝑉𝑎𝑟𝑡(𝑦𝑡+ℎ) = ∑ 𝑤ℎ,𝑇𝑇 . 

The impulse response function (IRF) traces out the response of the dependent variable in the VAR system to 
shocks in the error terms. The stochastic error terms are called impulses or innovations in the language of VAR. It is 
the difference between the actual values of the dependent variable and that of a forecast made on the basis of the 
basis of the independent variables and the past forecast error (Hall, Lilien, Sueyoshi et al., p-171, 1985). An IRF 
traces the response of an endogenous variable to a change in one of the innovations. Finally, the impulse response 
function is the same as 𝐸𝑡�𝑦𝑡+𝑗� − 𝐸𝑡−1(𝑦𝑡+𝑗). 

3 Results and Discussion  

In our study, we used the software EViews and R, and the variables used for the analysis purpose are defined as 
temperature (T), humidity (H) and cloud coverage (C). The test of stationary done by the test statistics: Augmented 
Dickey Fuller (ADF), Phillips-Perron (PP) and Kwiatkowski-Phillips-Schmidt-Shin (KPSS) are listed table-3.1. 
From table-3.1, it is clear that the ADF, PP tests for T and C are stationary at level almost10% level of significant. 
The tests ADF and PP for H series imply stationary at level but KPSS test is first difference. On the basis of majority 
test statistics, we can say that the T, H and C are stationary at the level. 
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Table-3.1: Unit root test for the time series T, H and C 

Variable Level First Difference 

ADF PP KPSS ADF PP KPSS 

T -3.7465*** -6.7678*** 0.2023* -25.0158*** -23.8446*** 0.2959* 

H -3.0520** -6.3925*** 1.3378 -19.6105*** -29.4403*** 0.0826* 

C -3.2646** -4.5764*** 0.4852*** -20.6371*** -36.2060*** 0.0765* 

Note: The asterisks ***, ** and * represent the statistical significant at 1%, 5% and 10% levels, respectively. The 
Augmented Dickey-Fuller (ADF) and the Phillips-Perron (PP) tested the null hypothesis of that the relevant series 
contains a unit root I(1) against the alternative that it does not, while the Kwiatkowski-Phillips-Schmidt-Shin 
(KPSS) tested the null hypothesis that the series are I(0).  

The Granger causality test was used for testing endogeneity (dependency) of the variables. From table-3.2, we see 
that the causality with lag length 2, 3, 4 and 5 are same type but lag length 1are different. The table-3.2 also shows 
the unidirectional causality between H to T; T to H; T to C; C to H and H to C but there is no unidirectional 
causality between T to C at lag 1. Since the direction of causality varied with lag length so we will choose the lag 
length for which SC is minimum. If we run the regressions T on C with lag 1 to 5, the SC values is noted as table-
3.3 and see that the SC is minimum for lag 4 so there is unidirectional causality exist C to T. We know that, if X 
(say) is granger cause of Y (say) and Y (say) is granger cause of X (say) is called bidirectional causality between X 
(say) and Y (say). Therefore, the Granger causality test suggests that there is bidirectional causation between all 
variables. We can express these directions of causalities diagrammatically in figure-3.1from which we can say that 
the variables are interrelated and endogenous. 

Table-3.2: Pair wise Granger causality test for T, H and C 

Null 
hypothesis 

Lag 

1 2 3 4 5 

H ↛ T 

T ↛ H 

40.9497*** 

233.820*** 

46.1439*** 
138.184*** 

80.8059*** 

93.7337*** 

68.2067*** 

69.2836*** 

57.8275*** 

59.3951*** 

C ↛ T 

T↛ C 

0.01680 

93.7345*** 

104.326*** 

53.1093*** 

141.845*** 
43.6684*** 

120.729*** 

28.6029*** 

94.3457*** 

23.6911*** 

C↛ H 

H↛ C 

113.873*** 

113.476*** 

46.9234*** 

37.4515*** 

42.8738*** 
22.8418*** 

27.3877*** 

11.6275*** 

26.4575*** 

11.4519*** 

Note: The symbol ↛ indicats “does not granger cause”. The asterisks ***, ** and * represent the statistical 
significant at 1%, 5% and 10% levels, respectively. 

Table-3.3: Schwarz information criteria (SC) for different lag length in regression 

Note: *indicates lag order selected by the criterion 

Regression SC for the lags 
1 2 3 4 5 

T on C 4.769076 3.852438 3.552942 3.509147* 3.516576 
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Figure-3.1: Diagram for direction of causality 

 

To build a VAR model, at first we need to select the order of VAR model, the order (length of lags) of VAR is 
determined using the procedures: the sequential modified likelihood ratio test statistics (LR), Final prediction error 
(FPE), Akaike information criteria (AIC), Schwarz information criteria (SC) and Hannan-Quinn information criteria 
(HQ) are listed table-3.4. From table-3.4, The LR statistics, FPE and AIC indicates that, the appropriate lag order of 
VAR is 8 but SC and HQ is 7. Ivanow and Kilian (2001) suggest, in the context of VAR models, that AIC tends to 
be more accurate with monthly data. Also, most of selection criteria suggest lag order 8.  Therefore, we choose lag 
length 8 of VAR model on the basis of LR, FPE and AIC criteria. 
 

Table-3.4: Various selection criteria for lag order of VAR 

Lag Log L LR FPE AIC SC HQ 

0 -2866.897 NA 855.5794 15.26541 15.29676 15.27786 

1 -2288.221 1145.040 41.33003 12.23522 12.36063 12.28500 

2 -2124.355 321.6308 18.13501 11.41146 11.63093 11.49858 

3 -2009.098 224.3824 10.30547 10.84627 11.15980 10.97073 

4 -1961.723 91.47473 8.403055 10.64214 11.04973 10.80394 

5 -1938.443 44.57784 7.788995 10.56619 11.06784 10.76533 

6 -1910.218 53.59936 7.032555 10.46392 11.05963 10.70040 

7 -1864.722 85.66649 5.792533 10.26980 10.95957* 10.54361* 

8 -1848.726 29.86495* 5.581987* 10.23259* 11.01641 10.54374 

Note:*indicates lag order selected by the criterion 

Therefore, the estimated coefficients of VAR(8) model are shown in table-3.5. From table-3.5, the significance 
coefficient of estimated model is defined by asterisks. The R-square of VAR(8) model are 0.88412, 0.825942 and 
0.890787with respect to T, H and C, respectively; meansfits the data as well. The actual, fitted and residual of 
VAR(8) model in place of T, H and C are shown in figure-3.2, 3.3 and 3.4, respectively. The fitted value is 
presented by dot line in the figure-3.2, 3.3 and 3.4 for T, H and C, respectively of VAR(8) model.  

  

T 

H C 
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Table-3.5: The estimated coefficients of VAR(8) model 

 

C
onst. 

T
11  

T
12  

T
13  

T
14  

T
15  

T
16  

T
17  

T
18  

H
11  

H
12  

H
13  

H
14  

H
15  

H
16  

H
17  

H
18  

C
11  

C
12  

C
13  

C
14  

C
15  

C
16  

C
17  

C
18  

R
2 

 
T 

41.697*** 

0.5330*** 

-0.1471** 

-0.348*** 

-0.1624** 

0.1217* 

0.0252 

-0.1245* 

-0.07661 

-0.0261 

0.05420* 

-0.0943*** 

0.02045 

0.00013 

0.03223 

-0.0936*** 

0.03491 

0.4308*** 

0.3494*** 

-0.2395* 

-0.469*** 
-0.0310 

-0.00715 

0.2565** 

-0.1043 
0.88412 

 
H 

-25.266 

0.2428 

0.6570*** 

0.6737*** 

0.0425 

-0.5067** 

-0.0271 

0.00732 

0.13356 

0.5653*** 

-0.0572 

0.2426*** 

-0.0218 

-0.0278 

-0.1764** 

0.2638*** 

0.074635 

-0.07098 

-0.4873 

0.409451 

0.214246 
-0.46578 

0.46883 

-0.7400** 

0.03803 
0.825942 

 
C 

2.51552 

0.04238 

0.00304 

0.05588 

-0.0058 

-0.0327 

-0.0841** 

-0.06946* 

-0.0730** 

0.01664 

0.00468 

0.01322 

0.00561 

0.03216** 

-0.0314** 

0.0507*** 

0.00440 

0.2107*** 

-0.0611 

0.02493 

-0.12357* 
-0.2199*** 

-0.04806 

-0.1928*** 

-0.07881 
0.890787 

Note:  The asterisks ***, ** and * represent the statistical significant at 1%, 5% and 10% levels, respectively. T11, 
T12 andT13 are representing T with lag 1, 2 and 3, respectively. Similarly, the other variables are noted. 

 
Figure-3.2: Actual, fitted and residual plot for T of VAR(8) model 

 
Figure-3.3: Actual, fitted and residual plot for H of VAR(8) model 
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Figure-3.4: Actual, fitted and residual plot for C of VAR(8) model 

4 Diagnostic Checking 

The diagnostic checking of the selected VAR(8) model based on the residuals series of each equation. We can easily 
diagnostic the VAR(8) model using the Q-Q plot for normality, ADF test for unit root and DW test for 
autocorrelation. From table-4.1, it is clear that the ADF tests for all residuals series are stationary. The value of DW 
test for all residuals series are near to 2 (table-4.1), which implies that the null hypothesis ‘no positive 
autocorrelation’ and alternative hypothesis ‘no negative autocorrelation’ are accepted. Therefore, the problem of 
serial correlation really fades away. From figure-4.1, the Q-Q plot of the residuals series for the three variables 
obtain from VAR(8) model are approximately straight line so it’s may normally distributed. The histogram of 
residuals series with respect to T, H and C shown in figure-4.2, 4.3 and 4.4, respectively obtain from model VAR(8) 
suggest that the shocks may be roughly normally distributed.  

Table-4.1: Augmented Dickey-Fuller and Durbin-Watson test for residuals series of VAR(8) 

Series of 
residuals 

ADF-
value(probability) 

5% Critical 
value 

Comment DW-value Comment 

Residuals of T -20.1872(0.0000) -2.869029 Stationary 1.999020 No autocorrelation 
Residuals of H -19.3354(0.0000) -2.869029 Stationary 1.999636 No autocorrelation 
Residuals of C -19.0371(0.0000) -2.869029 Stationary 1.999636 No autocorrelation 

 
Figure-4.1: Normal Q-Q plot for residuals of VAR(8) model 

 
Figure-4.2: Line plot and histogram of residuals for T of VAR(8) model 
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Figure-4.3: Line plot and histogram of residuals for H of VAR(8) model 

 

Figure-4.4: Line plot and histogram of residuals for C of VAR(8) model 

 

5 Forecast Error variance (FEV) Decomposition 

To examine the short-run dynamic interactions between the variables, forecast error variance (FEV) is used. Here 
the period is equal to month because the data is monthly spaced. The computed forecast error variance (FEV) is 
shown in Table-5.1. This table represents the variance decompositions for the forecast horizons 1, 6, 12 and 18 
months. The decomposition divides the forecast variance into different parts explained by their own innovations.    

From table-5.1, the response of T to H and C, we see that the T appears to be less exogenous in the system with 
explains over 65% of its FEV after one year (12 periods). The H and C account for more than 9% and 19%, 
respectively of the variation in the T.  

The response of H to T and C, we see that the H explains more than 55% of its FEV after 1 year. The T and C 
explains over 30% and 11%, respectively of the variation in H. 

The response of C to T and H, we see that the C explains more than 55% of its FEV after one year. The T and H 
explain more than 20% of the variation in C.  

Therefore, we see that the T, H and C depend on the H and C; T and C; T and H, respectively. This suggests that, in 
short run, the T, H and C are approximately very important relationship in future. 

Tabile-5.1: Forecast error variance decomposition for VAR(8) model 

FEV in Period (Month) Standard Error (S.E.) T H C 
T 
 

1 
6 

12 
18 

1.268382 
1.786695 
1.913003 
2.231195 

100.0000 
72.36426 
70.58980 
66.13728 

0.000000 
10.22407 
9.556134 
9.459579 

0.000000 
17.41167 
19.85407 
24.40314 

H 1 
6 

12 
18 

3.737727 
4.987380 
5.381627 
5.726484 

32.44051 
30.80578 
30.35648 
33.11901 

67.55949 
65.96758 
58.58180 
54.86870 

0.000000 
3.226644 
11.06172 
12.01229 

C 1 
6 

12 
18 

0.693103 
0.742978 
0.876407 
0.948048 

13.49043 
13.26317 
22.23317 
21.66441 

23.42519 
25.88951 
20.84524 
20.72641 

63.08438 
60.84731 
56.92159 
57.60917 
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6 Impulse Response Function (IRF) 

We have computed the response of each variable and standard errors by using Monte Carlo simulation with 10,000 
repetitions. The response in each variable is expressed to one S.D. innovation. For one standard deviation increase in 
the shock the computed values are shown in graphical presentation of the figure-6.1.  

We see (figure-6.1) that the temporary response of T to H has a significant effect at 5% level with its 4th lag and 
explains that after 4-month the T decrease 0.065110% in response to the 0.07554% increase in the shock of H. Also, 
the C has significant effect on T at 5% level and we see that the T may increase 0.075079% in the response shock of 
C is increase 0.07109% with its 4th lag.   

Similarly, we see that the response of H is significant to the shock of T and C at 5% level. We see that three month 
(3rd lag) the H increases 0.736728% in response to the increase 0.22747% in the shock of T; also after seven month 
0.035287% increases H in response to the shock of C is increase 0.20172%. 

Finally, we see that the response of C is significant to the shock of T and H at 5% level. We see that after five month 
the C decreases 0.045225% in the response of shock T with increase 0.03806% in own shock and after six month the 
C is decrease 0.063061% in the increase 0.03588% shock of H. 

 
Figure-6.1: Impulse Response Function (IRF) of VAR(8) model 

7 Forecasting using VAR(8) model  

Time series analysis is very important for the predicting or forecasting. So, we can make a forecast on the basis of 
the time data in the previous time periods. Thepredicted values are computed using the fitted VAR(8) model. A 
simultaneous computation system in present here in computing these predicted values and the predicted values 
obtained by one equation are used by the other equations. Using the estimated VAR(8) model, the predicted values 
of T, H and C from January, 2011 to December, 2016 with 95% confidence interval (CI) shown in table-7.1 and the 
graphical presentation in figure-7.1. The forecasted value imply that the temperature and humidity slightly upward 
trend and cloud coverage slightly downward trend. 
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Note: The blue and red colors lines indicate forecasted value and 95% confidence interval, respectively. 

Figure-7.1: Combined graphs for forecasted value of VAR(8) model from January, 2011 to December, 2016 
 

Table-7.1: The forecasted value of VAR(8) model from January, 2011 to December, 2016 

Date T H C 
Forecast 95% CI Forecast 95% CI Forecast 95% CI 

January, 2011 24.88 (22.39, 27.36) 79.50 (72.17, 86.82) 1.24 (-0.12, 2.60) 
February, 2011 27.59 (24.78, 30.40) 73.03 (64.79, 81.27) 1.29 (-0.11, 2.69) 
March, 2011 32.27 (29.30, 35.25) 66.46 (57.99, 74.93) 1.80 (0.40, 3.21) 
April, 2011 35.14 (32.07, 38.21) 66.75 (57.68, 75.83) 2.66 (1.24, 4.07) 
May, 2011 34.91 (31.58, 38.24) 74.32 (64.67, 83.97) 3.96 (2.54, 5.39) 
June, 2011 33.30 (29.80, 36.80) 83.43 (73.65, 93.20) 5.41 (3.95, 6.87) 
July, 2011 32.56 (28.98, 36.13) 87.43 (77.58, 97.28) 6.13 (4.65, 7.62) 
August, 2011 32.62 (29.03, 36.21) 87.55 (77.44, 97.66) 6.08 (4.51, 7.65) 
September, 2011 32.69 (29.07, 36.32) 85.88 (75.49, 96.27) 5.06 (3.41, 6.71) 
October, 2011 31.53 (27.83, 35.23) 83.27 (72.83, 93.71) 3.41 (1.76, 5.07) 
November, 2011 28.83 (25.11, 32.56) 81.14 (70.70, 91.59) 1.96 (0.29, 3.62) 
December, 2011 26.16 (22.41, 29.91) 79.30 (68.76, 89.85) 1.20 (-0.52, 2.91) 
January, 2012 25.69 (21.77, 29.61) 76.00 (65.31, 86.70) 1.10 (-0.69, 2.88) 
February, 2012 28.14 (24.07, 32.21) 70.95 (60.22, 81.68) 1.33 (-0.49, 3.15) 
March, 2012 31.85 (27.74, 35.96) 67.20 (56.38, 78.03) 1.82 (-0.02, 3.65) 
April, 2012 34.34 (30.19, 38.50) 68.49 (57.44, 79.54) 2.72 (0.88, 4.56) 
May, 2012 34.65 (30.39, 38.92) 74.62 (63.43, 85.82) 3.97 (2.12, 5.82) 
June, 2012 33.70 (29.33, 38.08) 81.76 (70.54, 92.98) 5.22 (3.36, 7.08) 
July, 2012 32.92 (28.51, 37.34) 86.24 (74.95, 97.54) 5.99 (4.09, 7.88) 
August, 2012 32.80 (28.38, 37.21) 86.98 (75.50, 98.46) 5.88 (3.93, 7.83) 
September, 2012 32.54 (28.10, 36.97) 85.25 (73.62, 96.87) 4.88 (2.88, 6.87) 
October, 2012  31.14 (26.66, 35.61) 83.01 (71.33, 94.68) 3.42 (1.42, 5.42) 
November, 2012 28.65 (24.17, 33.13) 81.12 (69.45, 92.80) 2.10 (0.10, 4.11) 
December, 2012 26.51 (22.01, 31.02) 78.85 (67.14, 90.55) 1.32 (-0.72, 3.36) 
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Date T H C 
Forecast 95% CI Forecast 95% CI Forecast 95% CI 

January, 2013 26.36 (21.75, 30.96) 75.12 (63.37, 86.87) 1.09 (-0.99, 3.17) 
February, 2013 28.50 (23.80, 33.20) 70.63 (58.87, 82.40) 1.29 (-0.83, 3.40) 
March, 2013 31.59 (26.87, 36.31) 67.99 (56.15, 79.84) 1.84 (-0.29, 3.97) 
April, 2013 33.81 (29.07, 38.55) 69.46 (57.47, 81.45) 2.76 (0.63, 4.90) 
May, 2013 34.36 (29.55, 39.17) 74.71 (62.63, 86.79) 3.97 (1.83, 6.11) 
June, 2013 33.81 (28.93, 38.69) 80.98 (68.89, 93.07) 5.15 (3.00, 7.29) 
July, 2013 33.22 (28.31, 38.12) 85.26 (73.12, 97.40) 5.84 (3.67, 8.02) 
August, 2013 32.92 (28.01, 37.83) 86.36 (74.09, 98.63) 5.72 (3.49, 7.94) 
September, 2013 32.35 (27.43, 37.27) 85.18 72.79, 97.56) 4.79 (2.54, 7.05) 
October, 2013 30.83 (25.89, 35.77) 83.25 (70.83, 95.68) 3.46 (1.20, 5.72) 
November, 2013 28.59 (23.65, 33.53) 81.22 (68.79, 93.64) 2.22 (-0.04, 4.48) 
December, 2013 26.85 (21.89, 31.82) 78.51 (66.07, 90.96) 1.41 (-0.87, 3.70) 
January, 2014 26.85 (21.81, 31.89) 74.69 (62.22, 87.16) 1.13 (-1.19, 3.44) 
February, 2014 28.73 (23.63, 33.83) 70.69 (58.21, 83.18) 1.29 (-1.05, 3.64) 
March, 2014 31.39 (26.28, 36.50) 68.65 (56.10, 81.21) 1.86 (-0.50, 4.22) 
April, 2014 33.40 (28.28, 38.53) 70.18 (57.51, 82.85) 2.80 (0.44, 5.16) 
May, 2014 34.10 (28.93, 39.27) 74.88 (62.15, 87.61) 3.98 (1.61, 6.34) 
June, 2014 33.86 (28.65, 39.08) 80.49 (67.75, 93.22) 5.08 (2.71, 7.46) 
July, 2014 33.41 (28.17, 38.66) 84.51 (71.74, 97.29) 5.71 (3.31, 8.11) 
August, 2014 32.99 (27.75, 38.23) 85.89 (73.02, 98.76) 5.58 (3.14, 8.02) 
September, 2014 32.18 (26.93, 37.44) 85.16 (72.20, 98.12) 4.73 (2.27, 7.19) 
October, 2014 30.61 (25.34, 35.87) 83.46 (70.47, 96.46) 3.50 (1.03, 5.96) 
November, 2014 28.59 (23.32, 33.85) 81.25 (68.25, 94.26) 2.32 (-0.15, 4.78) 
December, 2014 27.15 (21.86, 32.43) 78.27 (65.26, 91.29) 1.50 (-0.98, 3.99) 
January, 2015 27.24 (21.90, 32.58) 74.47 (61.44, 87.50) 1.17 (-1.34, 3.69) 
February, 2012 28.90 (23.52, 34.29) 70.87 (57.81, 83.92) 1.32 (-1.22, 3.85) 
March, 2015 31.23 (25.84, 36.63) 69.24 (56.12, 82.35) 1.89 (-0.66, 4.44) 
April, 2015 33.09 (27.69, 38.48) 70.78 (57.57, 83.98) 2.83 (0.28, 5.39) 
May, 2015 33.90 (28.46, 39.33) 75.04 (61.78, 88.29) 3.98 (1.42, 6.53) 
June, 2015 33.88 (28.41, 39.35) 80.11 (66.86, 93.37) 5.02 (2.46, 7.58) 
July, 2015 33.54 (28.05, 39.03) 83.93 (70.64, 97.21) 5.59 (3.01, 8.18) 
August, 2015 33.01 (27.52, 38.51) 85.50 (72.14, 98.85) 5.46 (2.85, 8.08) 
September, 2015 32.05 (26.55, 37.55) 85.12 (71.69, 98.56) 4.68 (2.04, 7.31) 
October, 2015 30.46 (24.95, 35.96) 83.58 (70.11, 97.05) 3.53 (0.89, 6.16) 
November, 2015 28.62 (23.11, 34.13) 81.25 (67.78, 94.73) 2.40 (-0.25, 5.04) 
December, 2015 27.41 (21.88, 32.93) 78.10 (64.62, 91.59) 1.58 (-1.07, 4.24) 
January, 2016 27.55 (21.97, 33.12) 74.37 (60.87, 87.86) 1.23 (-1.45, 3.91) 
February, 2016 29.03 (23.43, 34.64) 71.09 (57.57, 84.60) 1.35 (-1.35, 4.05) 
March, 2016 31.11 (25.50, 36.72) 69.75 (56.17, 83.33) 1.92 (-0.79, 4.64) 
April, 2016 32.84 (27.22, 38.45) 71.27 (57.62, 84.92) 2.86 (0.14, 5.58) 
May, 2016 33.72 (28.09, 39.36) 75.17 (61.48, 88.86) 3.97 (1.25, 6.69) 
June, 2016 33.88 (28.21, 39.54) 79.81 (66.12, 93.50) 4.95 (2.23, 7.68) 
July, 2016 33.61 (27.92, 39.29) 83.45 (69.74, 97.16) 5.48 (2.74, 8.23) 
August, 2016 33.01 (27.32, 38.70) 85.16 (71.39, 98.93) 5.36 (2.59, 8.13) 
September, 2016 31.94 (26.25, 37.64) 85.04 (71.21, 98.88) 4.63 (1.84, 7.42) 
October, 2016 30.36 (24.66, 36.06) 83.62 (69.75, 97.49) 3.55 (0.76, 6.34) 
November, 2016 28.68 (22.97, 34.38) 81.22 (67.34, 95.10) 2.46 (-0.33, 5.26) 
December, 2016 27.63 (21.91, 33.35) 77.99 (64.10, 91.87) 1.66 (-1.14, 4.46) 
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8 Conclusion 

The climate data analysis is very important in recent time. The climate data includes temperature, humidity and 
cloud coverage are long time (usually 30-35 years) behavior. The test of stationary based on unit root test suggested 
that temperature, humidity and cloud coverage are stationary at level. The Granger causality test suggested that there 
is bidirectional causality between all variables. So, all the variables are interrelated that is, one variable is influence 
another variable by small change of own value. So, to protect the climate change, we must save the climate variables 
(temperature, humidity and cloud coverage) such that any one of them cannot change over time. The selection of 
order (lag length) of VAR model using various selection criteria and we take order 8 for a VAR model as a best 
order. This order of VAR implies not only each variables depends on previews eight months of its own values but 
also the others. The diagnostics check of VAR(8) model implies that the residuals are stationary, not autocorrelated 
and approximately normally distributed. The FEV decomposition suggested that the climate variables temperature, 
humidity and cloud coverage are more important in future because most of the variance in future are explains by 
them.The impulse response function tell us the time path of one variables response to the shock of others variables 
in future. The different responses of impulse are described previous in the section 6.0. Finally, we can forecasting 
using VAR(8) model. . The forecasted values imply that the temperature and humidity slightly upward trend and 
cloud coverage slightly downward trend. This result is very reliable for policy implication in Bangladesh also rest of 
world.   
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Abstract. Bangladesh frequently suffers from devastating tropical cyclones due to its unique location. The two 
tropical cyclones occurred in Bangladesh in 1970 and in 1991, killed about 300,000 and 140,000 people, 
respectively, have been considered the worlds deadliest cyclones ever. In this paper, we propose and validate a 
Markov renewal process for the evaluation of tropical cyclones occurred in Bangladesh during 1877–2012. In 
particular, our aim is to model tropical cyclones that are consistent with the underlying physical behavior. The non-
Poisson model semi-Markovian takes into account occurrence history and some physical constraints, and is expected 
to be sufficiently capture the main characteristics of the storm surge process. Well-known exponential distributions 
are fitted for inter-occurrence times, and their parameters are estimated using the likelihood method. We validated 
the model using data of cyclones occurred in Bangladesh during the period 1877–2012. Our results show a good fit 
with the real events. 

Keywords: Semi-Markov process, cyclone prediction, non-Poisson process, time-to-event data. 

1 Introduction 

The Bay of Bengal is one of the worlds most active areas for the development of tropical disturbances. In the 
southern part of Bangladesh the Bay of Bengal has a funnel-shaped northern portion which causes tidal bores when 
cyclones make landfall, and thousands of people living in the coastal areas of Bangladesh are affected. In the past 
century, Bangladesh experienced two of the worlds deadliest tropical cyclones in the years 1970 and 1991, which 
killed about 300,000 and 140,000 people, respectively. Recently, two devastating tropical cyclones Sidrand Aila, 
occurred in the year 2007 and 2009, caused about USD2.3 million and USD270,000 property damage, respectively 
(Centre for Research on the Epidemiology of Disasters). Even storms with low intensity can be very deadly at 
landfall for Bangladesh compared to the developed countries because of its poor housing conditions and lack of 
effective early warning systems. 

Although a number of studies have been carried out on cyclones occurred at the Bay of Bengal a little attention has 
been paid to the Bangladesh coast (see Islam and Peterson, 2009, and references therein). Few studies, found on the 
cyclones in Bangladesh, emphasized on the frequency, vulnerability, warning process, etc. (e.g., Khalil, 1992; 
Haque and Blair, 1992; Haque, 1995; Ali, 1996). Models are found in literature for describing the processes related 
to cyclones in Bangladesh, e.g. Dube et al. (1985, 1986) and Sinha et al. (1986) proposed simulation based models 
that take into account the hydrodynamics of the storm surge process. Among others, Mooley (1981) proposed a 
simple Poisson process for severe cyclonic storms struck the coast around the Bay of Bengal during the period 
1877–1977. The Poisson model takes into account only the inter-occurrence times ignoring all other physical 
properties of storm surge processes. 

Mathematical models such as stochastic processes specially counting processes best describe natural hazards such as 
earthquake (Ogata, 1998, 1988), drought (Gupta and Duckstein, 1975), flood (Fiorentino et al., 1984), storm (Rumpf 
et al., 2007), etc., as they can capture physical properties of a natural phenomenon. Poisson models, the well-known 
form of counting process, assumes inter-occurrence times are exponential random variable, and has widely been 
used for modelling natural disasters. Several studies used Poisson or some variants of Poisson models for modelling 
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cyclone occurrences, for instance, Lu and Garrido (2005) applied a doubly periodic non-homogeneous Poisson 
models and Jagger et al. (2002) proposed a space-time model for hurricane data. Although a variety of modelling 
approaches have been introduced in the literature to model natural hazards Markov renewal process is found to be 
the popular one (e.g., Gregory et al., 1993; Lardet and Obled, 1994; Alvarez, 2005; Garavaglia and Pavani, 2011). A 
Markov renewal process is semi-Markov type model which visits a finite number of states and spends a random 
amount of time in a particular state. In seismic hazard analysis Alvarez (2005) argued that Poisson model may not 
be appropriate for large earthquakes as the process is inherently memory less (see also Garavaglia and Pavani, 2011) 
and proposed a Markov-renewal model because it takes into account the corresponding occurrence history, and is 
more consistent with the underlying physics of earthquakes. 

In this study, we consider a special class of semi-Markov process more specifically a Markov renewal model which 
captures the underlying physics of land-falling tropical cyclones, that is, takes into account occurrence history. To 
the best of our knowledge this is the first attempt to model tropical cyclones in Bangladesh considering the physical 
properties of cyclone surge process. The paper is organized as follows. In Section 2, we define a general Markov 
renewal processes, together with some details in likelihood construction. Section 3 discusses the data and some 
preliminary analysis. In this section the state definition is performed; this step highlights that the cyclone sequence 
can be assumed belonging to some unique states, and the distribution of inter-occurrences times can be modeled 
through some well-known distributions. We fit the proposed models to a dataset containing 125 tropical cyclones 
occurred in Bangladesh during 1877–2012, and the cross state prediction is performed. Some final comments are 
given in Section 4. 

2 Markov renewal process 

Let {𝐽𝑛,𝑛 ≥ 0}be a Markov chain which successively visits some states and the random variable {𝑋𝑛,𝑛 ≥
0}represents the successive waiting times of occurrence of events. Then the two-dimensional process {(𝐽𝑛,𝑋𝑛),𝑛 ≥
0}is called a Markov renewal process. 

Let us recall some consequences of the definition of a Markov renewal process from Janssen and Manca (2007), 

(i) 𝑃𝑟(𝐽𝑛 =  𝑗|𝐽0, … , 𝐽𝑛−1) =  𝑃𝐽𝑛−1, 𝐽. 

(ii) 𝑃𝑟(𝑋𝑛 ≤ 𝑥 |𝐽0, … , 𝐽𝑛) = 𝐹𝐽𝑛−1𝐽𝑛(𝑥). 

(iii) for every n >1, X1, . . . ,Xnare conditionally independent, given {Jn,n≥0} and 

Pr(𝑋1 ≤ 𝑥1, … ,𝑋𝑛 ≤ 𝑥𝑛|𝐽𝑛,𝑛 ≥ 0) = Pr(𝑋1 ≤ 𝑥1, … ,𝑋𝑛 ≤ 𝑥𝑛|𝐽0, 𝐽1, … , 𝐽𝑛) 

= �𝐹𝐽𝑖−1𝐽𝑖(𝑥𝑖)
𝑛

𝑖=1

 

The process {(Jn,Xn),n ≥ 0} is a Markov renewal process determined by the quadruplet (E,a,P,F). Suppose E = {1, . 
. . ,M} with M ∈N, F ={Fij(.), i,j∈E}denotes an M×M matrix of distribution functions on ℜ+, P = {(pi j), i, j ∈E} 
denotes a transition probability matrix on E and a = (a1, . . . ,aM) denotes a probability distribution on E with ai≥ 0 
and ∑ 𝑎𝑖𝑖∈𝑬 = 1. 

We will assume that the distribution Fi jhave a density fi j, for every i, j = 1, . . . ,M. Hence, from (iii) one can deduce 
that, if a cyclone is classified of severity i∈E and the successive cyclone is of severity j ∈E, the time between the 
two cyclones is a positive random variable with distribution Fi j. In our application the states visited are the 
categories of a cyclone occurred, classified with respect to their severity. The Xn’s are the times between successive 
cyclones. 

2.1 Likelihood function and parameter estimation 

Let ( j0, j1, x1, . . . , 𝑥𝜏−1, 𝑥𝜏, 𝑗𝜏 ) be a realization of a Markov renewal process on the time window[0,T], where 𝜏 
represents the number of states visited in [0,T] and for the lost event 𝐽𝜏 we have the censored data xt> [T −(x1+. . 
.+𝑥𝜏−1)]. Then the conditional likelihood function given J0 = j0 is 

𝐿(𝑗0) = ��𝑃𝑗𝑖,𝑗𝑖+1𝑓𝑗𝑖,𝑗𝑖+1(𝑥𝑖)
𝜏−1

𝑖=1

� × ��𝑃𝑗𝜏,𝑘(1 − 𝐹𝑗𝜏,𝑘(𝑥𝜏)
𝑀

𝑘=1

� 
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and the corresponding log-likelihood function is 

𝑙(𝑗0)=∑ ln𝑃𝑗𝑖,𝑗𝑖+1 + ∑ ln 𝑓𝑗𝑖,𝑗𝑖+1 + ln�∑ 𝑃𝑗𝜏,𝑘(1 − 𝐹𝑗𝜏,𝑘(𝑋𝜏)𝑀
𝑘=1 �𝜏−1

𝑖=0
𝜏−1
𝑖=0 …  …  …  …  …  … … (1) 

 

The log-likelihood function l(j0) contains two types of parameters: (i) parameters involving the transition probability 
matrix {(p)i j, i, j = 1, . . . ,M} and (ii) parameters involving in the distribution of the inter-occurrence times 
corresponding to different transitions. The maximum likelihood estimators are obtained in two stages, in the first 
stage estimators of the transition probability matrix are obtained using the expression 

 

�̂�𝑖𝑗 =
𝑛𝑖𝑗
𝑛𝑖.

= # of transitions from state 𝑖 to stats 𝑗
# of transitions from state 𝑖 to all states

,  ……    ……   ……   …….   ….(2) 

which can be derived by considering the data on different transitions over the period [0,T] as a sample from a 
multinomial distribution. In the second stage, the estimators of the TPM are plugged into the conditional log-
likelihood function l(j0), which is maximized to obtain the maximum likelihood estimators of the parameters 
involving the distribution of inter-occurrence times. 

2.2 Cross-state prediction 

One main goal of this work is the prediction of the state k of next event being known the state iof last event and the 
time t0 passed by the last occurred event. Under these assumptions the probability of the next event can be given by 

𝑃𝑟(∆𝑥, 𝑘|𝑡0, 𝑖) = 𝑃𝑟(𝐽𝑛+1 = 𝑘,𝑋𝑛+1 ≤ 𝑡0 + ∆𝑥|𝐽𝑛 = 𝑖,𝑋𝑛+1 > 𝑡0) , 𝑖, 𝑘 ∈ 𝑬…    ……   ….. (3) 

where Jnis the state of last event, Jn+1 is the state of next event, Xn+1 is the time already passed by the last occurrence 
until the instant in which the prediction is made, x is the discrete time in which the prediction would be obtained. 

 

If the distribution functions Fi j(x) are defined, equation (3) can assume the following form 

𝑃𝑟(∆𝑥, 𝑘|𝑡0, 𝑖) = [𝐹𝑖𝑘(𝑡0+∆𝑥)−𝐹𝑖𝑘(𝑡0)]𝑃𝑖𝑘
∑ �1−𝐹𝑖𝑗(𝑡0)�𝑗∈𝑬 𝑃𝑖𝑗

 …. …. ….  ….(4)  

The equation (4) gives that probability that the next event will be a k after x time knowing that the last event was 
aiand a t0 time has elapsed. 

3 Analysis cyclone data 

3.1 Data source and description 

In this paper information on 125 tropical cyclones that hit the coast of Bangladesh over the period 1877–2012 are 
analyzed. The data are obtained from two separate sources, information on the first 115 cyclones that hit the coast 
during the period 1877–2003 are obtained from Global Tropical Cyclone Climatic Atlas (GTCCA) and the data on 
the last 10 cyclones of the most recent years 2003–2012 are obtained from the Centre for Research on the 
Epidemiology of Disasters (CRED). Tropical cyclones are classified into three categories depending on the wind 
speed, which are tropicaldepression (TD), tropical storm (TS) and hurricane (HU), and out of 125 cyclones that hit 
the coast of Bangladesh over the period 1877–2012, 40 were classified as tropical depressions (TDs), 52 were 
tropical storms (TSs), and 33 were hurricanes (HUs) (Table 1). Beside the classification of cyclone, the information 
on the date of cyclone occurrence and the location of the landfall are also available in the data set.  

Table 1: GTCCA classification of cyclones (Islam and Peterson, 2009) and number of land-falling cyclones 
occurred in Bangladesh during 1877–2012 

Type  Category  Wind speed  Number of storms  
Tropical depression  TD  <34  40  
Tropical storm  TS  34–63  52  
Hurricane  HU  ≥64  33  
Total  125 
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3.2 Model for the cyclone data 

A Markov renewal process is applied to the cyclone data obtained over the period 1877–2012. Three conjectures are 
assumed for fitting the Markov renewal process, which are (i) cyclones occur according to a renewal process, (ii) 
severity of cyclone is a discrete random variable, and constitutes a Markov chain, and (iii) the longer is the waiting 
time for transition from the state i to the state j the higher is the probability that the transition happens. The model 
also requires the definition of the states visited by the process of events during its evolution. In our case three 
different states have been assumed according to the severity of cyclones, which are tropical depression (TD), 
tropical storm (TS), and hurricane (HU).  

The following exponential density is assumed for the inter-occurrence of events 

𝑓𝑖𝑗  (𝑥) = (1/𝜇𝑖𝑗)  exp (−𝑥/𝜇𝑖𝑗 ), 𝜇𝑖𝑗 > 0 

wherei jis the mean occurrence times of events, the log-likelihood (1) becomes 

l(J0) = ∑ ln𝜏−1
𝑖=0 𝑝𝑗𝑖,𝑗𝑖+1 − ∑ ln𝜇𝑗𝑖,𝑗𝑖+1 − ∑ � 𝑥𝑖

𝜇𝑖𝑗
� + ln�∑ 𝑃𝑗𝜏,𝑘exp (−𝑥𝜏/𝜇𝑗𝜏,𝑘)𝑀

𝑘=0 �𝜏−1
𝑖=0

𝜏−1
𝑖=0 … … … … … … … (5) 

Using the expression defined in (2), the following estimates of the parameters involving the transition probability 
matrix are obtained: 

  TD TS HU 

 TD 0.3750 0.4500 0.1750 

P� = TS 0.3077 0.4038 0.2885 

 HU 0.2500 0.4062 0.3438 

The estimates of transition probabilities show that the tropical storms aremore likely to hit Bangladesh coast 
irrespective of the last event. Table 2 shows the estimated mean inter-occurrence times for different transitions 
which are obtained by maximizing the conditional log-likelihood function (5) given the estimates of the transition 
probability matrix. The relative large value of standard errors indicate that mean inter-occurrence times for different 
transitions are not significantly different from each other. 

Table 2. Estimated mean inter-occurrence times for different transitions, corresponding standard errors, and the 
number of transitions of different types. 

TD TS HU 

TD �̂�11 
n11 

= 14.43 (3.73) 
= 15 

�̂�12 
n12 

= 18.81 (4.43)  
= 18 

�̂�13 
n13 

= 12.16 (4.60)  
= 7 

TS �̂�21 
n21 

= 13.12 (3.28) 
= 16 

�̂�22 
n22 

= 8.40 (1.83)  
= 21 

�̂�23 
n23 

= 11.66 (3.01)  
= 15 

HU �̂�31 
n31 

= 17.68 (6.25)  
= 8 

�̂�32 
n32 

= 11.26 (3.12) 
= 13 

�̂�33 
n33 

= 10.61 (3.20)  
= 11 

The choice of the distribution of inter-occurrence time is extremely important because it corresponds to the physical 
properties of the data taken under consideration. In this study, exponential distribution, the most common choice for 
inter-occurrence time distribution, has been chosen for the distribution of inter-occurrence times. Figure 1 compares 
the empirical distribution with the estimated exponential distributions for the inter-occurrence time for each 
transition. As the fitted line is very close to the empirical line, it can be concluded that the exponential distribution 
fits the data reasonably accurate. 
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Fig.1 Comparison between empirical (step-function) and estimated (solid line) distributions of the inter-occurrence 

of cyclone data. 

The probability of occurrence of a cyclone of a given class, classifiable into state j (j= 1,2,3) (TD, TS, HU), if last 
occurred event is classifiable into the state i(i= 1, 2, 3) (TD, TS, HU), isevaluated starting from the instant t0 
immediately after the last event occurred, that is, t0= 0. The results obtained are reported in the following Table 3. In 
this Table 3 we give the evaluated prediction of the next event TD, TS and HU, knowing that the last cyclone 
occurred was an event with any of the state TD, TS or HU and assuming different values for t0 and .  

Assuming t0= 0 (immediately after the last event) the predicted probability of the next state is the highest for the 
state TS given the last state was TS or TD or HU with corresponding probabilities 0.2122, 0.3071 and 0.2663, 
respectively, when (x = 1 year). This implies that immediately after the last event the chance of occurrence of a TS 
is the highest within the next 12 months period irrespective of the last state. This is true also for the  x = 2,3,4,5 
year. So, if no time is elapsed the probability of occurrence of a TS is the highest. With t0= 1 year the same 
statement is true with probabilities 0.2405, 0.3676, 0.4347, 0.4702, 0.4889 for  x = 1, 2,3,4,5 given that the last 
state was a TS and even the state was HU. However, the probability of occurrence of a TD is higher than TS and HU 
if the last state was a TS when t0= 1 year for  = 2,3,4,5 years. The probability of occurrence of events are the 
same for t0= 2 year as for t0= 1 year. As the occurrence of hurricanes is of interest the probability of this event will 
occur is higher when the last state is either TS or HU.  

As our model includes the last event occurred in the year 2009 and reached a hurricane level cyclone (HU) it may be 
interesting to see the prediction probability for the next event. Table 4 gives  

Table 3: Probability of occurrence of next event of given a state, conditioned to a given state of last event occurred, 
evaluated for different x and different t0 

t0 

  Estimated probability   
Last event in state TD  Last event in state TS  Last event in state HU  

∆x  TD-TD TD-TS TD-HU  TS-TD TS-TS TS-HU  HU-TDHU-TS HU-HU  
0 
year  

1 year  0.2117  0.2122  0.1098  0.1844  0.3071  0.1854  0.1232  0.2663  0.2328  
2 year  0.3039  0.3244  0.1507  0.2583  0.3807  0.2516  0.1857  0.3580  0.3080  
3 year  0.3441  0.3836  0.1659  0.2879  0.3983  0.2753  0.2174  0.3896  0.3322  
4 year  0.3615  0.4149  0.1716  0.2998  0.4025  0.2838  0.2334  0.4005  0.3400  
5 year  0.3691  0.4315  0.1737  0.3045  0.4035  0.2868  0.2416  0.4043  0.3425  

1 1 year  0.1977  0.2405  0.0878  0.2287  0.2277  0.2050  0.1654  0.2429  0.1989  
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year  2 year  0.2838  0.3676  0.1205  0.3203  0.2823  0.2782  0.2494  0.3266  0.2631  
3 year  0.3213  0.4347  0.1327  0.3570  0.2954  0.3044  0.2919  0.3554  0.2838  
4 year  0.3376  0.4702  0.1372  0.3717  0.2985  0.3138  0.3135  0.3653  0.2905  
5 year  0.3447  0.4889  0.1389  0.3776  0.2993  0.3171  0.3245  0.3687  0.2927  

2 
year  

1 year  0.1816  0.2681  0.0690  0.2706  0.1612  0.2163  0.2137  0.2130  0.1635  
2 year  0.2606  0.4097  0.0947  0.3790  0.1998  0.2936  0.3221  0.2864  0.2162  
3 year  0.2950  0.4846  0.1043  0.4224  0.2091  0.3212  0.3771  0.3117  0.2332  
4 year  0.3100  0.5241  0.1079  0.4398  0.2113  0.3311  0.4050  0.3204  0.2387  
5 year  0.3165  0.5450  0.1092  0.4468  0.2118  0.3346  0.4191  0.3234  0.2405  

Table 4: Probability of occurrence of next event of given a state, conditioned to a given state of last event occurred 
(HU), evaluated for different x with t0= 3.25 years 

Estimated probability 
∆𝑥 HU-TD HU-TS HU-HU 

1 year 0.2771 0.1703 0.1204 
2 year 0.4177 0.2290 0.1593 
3 year 0.4890 0.2492 0.1718 
4 year 0.5251 0.2562 0.1759 
5 year 0.5435 0.2586 0.1772 

the predicted probability that the next cyclone will be a TD, TS or HU given that about 3 years and a quarter have 
passed assuming different t0 values. Within next one year period the probability of occurring a TD is the highest 
0.2771 given that the last event occurred was a hurricane (HU). The corresponding probabilities of occurring a TS or 
a HU are 0.1703 and 0.1204. The chances of occurrences of TD, TS and HU increased consistently as x increases. 
Hence, based on the evidence we have the chance of the next cyclone will be a TD is the highest. 

4 Conclusion 

A Markov-renewal model for predicting tropical cyclone occurrence for Bangladesh is presented.We validated our 
new approach using data from literature referring to occurrence of tropical cyclones in Bangladesh, which allowed 
us to make interesting comparisons. It has been found that the exponential distribution fits well for the distribution 
of inter-occurrence times of cyclones. A detailed investigation of the occurrence of the three types of cyclones has 
been performed, and the predicted probabilities based on the model results have been presented. The model shows 
that the next event will be a tropical depression with a higher probability than a tropical storm or a hurricane. 
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Abstract. The purpose was to develop an appropriate time series model to forecast monthly maximum temperature 
of Rajshahi Station of Bangladesh considering seasonality and volatility and to forecast upto the year 2010. The time 
series plot showed that the temperature data was seasonal, cyclical variation and a slightly upward trend over time. 
To remove cyclical variation, we smoothed the data using 4253H, twice, resistant method in Minitab. To test the 
stationarity of the series, the graphical method, correlogram and ADF, Phillips Perron, Kwiatkowski-Philips-
Schmidt-Shin tests were used. These tests suggested that the series was stationary at level. The monthly maximum 
temperature followed SARIMA(2,0,3)(1,0,1)12model and there was no problem of herteroskedasticity. To confirm 
the performance of these models we used forecast error variance for in-sample and out-sample. 

 

Keywords: Simple line graph, ADF test, correlogram, unit root test, model specification using model selection 
criteria, Chow test, LM test, Histograms, Normal Probability plot, Q-Q plot and Jarque-Bera test. 

1 Introduction 

While in many problems the observations are statistically independent, in time series successive observations may 
be dependent and the dependence may depend on the positions in the sequence. The nature of a series and the 
structure of its generating process may also involve in other ways the sequence in which the observations are taken.  

If we focus on the previous work using maximum temperature data, we will see- 

 A Mobassher and F.K. Ahmed (1989) using  the synoptic and climatological data for 27 years (1951-
1977) of 16 BMD stations of Bangladesh, temporal and spatial variations of the absolute maximum 
temperature of Bangladesh have been studied. Empirical probabilities for the interval 35.10C-400C and 
40.10C-450C of absolute maximum temperature have been examined. Some correlation characteristic 
between some pairs of stations for some selected months has been analyzed. An attempt has been made to 
explain the cause of temporal and spatial variations of maximum an absolute maximum temperature from 
the point of view of synoptic meteorology. 

 Abraham, B, and Ledolter (1983): Statistical Methods for Forecasting, New York: Wiley. Here 
SARIMA, GARCH, EGARCH etc are discussed.  

 In 1990 Andrew Harvey studied the stationarity of variables in SARIMA and VAR modeling. He suggests 
working in Level if some of the variables are stationary and some of variables are non-stationarity. 

 M Stein(2001) worked for Forecasting of Air and Water Temperatures for Fishery Purposes to show 
that ARIMA models yield better forecasts for highly variable time series than simple models based on the 
maximum water and air temperatures of 1984–96.  

 AK MITRA(2007) studied for forecasting the daily maximum temperature at Delhi in fuzzy weather. 
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But time series analysis on monthly maximum temperature of Northern part of Bangladesh for forecasting purpose 
is not well documented. Thus, the purpose of the present study is to construct the model for maximum temperature 
of Northern part of Bangladesh to forecast the future behavior of weather using climate data.  

2 Data and Methods 

The monthly maximum temperature data of Rajshahi Station is collected from “Database and Statistics, Bangladesh 
Agricultural Research Council” and its website address is www.barc.gov.bd/data_stat.php. For analyzing purpose 
we use the data since 1970 to 2010 (40 years) and denote monthly maximum temperature as T. 

Mainly we used the Box-Jenkins modeling strategy for constructing the model for T. To perform Box-Jenkins 
modeling strategy we used Simple line graph, ADF test will be considered to check the stationarity of the variables. 
The correlogram, unit root test are performed. The SARIMA model will be constructed. For checking the stability of 
the model, Chow test, Histograms, Normal Probability plot, Q-Q plot and Jarque-Bera test, in-sample and out of 
sample mean squared forecast error will be analyzed.  

The Box-Jenkins approach to modeling SARIMA processes was described in a highly Influential book by 
statisticians George Box and Gwilym Jenkins in 1970. A SARIMA process is a mathematical model used for 
forecasting. Box-Jenkins modeling involves identifying an appropriate SARIMA process, fitting it to the data, and 
then using the fitted model for forecasting. One of the attractive features of the Box-Jenkins approach to forecasting 
is that SARIMA processes are a very rich class of possible models and it is usually possible to find a process which 
provides an adequate description to the data. The original Box-Jenkins modeling procedure involved an iterative 
three-stage process of model selection, parameter estimation and model checking. Recent explanations of the 
process (e.g., Makridakis, Wheelwright and Hyndman, 1998) often add a preliminary stage of data preparation and a 
final stage of model application (or forecasting). 

In this article, we have used different software: MS Excel, MS-word, Eviews, and Minitab. 

3 Identification 

Identification that is, finds out the appropriate values of p, d, and q. We will use the correlogram and partial 
correlogram to find the value of p, d and q. We will show shortly how the correlogram and partial correlogram aid in 
this task.  

4 Parameter Estimation 

Having identified the appropriate p, d and q values, the next stage is to estimate the parameters of the autoregressive 
and moving average terms included in the model. Sometimes this calculation can be done by simple least squares 
but sometimes we will have to resort to nonlinear (in parameter) estimation methods. Since this task is now routinely 
handled by several statistical packages, we do not have to worry about the actual mathematics of estimation; the 
enterprising student may consult the references on that. 

5 Diagnostic Checking 

Having chosen a particular SARIMA model and having estimated its parameters, we next see whether the chosen 
model fits the data reasonably well, for it is possible that another SARIMA model might do the job as well. This is 
way Box-jenkins SARIMA modeling more art than a science; considerable skill is required to choose the right 
SARIMA model. One sample test of the chosen model is to see if the residuals estimated from this model are white 
noise; if they are, we can accept the particular fit; if not, we must start over. 

Thus, The BJ methodology is an iterative process. 

6 Forecasting 

One of the reasons for the popularity of the SARIMA modeling is its success in forecasting. In many cases, the 
forecasts obtained by this method are more reliable than those obtained from the traditional econometric modeling, 
particularly for short-term forecasts. Of course, each case must be checked. Therefore, the general SARIMA process 
of order p, d and q is denoted by SARIMA (p, d, q)(a,b,c)12 and can be written in a compact way  

𝜙(𝐵)∆𝑑𝑌𝑡 = 𝐶 + 𝜃(𝐵)𝜀𝑡………………………………………………………..(1) 

  

http://www.barc.gov.bd/data_stat.php
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Where, 

∆𝑑= (1 − 𝐵)𝑑 (The d order differencing operator) 

𝜙(𝐵) = �1 − 𝜙1𝐵 − 𝜙2𝐵2 − ⋯− 𝜙𝑝𝐵𝑝�(The p order AR process) 

𝜃(𝐵) = 1 + 𝜃1𝐵 + 𝜃2𝐵2 + ⋯+ 𝜃𝑞𝐵𝑞 (The q order MA process) 

𝜀𝑡 = RandomShocks, C is the constant and Y tis any time series. 

When difference is not necessary to achieve stationarity, d=0 and the model reduced to ARMA. 

7 Assumption of ARMA 

 For the theoretical correlogram ACF decays, either exponentially or with a dumped sine wave pattern or 
with both of these patterns.  

 For the theoretical correlogram PACF decays, either exponentially or with a dumped sine wave pattern or 
with both of these patterns.  

8 Results and Discussion  

Now at first we do the line graph of the data and from the time series plot we observe that T of Rajshahi 
Station has slightly upward trend, seasonal, cyclical variation and random movement over time. To remove the 
cyclical variation we use smoothing 4253H, twice, resistant method and again we plot the smoothing time series for 
T over time are given below in Fig-1: 

 

 
 

Fig-1 Line graph for T of Rajshahi Station 

Table-1: ADF, Phillips Peron and KPSS test for T 
Data  Test  Test 

Statistics 
Probability Asymptotic 

critical value 
at 1%   

Asymptotic 
critical value 
at 5%   

Asymptotic 
critical value 
at 10%   

 
      T 

ADF -6.4849 0.0000 -3.4439 -2.8674 -2.5700 
Phillips Peron  -4.2193 0.0007 -3.4434 -2.8672 -2.5699 
KPSS 0.3122  .7390 .4630 .3470 

We observe the Table-1, the three tests: ADF, Phillips Peron and KPSS test imply that the T is stationary at level. To 
identify the order p and q of the SARMA model we use correlogram with lag length 36 as follows. 

24

26

28

30

32

34

36

70 75 80 85 90 95 00 05 10

Ce
lsi

us

Time (year)



 

401 
 

 

 
Fig-2: ACF for the series T 

 

 

 
Fig-3: PACF for the series T 

 

From the autocorrelation function in figure-2 and partial autocorrelation function in figure-3 we observe that the 
ACF has significant spikes at many lags because the series contains seasonal effect. Also we observe the PACF has 
significant spikes occurs at lags 1,2,4,5,6,7,9,10,11,13. We choose the tentative model SARIMA(1,0,1) (1,0,1)12, 
SARIMA(1,0,2) (1,0,1)12, SARIMA(2,0,2) (1,0,1)12 and SARIMA(2,0,3)(1,0,1)12. The estimated values are 

Table-2: Summary of the various tentative models 

Model  Estimated parameters 
Intercept                 AR 

 
SAR 

 
                  MA SMA 

SARIMA(1,0,1) 
(1,0,1)12 

31.1658 
(0.0000) 

0.8172 
(0.0000) 

 0.9927 
(0.0000) 

0.8945 
(0.0000) 

  0.9088 
(0.0000) 

SARIMA(1,0,2) 
(1,0,1)12 

31.2078 
(0.0000) 

0.7478 
(0.000) 

 1.9503 
(0.0000) 

0.7808 
(0.0000) 

0.9508 
(0.0000) 

 0.8807 
(0.0000) 

SARIMA(2,0,2) 
(1,0,1)12 

 1.1902 
(0.0000) 

-0.5388 
(0.0000) 

1.9531 
(0.0000) 

0.9687 
(0.0000) 

0.7989 
(0.0000) 

 0.7506 
(0.0000) 

SARIMA(2,0,3) 
(1,0,1)12 

 
 

0.7400 
(0.0000) 

0.2598 
(0.0000) 

0.4195 
(0.0000) 

0.7047 
(0.0000) 

-0.7249 
(0.0000) 

-0.9083 
(0.0000) 

0.5600 
(0.0000) 
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From the above Table-2, the R2 value of SARIMA(1,0,1) (1,0,1)12, SARIMA(1,0,2) (1,0,1)12, SARIMA(2,0,2) 
(1,0,1)12 and SARIMA(2,0,3) (1,0,1)12 models are 0.8060,0.8152,0.8266 and 0.8288 respectively but some of the 
estimated coefficients of SARIMA(1,0,2) (1,0,1)12 and SARIMA(2,0,2) (1,0,1)12 models are not lie between -1 to 
+1. Therefore we choose the model SARIMA(2,0,3) (1,0,1)12 on the basis of highest value of R2 .  

 
Fig-4: Actual fitted and residual graphs for the selected model SARIMA(1,0,10) (1,0,1)12 

 

 

 
 

Fig-5: Histogram of the residuals of the SARIMA(2,0,3) (1,0,1)12 model 

 

 

 
Fig-6: Normal Q-Q plot of the residuals of the SARIMA(2,0,3) (1,0,1)12 model 
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JarqueBera Test 

We also used formal test procedure to check the normality from the estimated random shocks. The null hypothesis 
of this test is  

H0: The data are normally distributed with skewness=0, and kurtosis=3. 

Vs H1: H0 is not true. 

The JarqueBera tests of the residuals for the model give the following results. From figure-5 the value of JarqueBera 
test Statistic is JB=15.73. At 5% level of significance with 2 degree of freedom the tabulated value of chi-square is 
5.99, means that the null hypothesis of normality of the residual is rejected at 5% level of significance. So we may 
conclude that the residuals obtained from the model may non-normal. 

 

 

 

 

 

 

 

 

Fig-7: Bar diagram of the residuals of the SARIMA(2,0,3) (1,0,1)12 model 

 

Table-3: Results of in-sample RMSE and out-sample RMSFE of fitted model 

Model  In-sample(RMSE) Out-sample(RMSFE) 

Model( maximum temperature) 1.3631 0.5142 

Since the RMSE for in-sample is greater than out-sample for the model SARIMA(2,0,3) (1,0,1)12 ,  

therefore we can say that the model SARIMA(2,0,3) (1,0,1)12 is adequate. 

 

 
 

Fig-8: Out-sample forecasting of T from 1995 to 2010 
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Fig-9: Graph for forecasted and observed values of SARIMA(2,0,3) (1,0,1)12 model  

Therefore we may say that, the model fits for maximum temperature of Rajshahi Station very well.  

9 Conclusion 

Time series analysis and forecasting on maximum temperature is very important in recent time. The common 
practice of time series analysis has the underline assumption that the series must be stationary. In our study the 
PhiliipsPerron and KPSS test imply the temperature series is stationary at level. We choose the SARIMA(1,0,1) 
(1,0,1)12, SARIMA(1,0,2) (1,0,1)12, SARIMA(2,0,2) (1,0,1)12 and SARIMA(2,0,3)(1,0,1)12 models as tentative 
models. On the basis of some model selection criteria we choose SARIMA(2,0,3) (1,0,1)12 model as the best model. 
The histogram (Figure-5) and normal Q-Q plot(Figure-6) of the residuals are roughly normal but the Jarque-Bera 
test implies the residuals are non-normal. The outliers checking (Figure-7) of the residuals imply that all of the 
residuals lie between ±3 standarddeviation except two observations. The forecasting performance (Table-3) of the 
selected model shows that the model is adequate and finally from the graph (Figure-9) of actual and forecasted 
values are approximately coincide. 
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Abstract. The present study aimed at quantifying the change in surface air temperature and the distribution of 
rainfall over the years in Bangladesh. The changing trend of temperature was detected using Mann-Kendall trend 
test and Sen’s slope estimator. K-means clustering algorithm was used to identify the rainfall distribution patterns 
over the years and their changes with time. The analysis was performed using daily temperature and rainfall data of 
more than last 40 years (till 2009). The study found an increasing trend in maximum temperature during June to 
November and in minimum temperature during December to January in Bangladesh. There has been seen no 
significant change in rainfall over the years. However on the western side of the country the amount of rain is 
significantly less than the eastern side. 

General Terms: Data mining, Statistical Analysis, Algorithms. 

Keywords: Climate change, Bangladesh, Trend, Mann-Kendall trend test, Sen’s slope estimator, Clustering, K-
means clustering algorithm. 

1 Introduction  

Bangladesh is likely to be one of the countries in the world which are most vulnerable to climate change. In recent 
times natural hazard are more frequent and intense compared to the similar kind of events occurred in one or two 
decades ago. National governments and IPCC (Intergovernmental Panel on Climate Change) scientists accepted that 
this climate hazards are the result of climate change at the global and regional level. According to the Fourth 
Assessment Report(AR4) of IPCC [1], during the last hundred years the global temperature increased by 0.74 +/- 
0.18 °C. The model results of AR4 for Bangladesh are appropriate for global scale. But they did not use the local 
data of 37 stations in Bangladesh operated by the Bangladesh Meteorological Department (BMD). Various 
researchers have contributed to the study of climate change[2] with long term data. In our study inspection was done 
on more than 40 years climatic data of all the stations (37) of Bangladesh. Then 5 important places - Dhaka, Cox’s 
Bazar, Khulna, Sylhet and Rajshahi were analyzed with their geographic position in mind, as these stations give a 
clear picture of the entire country. This study undertook the challenge of finding the trends in daily temperature 
changes on those stations using Mann-Kendall trend test and Sen’s Slope. Monthly rainfall of these selected regions 
was also investigated to find the distribution of rainfall throughout the year. K-means clustering algorithm was used 
for this purpose which gives the clear picture of rainfall distribution [4]. 

2   Methods Used for Analysis 

2.1  K Means Clustering 

Clustering is a main task of explorative data mining, which is a well known technique for statistical data analysis 
used in many fields, including pattern recognition, image analysis and information retrieval etc [9][10]. It assigns a 
set of objects into groups (clusters) so that the objects in the same cluster are more similar. For clustering K-means 
clustering algorithm was used which can be used for approximating multivariate distributions [3]. It is an algorithm 
for putting N data points ( 𝑥1, 𝑥2, … . . , 𝑥𝑛 ) in an I-dimensional space into K clusters.The mean of each cluster is 
denoted by  𝑚(𝑘). Each vector  𝑥  has I components 𝑥𝑖.Distances between points in real space: 
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The K means 𝑚(𝑘)  is initialized to random value.Then it follows two steps: 

Assignment Step: Each data point n is assigned to the nearest mean. For the cluster 𝑘(𝑛) the point 𝑥(𝑛)belongs to 

),(minargˆ )()()( nk

k

n xmdk =
 

The indicator variable,  𝑟𝑘
(𝑛)is set to one if mean k is the closest mean to data point 𝑥(𝑛) ; otherwise 𝑟𝑘

(𝑛) is zero.   

𝑟𝑘
(𝑛) = � 1, 𝑖𝑓  𝑘� (𝑛) = 𝑘

0, 𝑖𝑓  𝑘� (𝑛) ≠ 𝑘
 

Update step: The model parameters, the means, are adjusted to match the sample means of the data points that they 
are responsible for. 

𝑚(𝑘) = �
∑ 𝑟𝑘

(𝑛) 𝑥(𝑛)
𝑛

𝑅(𝑘) , 𝑖𝑓  𝑅(𝑘) > 0

 𝑂𝑙𝑑𝑒𝑠𝑡 𝑚(𝑘), 𝑖𝑓  𝑅(𝑘) = 0
 

where𝑅(𝑘) is the total responsibility of mean k, 

∑=
n

n
k

k rR )()(

 
Repeat the assignment step and update step until the assignments do not change. 

2.2   Mann-Kendall Trend Test 

The Mann-Kendall test [5] [6] is a non-parametric test for identifying trends in time series data. The test compares 
the relative magnitudes of sample data rather than the data values themselves (Gilbert, 1987).Here it is assumed that 
that there exists only one data value per time period. Let ( 𝑥1, 𝑥2, … . . , 𝑥𝑛 ) represent n data points where 𝑥𝑗 
represents the data point at time j. Then the Mann-Kendall statistic (S) is given by 

)(
1

1 1
k
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= +=  

Where:           𝑠𝑖𝑔𝑛�𝑥𝑗 − 𝑥𝑘� = �
+1            𝑖𝑓         𝑥𝑗 − 𝑥𝑘 > 0 
0              𝑖𝑓         𝑥𝑗 − 𝑥𝑘 = 0
−1            𝑖𝑓           𝑥𝑗 − 𝑥𝑘 < 0

 

A very high positive value of S is an indicator of an increasing trend, and a very low negative value indicates a 
decreasing trend. However, it is necessary to compute the VAR (S) ,Sen’s Slope associated with S and the sample 
size, n, to statistically quantify the significance of the trend. When n ≥ 8 the S is approximately normally distributed 
with the mean. The variance of S, VAR(S), by the following equation: 

18
)52)(1)(()52(*)1(*

)( 1∑=
+−−+−

=
m

i i iiitnnn
SVAR

 
Where  𝑡𝑖 is considered as the number of ties up to sample i.VAR(S) and Sen’s Slope estimator both are used to 
estimate the trend in time series data. A positive S value indicates a positive trend and a negative value indicates a 
negative trend in time series data. 
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2.3   Sen’s Slope Estimator 

In non-parametric statistics Sen’s slope estimator [7],is a method for robust linear regression that chooses the 
median slope among all lines through pairs of two-dimensional sample points. The magnitude of linear trend is 
predicted by the Sen’s estimator. The slope(Q) of all data pair is 

ii
xxQ ii

−′
−′

=
fori = 1, 2, 3, …, N 

Where: 

 Q= slope between data points  𝑋𝑖 and  𝑋𝑖′, 𝑋𝑖′= data measurement at time i′, 𝑋𝑖 = data measurement at time i 

i′ = time after time i 

Sen’s estimator of slope is simply given by the median slope ( Q ′ ), shown below as: 

Q′ = �
𝑄 �

𝑁 + 1
2

�                          𝑖𝑓 𝑁 𝑖𝑠 𝑜𝑑𝑑

  𝑄[𝑁 + 1] + 𝑄[𝑁 + 2]
2

      𝑖𝑓 𝑁 𝑖𝑠 𝑒𝑣𝑒𝑛
 

 Where: N = number of calculated slopes, Then, Q’med is computed by a two sided test at 100(1-𝛼) % confidence 
interval and then a true slope can be obtained by the non-parametric test. Positive value of Sen’s Slope indicates 
increasing trend and a negative value indicates a decreasing trend. 

3   Results and Discussion 

3.1  Change in Temperature 

Regression analysis and then Mann-Kendall trend test was run on average maximum and minimum monthly 
temperature on the selected stations. The results show that the maximum temperature (TMAX) of the months June - 
November has increased and the minimum temperature (TMIN) of winter has increased in Dhaka, Cox’s Bazaar and 
Sylhet. On the contrary in Khulna and Rajshahi TMIN shows negative trend. 

The result of Mann-Kendall trend test and Sen’s Slope Estimator on average maximum and minimum temperature 
are shown in Table 3 and 2 respectively. The change in temperature per decade is shown in Figure 2. In Dhaka an 
increasing trend in maximum temperature is observed during the months June-November (Table 3).On average the 
maximum temperature has increased 0.19 °C /decade. Figure 1c clearly shows the increasing trend during this time 
span. On the other hand the TMIN has significantly increased during November to March(Table 2). A very high 
increase, more than 0.55 °C /decade is observed (Fig 1c). 
At Cox’s Bazar positive trend is detected throughout the year. Only the month of May has not experienced any trend for TMIN. 
Specially from the start of the Monsoon (June-September) till the month of November TMAX showed a significant rise, more 
than 0.29 °C /decade (Fig (1d)). While TMIN is increased significantly in Winter (Dec-Feb) by 0.35 °C /decade. These changes 
are verified by Mann-Kendall statistics and Sen’s slope (Table3 and 2). 

Table 1: Mann-Kendall Statistics (S) &Sen’s Slope (SS) of Maximum Temperature 

Month Rajshahi Khulna Dhaka Sylhet Cox’s Bazaar 
January S = -227  

ss = -0.02 
S = -567 

ss = -0.026 
 S = +221 

ss = +0.015 
S = +427 

ss = +0.015 
February    S = +231 

ss = +0.032 
S = +639 

ss = +0.029 
March  S = -315  

ss = -0.016 
  S = +679 

ss = +0.029 
April     S= +752 

ss = +0.031 
May    S = +286 

ss = +0.026 
S = +680 

ss = +0.027 
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June S = +219 
ss = +0.03 

S = +505  
ss = +0.019 

S = +625 
ss = +0.034 

S = +525  
ss = +0.036 

S = +672 
ss = +0.029 

July S = +398  
ss = +0.03 

S = +773  
ss = +0.022 

S = +732 
ss = +0.024 

S = +460 
ss = +0.033 

S = +724 
ss = +0.28 

August S = +523 
ss = +0.037 

S = +653 
ss = +0.022 

S = +836 
ss = +0.032 

S = +580  
ss = +0.039 

S = +887 
ss = +0.034 

September  S = +330  
ss = +0.012 

S = +521  
ss = +0.022 

S = +431 
ss = +0.031 

S = +929 
ss = +0.032 

October  S = +435  
ss = +0.014 

S = +557 ss = 
+0.028 

S = +677 ss = 
+0.036 

S = +955 
ss = +0.037 

November S = +268 
ss = +0.018 

S = +438 
ss = +0.017 

S = +548  
ss = +0.03 

S = +634 
ss = +0.033 

S = +892 
ss = +0.041 

December    S = +448 
ss = +0.025 

S = +905 
ss = +0.038 

 

 * Positive value of SS and S signify positive trend and vice versa 

 * Empty cell denotes no trend 

 

Table 2: Mann-Kendall Statistics (S) &Sen’s Slope (SS) of Minimum Temperature 

Month Rajshahi Khulna Dhaka Sylhet Cox’s Bazaar 

January S = -266  
ss = -0.034 

S = -355 
ss = -0.04 

S = +727  
ss = +0.05 

S = +339 
ss = +0.025 

S = +569 
ss = +0.025 

February S = -226 
ss = -0.021 

S = +786 
ss = +0.055 

S = +393  
ss = +0.025 

S = +759 
ss = +0.04 

 

March   S = +0.479  
ss = +0.04 

S = +358  
ss = +0. 029 

S = 558 
ss = +0.033 

April     S = +347 
ss = +0.017 

May  S = -239 
ss = -0.015 

   

June   S = +319  
ss = +0.011 

 S = +506 
ss = +0.016 

July S = +169  
ss = +0.007 

 S = +312  
ss = +0.008 

S = +244 
ss = +0.009 

S = +581 
ss = +0.012 

August S = +185 
ss = +0.009 

 S = +431  
ss = +0.009 

S = +372 
ss = +0.012 

S = +667 
ss = +0.015 

November   S = +726 
ss = +0.048 

S = +495 
ss = +0.043 

S = +439 
ss = +0.034 

December  S = -263 
ss = -0.022 

S = +747  
ss = +0.056 

S = +464 
ss = +0.038 

S = +559  
ss = +0.033 

 * Positive value of SS and S signify positive trend and vice versa * Empty cell denotes no trend 

Also in Sylhet the temperature has seen a positive trend almost throughout the year. During June to November the 
positive trend in TMAX is about 0.29 °C /decade. In winter TMIN has increased by about 0.31 °C /decade (Fig 1e). 
The Mann-Kendall statistics and Sen’s slope also suggests that. 

In Rajshahi TMAX has shown a positive trend in June, July, August and November (Table 3). TMIN increased in 
July, August (Table 2). While January has shown a negative trend both in the minimum and maximum temperature. 
In monsoon TMAX has shown increasing trend more than 0.2 °C /decade (Fig (1a)). In winter (Dec-Feb) TMIN is 
found stable (Fig (1a)). Mann-Kendall trend test has shown no trend. 



 

409 
 

In Khulna TMAX have shown a positive trend in June-November and negative trend in January and March (Table 
3). TMAX has increased about 0.16 °C /decade (Fig 1b). Only in Khulna it is found that in winter TMIN has shown 
negative trend. TMIN has decreased in December - February and May (Table 2). A slightly decreasing trend in 
TMIN about 0.11 °C /decade is found in winter (Fig 1b). 

  
(a) Rajshahi                                              (b) Khulna                                               (c) Dhaka 

 

 
         (d) Coxbazar                                                  (e) Sylhet 

 

Figure 1: Change in decade( °C /decade ) of minimum and maximum temperature 

3.2    Clustering of Rainfall 

Applying K-means clustering algorithm, monthly total rainfall were partitioned into 5 different clusters. The clusters 
give five categories of monthly rainfall based on amount. Cluster 1 depicts the months with negligible or no rainfall 
where cluster 5 represents the highest (Table 3). Thus over the years, the distribution of months in different clusters 
depicts a clear picture of rainfall of that region on the time period (Fig: 2 ). 

Table 3: Rainfall in different clusters 

Cluster Monthly 
Rainfall (mm) 

Class 

 

1 0 – 120 Negligible 

2 121 – 322 Less 

3 323 – 578 Moderate 

4 579 – 966 High 

5 967 – 3017 Very High 

In Cox’s Bazar there is seen a negligible amount of rain during December to March, falling in Cluster 1. Then it 
increases from April, reaching its peak rainfall during June to August.In this period huge amount of rainfall is 
observed, mostly falling in Cluster 4 and Cluster 5. Then it starts decreasing from September (Fig: 2a,2b,2c). 
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Study for Sylhet shows slightly less rainfall than Cox’s Bazar, negligible rain during November to February, the an 
increase from March. The peak rainfall (Cluster 3,4 and 5) is seen during May to August. Then starts to decrease 
from September (Fig: 2m,2n,2o). 

In Dhaka negligible rainfall is experienced during November to March (Cluster 1). Then it increases from April, 
reaches peak during May to September (Cluster 2 and 3) and then starts decreasing. (Fig: 2d,2e, 2f). 

In Khulna during November to February very less rainfall is seen (Cluster 1). Then it increases from March, remains 
constant in its peak rainfall during May to September (Cluster 2, 3 and 4) and starts decreasing from October (Fig: 
2j,2k,2l). 

 
(a) Cox’s Bazar(Jan-Apr)                    (b) Cox’sBazar(May-Aug)                            (c) Cox’sBazar(Sep-Dec) 

 
        (d) Dhaka(Jan-Apr)                                  (e) Dhaka(May-Aug)                                     (f) Dhaka(Sep-Dec) 

 
         (g) Rajshahi(Jan-Apr)                             (h) Rajshahi(May-Aug)                              (i) Rajshahi(Sep-Dec) 

 
          (j) Khulna(Jan-Apr)                                (k) Khulna(May-Aug)                               (l) Khulna(Sep-Dec) 

 
        (m) Sylhet(Jan-Apr)                                (n) Sylhet(May-Aug)                                    (o) Sylhet(Sep-Dec) 

Figure 2: Change in decade(  °C /decade ) of minimum and maximum temperature 
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The study shows the least amount of rainfall in Rajshahi. Here, the rainfall constantly remains in cluster 1 from 
November to April spanning half of the year. The peak rainfall is seen during June to September mostly residing in 
Cluster 2 and 3 (Fig: 2g,2h,2i). 

The study also shows that over the years the distribution of rainfall has no significant change. Except only the month 
of September shows some increase in Khulna from the year 1996. 

It is also evident, from the distributions of clusters, in the eastern regions (Cox’s Bazar and Sylhet) it rains 
remarkably more than the western regions (Rajshahi and Khulna). 

4  Concluding Remarks 

In this study Mann-Kendall trend test and Sen’s slope Estimator were used to find the trends in temperature in 
Bangladesh. K-means clustering algorithm was used to identify the rainfall distribution patterns over the years and 
their changes with time. The main conclusions of the study are: 

 (1) Maximum temperature shows remarkable positive trend during June-November in Bangladesh. On the other 
hand minimum temperature has increased during December-January. 

    (2) The eastern side has faced more change in temperature than the western side. Cox’s Bazar and Sylhet exhibits 
an increasing trend in almost throughout the year. 

    (3) The peak rainfall in the country is experienced during June-August. 

    (4) There has been seen no significant change in rainfall over the years. 

    (5) Over the years the western side of the country has experienced significantly less rainfall than the eastern side. 

In future we will try to find out the correlation pattern or trends between urbanization and temperature increase. The 
change in temperature will also be analyzed using the empirical mode decomposition method. We have a plan to 
analyze the climate change behavior in different areas of Bangladesh using a color coded map. We also intend to 
relate rainfall distributions with floods by means of clustering.   
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Abstract. Chemical reactions occurring in pond soil and water depend on soil pH and soil Ca++ especially in alluvial 
soil. Environmental factors such as, air temperature, rainfall, rainy day etc., and drainage system have a considerable 
impact on soil pH and Ca++. Early rains, late rains, number of rainy days are related with irrigation. Long term 
agricultural activities of man affect edaphic factors of pond adjacent area. Results of these changes left in bottom 
soil of the pond. Seasonal changes of soil Ca++ and pH of four ponds of Rajshahi were studied from December 1998 
to November 2000. Soils of the experimental ponds were moderately alkaline, and pH ranged from 7.67 to 8.46 in all 
studied ponds. The quantities of calcium were very high ranging between 20.67 and 35.3 miliequivalent/100g soil. 
Higher values of soil pH were due to higher amount of Ca++ in the soil. Positive high correlations between pH and 
Ca++ were observed. Stepwise regression analysis shows that soil Ca++ is positively regressed on air temperature and 
negatively regressed on rainy day, and soil pH also shows the similar result on air temperature and the number of 
rainy days. Broad generalization of these studies will develop some eco-friendly management techniques of 
optimum treatments and fertilizer recommendation for wetlands and aquacultural ponds.  

Key words: Environmental factors, irrigated water, soil erosion, surface runoff, decomposition and oxidation.   

1 Introduction 

Of the total inland waters of 4.3 million hectares, 65.3 % are flood plains, 3.8% are ponds and 3.2% are coastal 
farms in Bangladesh (Alam, 1996). In addition to the regular inland waters, a large part of the country remains 
seasonally submerged for 3-4 months during monsoon. 

Rajshahi is situated in the latitudes between 24𝑜6′and 25𝑜13′North and the longitudes between 88𝑜2′and 
89𝑜21′East on the north bank of the river Padma. The Padma flows close to the Rajshahi city and continues in a 
south-easterly direction. The study ponds are located on the bank of the river Padma and experienced a single 
monsoon, i.e., June to August/September. The relative humidity is maximum during June to August/September. The 
temperature fluctuates in winter around 7 − 20𝑜𝐶and in summer 30 − 42𝑜𝐶(Source: Rajshahi Meteorological 
Station, 1998-2001). The sampling area has a great seasonal fluctuation in temperature, rainfall, rate of water flows 
and environmental factors. Based on climatological data of the two observation periods, some characteristics of air 
temperature, rainy day and rainfall have been examined to compare their effect on soil condition  

Calcium and magnesium are the dominant exchangeable cations in most neutral and alkaline soil (Wetzel, 1983). 
Over large regions of the temperate zones dominance by calcium and bicarbonate ions prevail in open water 
(Wetzel, 1983). Seasonal change of water quality and quantity has an effect on precipitation and re-dissolve of 
Ca++of pond water. On the other hand, some of the Ca++enters in the pond through surface runoff along with 
suspended soil particles of neighbour agricultural land. Finer sediments are deposited over the pond soil. Results of 
these changes left Ca++ and pH in bottom soil of the pond. We report here the results of our findings and causes of 
these fluctuations in Ca++  and above all pH with respect to environmental gradient and agricultural effect.  

However, consideration of environmental factors and surface runoff from surrounding area on the soil properties of 
pond basin is a very low focused issue and demands a greater attention to this matter.Now, no long term data sets 
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exist of a particular pond or beel (natural depression) or deghees (big pond) and even river as we might be able to 
know about long-term nutrient enrichment and their effect on zooplankton community. Within last few decades 
limnology of several ponds, beels, deghees and river has been done scattered and our researchers are trying to 
correlate plankton abundance with water qualities and meteorological data but, most of them are neglecting the 
effect of soil nutrient of the reservoir. 

Our present knowledge of chemistry of water-logged soil depends largely on the researches made on paddy field 
soils rather than those of ponds (Jhingran, 1983). Ponds located in the same locality are not of similar productivity as 
the fertility of soil depends on location. The fertility of soil, geographical position, weather etc. determine the 
productivity status of a pond which is very important for consideration before fertilization of pond. Before applying 
fertilizers in a pond the soil Ca++ and soil pH of pond bottom soil should be estimated because chemical reactions 
depend on soil pH. 

The main objectives of this study were: 

 To characterize Ca++ and pH in bottom soil of pond. 

 To determine seasonal changes of soil Ca++ and pH. 

 To investigate the effects of environmental factors and surface runoff from surrounding area on the soil 
properties of pond basin. 

The remainder of this paper is organized as follows. Section 2 describes the materials and methods used in this 
study. Section 3 reports the results and observations, and Section 4 discusses about the results of Section 3. Finally, 
Section 5 presents concluding remarks. 

2 Materials and Methods 

The present investigation was conducted in two observation periods– the first one from December 1998 to 
November 1999 and the second, from December 1999 to November 2000. For this purpose four ponds were selected 
from Naodapara locality in Rajshahi. This study included two years chemical analyses of soil Ca++ and pH. The 
ponds were arbitrarily numbered as Pond-1 (P-1), Pond-2 (P-2), Pond-3 (P-3) and Pond-4 (P-4). 

2.1 Physiography of the Ponds 
P-1 and P-2 were rectangular in shape and P-3 and P-4 were square in shape. Each pond covered an area of 0.46 acre, 0.54 acre, 
0.62 acre and 0.67 acre respectively with the depth of 2.5 m (in rainy season) to 1.6 m (in summer). The ponds were perennial. 
The basins of these ponds were even and marginal slopes were regular with an open grass covered bank.  Banks of P-1 and P-2 
have many large trees and the banks of P-3 and P-4 have many coconut trees; as a result the water of P-1 and P-2 remain shaded 
throughout the whole day except for some hours in the noon. P-3 and P-4 received direct sunlight throughout the whole day. The 
main sources of water of the ponds were rainfall. Some residential quarters were situated near the ponds. The ponds were mostly 
disturbed by the nearby inhabitants. Agricultural lands surrounded the ponds. Some kitchen water entered in the ponds through 
the drain. In rainy season, the in-wash of silt with the large volume of surface runoff of rain water from the surrounding 
agricultural farm mixed with the pond water. The ponds were used as stocking pond during the study period; and were free from 
any treatment of nutrients and insecticides for pisciculture. 

2.2 Soil Sampling and Sample Preparation  
Soil samples were collected from the bottom of the pond at a depth of 0-15 cm at different months of the year during experiment. 
Representative randomized composite soil sample was collected from each pond. After sampling, soils were air dried, grinded 
and sieved through a 2 mm sieve, and analyzed for different parameters using different methods. 

2.3 Soil Parameter Determination 

Soil Calcium: Available calcium was determined by ammonium acetate extraction method using Atomic 
Absorption Spectrophotometer 3110 (Perkin Elmer Co., U.S.A) (Petersen, 1999). The results were expressed in 
miliequivalent per 100 g soil. 

Soil pH: Soil pH was determined by the Metrohm 691 digital pH meter at the soil-water ratio of 1:2.5. 10 g of soil 
sample was weighed into a small beaker, and 25 ml of water was added and stirred frequently for 30 minutes. The 
content of the beaker was left 10 minutes without stirring and pH was measured dipping the electrode in the upper to 
water layer (Petersen, 1999). 
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2.4 Meteorological Condition  

Data on other physical conditions i.e. maximum and minimum air temperature, rainfall and rainy day were obtained 
from the Bangladesh Regional Meteorology Department, Rajshahi.  

2.5 Data Analyses 

Statistical package S-Plus 2000 was used to carry out correlation analysis and step wise regression analysis. 

3 Results and Observations 

3.1 Soil Calcium  

The amount of calcium in ponds-soil was expressed in miliequivalent/ 100 gram soil. The quantities of calcium of 
the ponds-soil were very high and the variation was prominent ranging from 20.67 to 35.3 miliequivalent/100g soil. 
The smallest amount of calcium in soil of P-1 was 25.00 miliequivalent/ 100g soil   in May in the first observation 
period while it was 25.14 miliequivalent/ 100g soil in November in the second observation period. On the other 
hand the largest amount of soil calcium in the first observation period was 31.8 miliequivalent/ 100g soil in 
September, and in the second observation period it was 30.14 miliequivalent/ 100g soil in April in this pond (Fig.1).  

         POND-1 
 

                    POND-2 

 
          POND-3  POND-4 

Figure 1. Monthly variation of soil calcium in the four study ponds in two observation periods 
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Table 1. Yearly mean and S.E. variation of soilCa++andpHduring two observation periods in four study ponds 

Soil 
parameters 

Observation
s 

Ponds 

P-1 P-2 P-3 P-4 

Mean S.E. Mean S.E. Mean S.E. Mean S.E. 

pH 

1st 8.22 0.18 8.24 0.13 8.09 0.25 8.08 0.16 

2nd 8.25 0.10 8.20 0.12 8.20 0.13 8.20 0.15 

Both 8.23 0.01 8.22 0.02 8.14 0.05 8.14 0.06 

Ca 

1st 28.14 2.54 28.94 1.13 26.85 1.45 26.36 1.51 

2nd 28.58 1.48 28.31 2.56 31.70 2.01 25.44 2.14 

Both 28.36 0.22 28.63 0.31 29.28 2.43 25.90 0.46 

The lowest value of calcium in soil of P-2 observed was 27.03 miliequivalent/ 100g soil in May and the highest 
value was 30.70 miliequivalent/100g soil in September in the first observation period. But in the second observation 
period, the lowest value of calcium in soil was 23.96 miliequivalent/ 100g soil in August and the highest value was 
32.80 miliequivalent/ 100g soil in September (Fig.1).The quantity of calcium in soil of P-3 varied from 24.45 
miliequivalent/100g soil in May to 29.00 miliequivalent/ 100g soil in September in the first observation period. In 
the second observation period, it varied from 27.10 miliequivalent/100g soil in July to 35.30 miliequivalent/100g 
soil in September (Fig.1).The minimum and maximum values of calcium in the soil of P-4 were 23.32 
miliequivalent/100g soil in May and 29.11 miliequivalent/100g soil in September in the first observation period, and 
20.67 miliequivalent/100g soil in August and 28.10 miliequivalent/ 100g soil in November during the second 
observation period (Fig.1). 

Yearly mean and Standard Error (S.E.) variation of the soil calcium during the two observation periods in the four 
study ponds are presented in Table 1. 

3.2 Soil pH 

No marked variation was observed in pH values of the soil. In all of the studied ponds pH value ranged from 7.67 to 
8.46. In P-1 the values of pH in soil varied from 7.67 in March to 8.41 in June in the first observation period. In the 
second observation period it varied from 8.1 in March and November to 8.46 in June (Fig.2). In P-2 the lowest value 
of soil pH was recorded as 7.89 in March and the highest value was 8.4 in September in the first observation period. 
On the other hand, the lowest and highest values of soil pH in the second observation period were 8.0 in February 
and 8.41 in September respectively (Fig.2). 
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            POND-1 POND-2 

 P

P                                                         POND-3 
 

                                        POND-4 

Figure 2. Monthly variation of soil pH in the four study ponds in two observation periods 

 

In P-3 the smallest value of soil pH was 7.6 in May in the first observation period while it was 7.9 in February in the 
second observation period. The largest value of soil pH in the first observation period was 8.4 in September and in 
the second observation period it was 8.42 in June and September (Fig.2).In P-4 the minimum value of soil pH 
observed was as 7.82 in May and the maximum value recorded was 8.3 in September in first observation. But in the 
second observation period, the minimum value of soil pH was 7.9 in March and the maximum value was 8.4 in 
October (Fig.2). 

Yearly mean and standard error (S.E.) variation of the soil pH during the two observation periods in the four study 
ponds are presented in Table 1. 

4 Discussions 

4.1 Soil Calcium  

In the four experimental ponds the amount of soil calcium ranged from 20.67 to 35.3 miliequivalent/100g soil 
(Fig.1) throughout the study period. The soil of Rajshahi is rich in calcium. 

From Fig.1, it is clear that calcium was precipitated during summer months (June to September) in the first 
observation period. In the second observation calcium was precipitated from August to September. Similar 
precipitations were observed during the winter season (December to February) in both the observations period. At 
these periods calcium was precipitated as under oxidized condition, Ca++ was complexed with sediments. On the 
other hand, prior to June Ca++ accumulated in the surrounding agricultural lands due to irrigation. Ground water is 
extensively used as a reliable and dependable source of irrigation (Talukder, 1999). Irrigated water contains large 
amounts of calcium carbonate and bicarbonate (Quddus and Zaman, 1996) along with magnesium carbonate and 
bicarbonate, and exchangeable sodium (Quddus and Zaman, 1996; Kannan and Oblisami, 1990). According to Todd 
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(1980), irrigation water generally contains less than 100 mg/l calcium. In dry season calcium and magnesium 
carbonate and bicarbonate accumulate in the soil of the surrounding agricultural lands as a result of irrigation. After 
heavy rainfall during June to September (Rashid and Islam, 1999) when the soil is wet by rain, water move freely 
downward through the soil by the force of gravity or held in the soil against gravity as capillary water. During 
draining of water from the saturated soil (Mollaet al., 2000) Ca++ is leaches with other anions and cations or washes 
along with soil particles by surface runoff. Alamet al. (2000) stated that those runoff rates were followed by the soil 
erosion rates, i.e., soil particles disaggregated by rainfall impact and then transported with runoff water. They also 
stated that intake rate caused higher erosion and vice-versa. Both the soil erosion and runoff rate greatly differed 
from soil to soil. The soil erosion increased with the increase of slope steepness and with the decrease of hydraulic 
conductivity of all soils for the same rainfall intensity (Alamet al., 2000).  

The solubility product of CaCO3 is low(0.48 × 10−8), consequently it starts precipitating when the pH is sufficiently 
high in a uniformly buffered system. So Ca++ of surface runoff directly precipitates with soil particles. Further, 
calcium complexed with humic acids, especially in the sediments alters exchange equilibrium in the bottom layer 
(Stewart and Wetzel, 1981).In the second observation heavy rainfall (136 mm) from April reduced irrigation 
requirements of crop. Karimet al. (1995) observed 135.3 mm rainfall caused water logging and surface runoff of 
rain water. So, at that time Ca++ in the soil of the surrounding agricultural land decreased than first observation from 
May to August and very small amount of Ca++ was carried with surface runoff and seepage. At the same time the 
amount of pond water increased which decreased the concentration of Ca++ in pond water so to maintain equilibrium 
of the water solution more Ca++ was needed which was replenished by soil Ca++. 

In the second observation in P-2 the amount of calcium of ponds-soil decreased too much as some molluscs of the 
pond reproduced a large number of offspring which require more calcium till August. The molluscs began to die in 
the mid-August due to lack of food and adverse water quality. The dead molluscs decomposed and increased the 
amount of soil calcium in September. Calcium was also carried by surrounding agricultural land and seepage to the 
pond-soil. So, in September the amount of calcium of soil reached highest.  

In winter the water of the pond decreased and bicarbonate alkalinity increased. So in sunny days CaCO3 began to 
precipitate as photosynthesis process decreased the amount of CO2 at that time, and absence of CO2 speeded up the 
precipitation rate of CaCO3 (Wetzel, 1983). Ca++ in the soil was decreased in April to May as these months were in 
the reproductive period of some molluscs, which decreased the amount of Ca++in pond water. To maintain the 
equilibrium of pond water, Ca++of soil re-dissolves in water. At low pH, if water is saturated with CaCO3, the 
solubility of CaCO3 is 200 times higher than FeCO3 (Wetzel, 1983), and so the soil Ca++ was decreased.  

Table 2. Correlation coefficients (r) between soil calcium and pH in the four study ponds 

Observations 
Ponds 

P-1 P-2 P-3 P-4 

1st 0.54 0.61* 0.85* 0.85* 

2nd 0.41 0.46 0.40 0.38 

Both 0.51* 0.48* 0.54* 0.43* 

N.B. The asterisk (*) marked values are significant at 5% level of significance. 

Table 2 presents the correlation coefficients between soil pH and Ca++ in two observation periods for the four study 
ponds. They are found to be statistically significant at 5% level of significance for P-2, P-3 and P-4 , and 
insignificant for P-1 in the 1st observation period, and they are statistically insignificant in the 2nd observation period. 
But for the combined data (i.e., for both observation periods) the correlation coefficients between soil pH and Ca++ 
for all the study ponds are found to be statistically significant.  

A stepwise regression of soil Ca++ on the meteorological conditions (i.e., air temperature, rainfall and rainy day) was 
performed and the results are summarized in Table 3. It shows that soil Ca++ is positively regressed on air 
temperature and negatively regressed on rainy day. High temperature and low number of rainy days increased 
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irrigation activities of the surrounding agricultural lands. In these climatic conditions water quantity of pond 
decreased and photosynthetic activities increased. These factors are responsible for high precipitation rate of Ca++.   

Table 3. Step-wise regression analysis of soil Ca++ on air temperature (T) and rainy day (RD) 

Pond Variable Coeff. S.E. p-value R2 Pond Variable Coeff. S.E. p-value R2 

P-1 
T 

RD 

1.101 

-0.155 

0.060 

0.127 

0.000 

0.236 
0.97 P-2 

T 

RD 

1.190 

-0.557 

0.054 

0.172 

0.000 

0.004 
0.98 

P-3 
T 

RD 

1.157 

-0.224 

0.074 

0.156 

0.000 

0.165 
0.96 P-4 

T 

RD 

1.078 

-0.343 

0.055 

0.116 

0.000 

0.007 
0.97 

 

4.2 Soil pH 

The study ponds were moderately alkaline in nature as pH of soil ranged from 7.60 to 8.46 (Fig.2). Banerjea (1967) 
classified different ponds according to pH values. He classified ponds of pH 5.5 as highly acidic, 5.5 to 6.5 as 
moderately acidic, 6.5 to 7.5 as near neutral, 7.5 to 8.5 as moderately alkaline and 8.5 as highly alkaline. High pH 
value of soil is mainly caused by high amount of calcium and magnesium. Habib and Rahman (1987) found that low 
pH values (pH< 7) in two soil types were due to very small amount of CaCO3 and higher pH values (pH> 7) were due 
to higher amount of CaCO3 present in the soil. Similar results were observed in the present investigation. Significant 
positive correlation was observed between soil pH and Ca++ (Table 2). Wetzel (1983) stated that the low pH (3.5 to 5) 
of the black water of tropical river draining resulted largely from dissociation of humic acids, and the fact that the 
soils of lowland tropics contained very low levels of bases and calcium.   

The lowest value of pH was recorded in the months of March to May (Fig.2) when the overlying water become 
oxygenated due to the high photosynthetic activities of phytoplankton. So the pond mud oxidizes, and sulphates, 
nitrites, nitrates and ferric iron are formed. This oxidized layer of soil completes oxidation resulting in the release of 
CO2 which makes the soil lightly acidic. 

In the months of June and September pond soil pH values were comparatively high and in some cases it was highest. 
At that time the pond received increasing rate of surface runoff and seepage from the surrounding agricultural farm. 
High amount of carbon dioxide along with high rainfall and Ca++ of surface runoff made the alkaline soil more 
alkaline. Decomposition of shell of snails might increase the calcium content of the pond mud which increased the 
pH value of soil. Chemical analyses indicated that the pH values changed with calcium concentration of soils 
significantly at 5% level of significance (Table 2). 

Cultivation with long-term irrigation exhibited greater pH than uncultivated soil, thus demonstrating a significant 
accumulation of CaCO3 in the soil surface due to precipitation from irrigation water (Marx et al., 1988). Agricultural 
activities of man are one of the important factors which increase the amount of calcium in the pond soil. For 
example, in Laguna de Petenxil, a small lake in Guatemala sediment concentrations of calcium increased during 
periods of active Mayan agricultural activity in the drainage basin (Deeveyet al., 1979). Probable causes of 
increasing calcium by agricultural activities of these ponds are discussed above.   

The values of pH in soil were comparatively higher from April to June. At that time, due to low water quantity, high 
temperature enhances precipitation of carbonate of calcium, magnesium, iron etc., and organic matter in oxidized 
condition to increase the soil pH. After June, soil pH showed decreasing trend in all four study ponds as to maintain 
equilibrium of increasing water solution of pond (due to rainfall) more cations were needed which was replenished 
from soil. 
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Table 4. Step-wise regression analysis of soil pH on air temperature (T) and rainy day (RD) 

Pond Variable Coeff. S.E. p-value R2 Pond Variable Coeff. S.E. p-value R2 

P-1 
T 

RD 

0.334 

-0.083 

0.016 

0.033 

0.000 

0.018 
0.98 P-2 

T 

RD 

0.335 

-0.089 

0.015 

0.032 

0.000 

0.010 
0.98 

P-3 
T 

RD 

0.329 

-0.079 

0.016 

0.033 

0.000 

0.025 
0.97 P-4 

T 

RD 

0.332 

-0.087 

0.016 

0.033 

0.000 

0.014 
0.98 

 

A stepwise regression of soil pH on the meteorological conditions (i.e., air temperature, rainfall and rainy day) was 
performed and the abridged results are specified in Table 4. From this table, it is evident that soil pH has a positive 
regression on air temperature and negative regression on the number of rainy days. As at high temperature Ca++ of 
water precipitate, so soil pH began to increase. When the number of rainy days increased then the decomposition rate 
of soil component increased, resulting lower pH. 

5 Conclusions 

This study lays the ground work for investigating the impact of different factors on seasonal change of pH and Ca++ 
of pond-soil. Meteorological condition and edaphic factors of pond-adjacent area along with living biota are 
complex interacting processes. The pH of pond-soil mostly depends on Ca++. It might also be affected by 
magnesium, iron and decomposition of dead organisms.   

The increase of the concentration of calcium in summer was mainly caused by the extensive sedimentation or 
leaching process from the surrounding agricultural land and decomposition of molluscs shell. In winter, high 
precipitation rate of Ca++ was due to low water quantity and high photosynthetic activities of phytoplankton.Soil pH 
was highly positively correlated with soil Ca++. Decomposition and oxidation process also affected soil pH. 

Pond ecosystem i.e., phytoplankton, molluscs, water quantity and quality as well as buffer system of pond water 
affect the Ca++ concentration. 

Changes in climatic condition i.e., rainfall, temperature, early and late rains etc. affect the sedimentation process of 
pond-soil, and water quantity and quality which resulted in seasonal changes of soil Ca++ and pH. 
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Abstract.This paper is concerned with the deposition of sediment due to dune forests (Nakatajima dune, Japan) and 
CC block system on a riverbank (Padma, Bangladesh). Measurements of sediment deposition were carried out at 
Japan in dry season (February/March, 2008) and at Bangladesh in the wet season (August/September, 2010) using 
Global Positioning System (GPS). An analysis of sedimentation shows that sediment elevation is larger within a 
mangrove-lined bank (A, B, C) than without forest vegetation (D). The study also demonstrates that sediment 
delivery to the dune forests is high compared to riverside. 

Keywords: Sedimentation, Dune, Riverbank,   

1 Introduction 

Coastal dunes are eroded during storm surges, tsunamis, typhoons etc to refill the near shore profile. On the other 
hand, the marked seasonality of river flow is responsible for bank erosion during the monsoon due to strong current 
and sedimentation in dry season. Addressing these two phenomena, dune forests and CC blocks have been 
considered one of the key adaptation and mitigation-measure factors against these extreme events in coastal area and 
in riverside, respectively.  

 

 

 

 

 

 

 

 

 

 

Fig. 1.(a) Sedimentation in Nakataima dune, Japan; (b) concrete CC blocks at riverbank of Padma, Rajshahi and (c) 
sediment sampling points, Rajshahi. 

 

Various studies showed that mangroves efficiently trap and stabilize sediment and reduce the risk of shoreline 
erosion because they dissipate wave energy (Alongi, 2008; Wolanski, 1995; Katherisan, 2003). Recently, it is 
argued that the dune forests and climate change are intrinsically linked, in ways that extend beyond sea-level rise 
(IPCC, 2007). The exact nature of the response of dune forests and CC blocks to the projected rise in sea level and 
strong current in riverside are still largely a matter of speculation and probably adjacent dune forest systems and CC 
blocks will react in two different ways, namely sand-building and sand-fixing. 
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With the experience of above studies, special attention has been paid through the river embankment of the Padma 
(Talaimary, Rajshahi). The Rajshahi district consists of about 15 km of river embankment.Despite of protection 
measures, one of the most severe erosion in long-term erosion at Rajshahi occurs there, posing very serious problem 
in the southeast part of Rajshahi. The importance of the Padma River varies with time and is governed mainly by the 
platform of its off-take with the Ganges River. So far research dedicated to sedimentation induced by dune forests 
and CC blocks during flooding is fairly limited and the relationship of sedimentation between dune forests and CC 
blocks is not documented yet. Furthermore, it is also observed that the concrete CC blocks and sand bags on the 
riverbank improve slope stability and establish better river environment. But qualitative and quantitative studies of 
sedimentation due to CC blocks are inadequate. So, the present paper addresses the caused of floods, the nature of 
response to dune forests and CC blocks against floods and their various consequences. 

2 Various Aspects of Mangrove Forests 

2.1 Dune stabilization 

Plants that grow on beaches and sand dunes form communities known as coastal dune vegetation. Dune vegetation 
is highly adapted to the salt laden winds of the coast, and maintains the foredunes by holding the sand already in the 
dune, trapping sand blown up from the beach, and aiding in the repair of damage inflicted on the dune either by 
natural phenomena or by human impact. The combination of dune height, dune shape and intact vegetation creates a 
protective system which directs salt-laden winds upwards and over the dune crest (Fig. 1(a)). 

2.2 Removal of CO2 

Mangroves are known to remove CO2 from the atmosphere through photosynthesis. This perhaps reduces the 
problems that go with the ‘green house gases’ and global warming. The mangroves are capable of accumulating and 
storing carbon in the soil in large quantities. For example, the ability of Rhizophora forest to divert carbon below 
ground is remarkably high. A 20-year old plantation of mangroves stores 11.6 kg m-2 of carbon with C burial rate of 
580 g m-2 yr-1 (Fujimoto, 2000) and hence, plantation of mangroves provides great benefits to control global climate 
change by stabilizing atmospheric carbon. 

2.3 Adaptation to change in sea-level 

As ocean temperature increases due to climate change, thermal expansion will cause the density to decrease and so 
increase the volume of ocean waters, raising sea level. During the 20th century, sea-level rises about 15-20 
centimeters, with the rate at the end of the century greater than over the early part of the century. Many mangrove 
forests are being exploited and some are being destroyed, reducing resilience to accommodate future sea-level rise.  

The ability of mangroves to successfully adapt to change in sea-level depends on the accretion rate relative to rate of 
sea-level change (Fig. 2). The data are insufficient to perform a more detailed analysis, but a plot of a number of 
empirical measurements of accretion rate vs regional mean sea-level rise, indicate that the average sedimentation 
rates somewhat greater than the rate of mean sea-level rise (Alongi, 2008).  

 

 

 

 

 

 

 

 

Fig. 2. Relationship between sedimentation rates in mangrove forests and mean sea-level rise (after, Alongi, 2008). 
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3 Field Study 

3.1 Nakatajima dune, Japan 

The Nakatajima dune is approximately 1 km length and 0.6 km width, located at Hamamatsu city of Japan. It is 
covered with forests at the Eastern end and Northern end of the dune (Fig. 1(a)). Practically, we can observe that 
there is a sediment bar at the boarder line of dune forests. The ability of wind to carry sediments decreases as the 
velocity is slowed down by the dune forests to resulting to settling of sediment in front of mangroves. In this 
analysis, the sampling points A, B, C were fixed with a distance of 4m at the dune forests vegetation zones and D 
was fixed with 50m far from dune vegetation area. A sand bar was observed near the sampling points A, B and C. 
To calculate the sediment elevation we have used GPS at each sampling point. A summary of the data collection 
technique has been published by Junaidi and Aoki (2009) elsewhere, so we have not added here. Additional 
measurements (e.g. study area, sand bar, coastal line) were performed using a high-speed digital video camera.  

3.2 River bank of Padma 

Field surveys were carried out along the river embankment of the Padma, Rajshahi Bangladesh to investigate the 
performance of newly established CC blocks in reducing the bank erosion (Fig. 1(b)). Bank erosion was observed 
which was threatening to the city dwellers of Rajshahi. The erosion was suspected to be caused by the over flow of 
river in monsoon season. The monsoon discharge in the Padma in Bangladesh has increased while in the dry season 
it is decreased. Figure 1(c) shows the arrangement of field test area at Talaimari, Rajshahi. In Fig. 1(c), points (P1 to 
P3) represented the sampling points for ground soil. A large hole was observed on the CC blocks near the sampling 
point P2 which implies a sediment deposition of 2m. The photograph was taken two months after the monsoon 
season of 2010. The area was filled with earth clay.  

3.3 Floods  

The flood of Rajshahi is generally marked with moderate rainfall and due to siltation of the Padma River. During the 
annual monsoon season, the rivers of Bangladesh flow at about 140,000 cubic meters per second, but during the dry 
season it reduces to 7,000 cubic meters per second. Among them, the flow of 35000 cusecs (cubic feet per second) 
shares the Padma River. The data of climatic element such as rainfall (mm) that plays vital role for floods at 
Rajshahi for the period of January 1961 to Decemember 2010 (i.e. 50 years) were used in this study. Data were 
taken from Internet and Ferdous and Baten (2011). 

4 Results 

4.1 Rainfall 

The rainfall pattern in Rajshahi is uni-modal with 70% of the annual rainfall occurring between June and September. 
The average monthly rainfall data from the Rajshahi rainfall monitoring station shows some monthly variation 
between years but clearly shows that November to March are months of very low rainfall (Clemett et al., 2006). In 
Fig. 3(a), the annual average rainfall showed a decreasing trend over Rajshahi region by 3.0698 mm/year.  

 

 

 

 

 

 

 

Fig. 3. (a) Annual average rainfall over Rajshahi and (b) peak discharge of the Padma at Hardinge Bridge and 
sediment deposition at river -bank. 
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4.2 Water discharge 

In monsoon season, the Padma River cannot hold water due to siltation and the upstream flow from Farakka Barrage results in 
floods occur. In Fig. 3(b), it is seen that although water supply through the Padma has been reduced substantially (in the year 
2008, 2009 and 2010 annual peak discharge were 54000, 40000 and 30000 m3s-1respctively), but siltation on the river-bed has 
increased significantly.  

4.3 Sedimentation 

In Fig. (4), we have compared the sediment deposition data between dune vegetation and CC block system. The sampling points 
A, B, C were fixed with a distance of 4m for dune vegetation and D was fixed with 50m far from dune vegetation area (Fig. 4(a)). 
The sediment elevation near the dune forest-lined bank ranged from 6 to 8 m while for the banks without forests it varied only 
from 1 to 2m. Katherisan (2003) also measured higher concentration of suspended particles inside the forest-lined bank ranged 
from 0.09 to 0.15 g/l while for the banks without forests it varied only from 0.008 to 0.01 g/l. It was also estimated that 
mangroves help in trapping the sediment 25% more at low tide then at high tide. 

 

 

 

 

Fig. 4. Sedimentation by (a) dune forests and (b) concrete CC blocks 

On the other hand, Fig. 4(b) shows the sediment deposition by CC blocks on the river bank of Padma. Recently, the 
Rajshahi embankment along the bank of the Padma River has been completed to protecting a vast tract of land from 
river erosion and significant sedimentation has been observed near the bottom instead of erosion of embankment. 
The increased earth clay (sedimentation) due to CC blocks is improving slope stability and better river embankment 
in every year (Fig. 1(b)). More field measurement campaigns in various conditions such as different CC blocks types 
and various topographies should be carried out. 

5 Conclusion 

In this study, the annual peak discharge was showed decreasing trends over the Padma River whereas, the siltation 
on the river-bed has increased significantly. The reason of the less discharge is may be the treaty ofFarakka Barrage 
is not functioning properly and due to low rainfall. From the study it can also be seen that the capability of dune 
forests and CC blocks against sedimentation was investigated. Measurements of sedimentation were carried out at 
Japan in the dry season (February/March, 2008) for dune forests and at Bangladesh in the wet season 
(August/September, 2010) using GPS for riverside. The result highlighted that sediment elevation was larger within 
a mangrove-lined bank (A, B, C) than without forest vegetation (D). Furthermore, an analysis of the data of 
sedimentation by CC blocks was observed that equally played important role for slope stability in riverside. The 
achieved results though relative, might be important for the low-lying coastal areas where storm surges are more 
likely to occur.  
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Abstract: An attempt has been made to show whether the recently developed wavelet transformation in forecasting 
the climatic time series in Bangladesh improve the performance of existing forecasting models, such as ARIMA. 
These models are applied to forecast the humidity of Rajshahi, Bangladesh. Then the wavelet transformation has 
been used to decompose the humidity series into a set of better-behaved constitutive series. These decomposed 
series and inverse wavelet transformation are used as a pre-processing procedure of forecasting humidity series 
using the same models in two approaches. Finally, the forecasting ability of these two models with and without 
wavelet transformation is compared using the statistical forecasting accuracy criteria. The results show that the use 
of wavelet transformation as a pre-processing procedure of forecasting climatic time series improve the performance 
of forecasting models. The reason is the better behavior of the constitutive series for the filtering effect of the 
wavelet transform.  

Keywords: Wavelet transformation, ARIMA models, forecasting 

1 Introduction 

Time series forecasting is very popular and play an important role in various field such as economics, engineering, 
environment, bioinformatics etc. The basic idea behind time series forecasting involves the development of models 
that estimate the future values of a series based on its past values. There are many forecasting models that have been 
used in the forecasting literature. The models mainly follow two approaches: non-linear and linear models. Non-
linear models like artificial intelligence (AI) based methods employing neural networks (NNs) have been proposed 
by different researchers. Second type of models are linear models like univariate autoregressive (AR), 
autoregressive moving average (ARMA), autoregressive integrated moving average (ARIMA), multivariate time 
series models like transfer function and dynamic regression  and generalized autoregressive conditional 
heteroskedastic (GARCH) model. In order to provide estimates for the future, these models analyze the historical 
data. Usually time series are not deterministic series. In fact, in many cases the researchers considered the series to 
be stationary time series. One way to model any time series is to consider it as a deterministic function plus white 
noise. The white noise in any time series process can be minimized by some procedures which are called the de-
noising. Then a better model can be obtained. Consequently, to obtain a good de-noising, there are some 
mathematical models that can be applied such as Fourier transformation (FT) and Wavelet transformation (WT) [1], 
[2]. WT seems to be ideal for time series forecasting since time information is preserved in the transformed 
variables. Moreover, WT is a very effective technique for local representation of the time series in both time and 
frequency domains [3]. WT is used to split up the time series into one low-frequency subseries (approximation part) 
and some high-frequency subseries (detailed part) in the wavelet domain. In models mentioned above, after 
appropriate decomposition, the prediction was made in wavelet domain and then inverse WT was applied to obtain 
the actual value of the predicted variable. 

Wavelet transform have been used in many fields in forecasting models. Among them Wadiet al. (2011) [4], Arino 
and Vidakovic (2005) [5] perform wavelet transform in forecasting financial time series based on ARIMA model 
and neural network based model respectively. Roca et al. (2010) [6],  andHenriques and Rocha (2009) [7]  have 
used wavelet transform in NN model to predict acute hypotensive episodes. Gang et al. (2008) [8], Aggarwalet al. 
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(2008) [9] and Antonio et al. (2005) [10] have decompose electricity price series using Wavelet transformation for 
more efficient forecasting based on ARIMA, Artificial Neural Network and regression based techniques. In most 
cases they decomposed the historical time series data into wavelet domain constitutive sub series using wavelet 
transform, and then combined with the other time domain variables to perform the set of input variables for the 
proposed forecasting model [11]. Based on statistical analysis the behavior of the wavelet domain constitutive series 
has been studied. It has been observed that forecasting accuracy can be improved by the use of wavelet transforms in 
forecasting models. Alrumaih and Al-Fawzan (2002) [12] used Saudi stock index to illustrate that wavelet 
transformation is better than the other forecasting technique in predicting the de-noising of the financial time series.  

Thus, the recently developed wavelet theory has proven to be useful tool in the time series forecasting methods in 
different fields. However, the potential of this theory for analyzing and forecasting climatic time series has not been 
fully exploited yet. The accurate forecasting of climatic variables in Bangladesh is an important issue in disaster 
management policy-making due to the effects of recently happened climate change. Our objective in this paper is to 
check whether the use of the wavelet transformation as a preprocessor in forecasting climatic data improves the 
predicting behavior of any forecasting model. As forecasting models, we have used the widely used and more 
popular ARIMA models. Humidity of Rajshahi, Bangladesh is used as a climatic time series in this paper. This is 
way the comparison is performed with and without the wavelet transform, not across techniques. The fundamental 
and novel contribution of this paper is to use the wavelet transformation to decompose the humidity series into a set 
of better-behaved constitutive series. These decomposed series and inverse wavelet transformation are used as a pre-
processing procedure of forecasting humidity series using the same models in two approaches. Finally, the 
forecasting results based on wavelet transform and ARIMA model (hereafter called Wavelet-ARIMA model) will be 
compared with the forecasting values based on ARIMA model using some statistical criteria.  

This paper is organized as follows. Section 2 gives the brief description of the wavelet transformation. Section 3 
provides the details of data processing and forecasting framework using wavelet transformation. Forecasting 
accuracy criteria, which are used to compare the performances of forecasting ability of the models, are defined in 
Section 4. Empirical results of a case study based on performance of wavelet transformation in forecasting humidity 
of Rajshahi are shown in Section 5.  Finally, Section 6 provides some relevant conclusions.  

2 Wavelet Transformation 

In this section we briefly review the discrete wavelet transform, which is the wavelet counterpart to the discrete 
Fourier transform. Then we show the splitting of a time series into cyclical components by using wavelet analysis. 
As in Fourier analysis, there are continuous and discrete versions of wavelet analysis [13]. Since we will be dealing 
with discrete data sets, our focus will be on the discrete wavelet transform. Good references on wavelet 
transformation are in Mallat (1989) [14], Percival and Walden (2000) [15]. 

The time series under study is independently decompose by discrete wavelet transform (DWT), which is defined as 

Ψ𝑗,𝑘 = 1

�𝑠0
𝑗
𝜓 �𝑡−𝑘𝜏0𝑠0

𝑗

𝑠0
𝑗 �         (2.1) 

Where, the parameters j and k are integers that control, respectively, the wavelet dilatation (scale) and translation 
(time). The value 𝑠0 > 1 is a fixed dilation step and the translation factor 𝜏0depends on the dilation step. The most 
common and simplest choice for the parameters 𝑠0 and 𝜏0is 2 and 1 (time steps), respectively, known as dyadic grid 
arrangement. In this case, the coefficients of DWT decomposition are given by 

𝑊𝑗,𝑘 = 1
2𝑗/2 ∑ 𝑦𝑡𝜓 �

𝑡−𝑘
2𝑗
�𝑁−1

𝑡=0         (2.2) 

where the 𝑊𝑗,𝑘 are the wavelet coefficients corresponding to the scale 𝑠 = 2𝑗and the location 𝜏 = 2𝑗𝑘. This dyadic arrangement 
can be implemented by using a filter bank scheme developed by Mallat (1989) [8], as depicted in Figure 1. 

 

 

 

Figure 1: Filter bank for discrete wavelet transformation 
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In the Figure1, 𝐻[∙], 𝐿[∙] and 𝐻′[∙], 𝐿′[∙] are the high pass and low pass filters for wavelet decomposition and 
reconstruction, respectively. In the decomposition phase, the low-pass filter removes the higher frequency 
components of the series and high-pass filter picks up the remaining parts. Then, the filtered series are down-
sampled by two and the results are called approximation and detail coefficients. The major advantage of decimation 
is that just enough information is kept to allow exact reconstruction of the input data. The reconstruction is just the 
inverse process of the decomposition and, for perfect reconstruction by filter bank, we should have 𝑦𝑡 = 𝑦𝑡′. Using 
this approach, signal can be decomposed by cascade algorithm as shown in the following: 

𝑦𝑡 = 𝑎1𝑡 + 𝑑1𝑡 

= 𝑎2𝑡 + 𝑑2𝑡 + 𝑑1𝑡 

= 𝑎3𝑡 + 𝑑3𝑡 + 𝑑2𝑡 + 𝑑1𝑡        (2.3) 

⋮ 

= 𝑎𝑛𝑡 + 𝑑𝑛𝑡 + 𝑑(𝑛 − 1)𝑡 + ⋯+ 𝑑1𝑡 

where𝑑𝑛𝑡 and 𝑎𝑛𝑡 are the detail and approximation coefficients at level 𝑛, respectively. These coefficients allow for 
the identification of changes in the trends at different scales. 

A wavelet function of type Daubechies of order 5 and decomposition level 3 is used in this case study [16]. This 
wavelet offers an appropriate tradeoff between wave-length and smoothness. This results in an appropriate behavior 
for climate series prediction. In the next section we show how to use the decomposed series in forecasting model. 

 

3 Data processing and forecasting framework 

In order to illustrate the effectiveness of wavelet transform in forecasting models, the climatic data on humidity of 
Rajshahi, Bangladesh is selected. The data is collected from the website of Bangladesh Agricultural Research 
Council (BARC), Ministry of Agriculture. We consider the monthly humidity series for the time period from 
January 1964 to December 2008 (1964:1-2008:12). The data set is divided into two sub-data sets: (i) a training set to 
estimate the model parameters and (ii) a test set to evaluate these models by calculating error functions. There are 
540 observations in the humidity series. The first 528 observations from 1964:1 to 2007:12 are used to build the 
model, the last 12 observations from 2008:1 to 2008:12 to check the forecast ability of the models.  

We first need to decompose the series under study using wavelet transformation. For this purpose, we have applied 
the discrete wavelet transformation to the humidity series. Many wavelet families exist, where Daubechies family of 
wavelets, which are compactly supported orthonormal wavelets, is the most popular one and has been used in this 
work. Thus, a wavelet function of type Daubechies of order 5 and decomposition level 3 is used in this case study. 
The wavelet transform applied to climatic series 𝑦𝑡 , 𝑡 = 1, 2,⋯ ,𝑇 results in 4 series denoted by 𝑑1𝑡 ,𝑑2𝑡 ,𝑑3𝑡 and 
𝑎3𝑡 and can be defined by 

𝑦𝑡 = 𝑎3𝑡 + 𝑑3𝑡 + 𝑑2𝑡 + 𝑑1𝑡        (2.4) 

 
Figure 2.a Original series and approximation series over 1964:1 to 2008:12 
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Figure 2.b Detail series over 1964:1 to 2008:12 

Series 𝑑1𝑡 ,𝑑2𝑡 and 𝑑3𝑡are denominated detail series, while 𝑎3𝑡 is denominated the approximation series. This 
approximation series constitutes the main component of the transformation, while the three details series provides 
“small” adjustments. A graph of the original series and its decomposed series are shown in Figure 2.a and Figure 
2.b. These series present a better behavior (more stable variance and no outliers) than the original humidity series, 
and therefore, they can be predicted more accurately. The reason for the better behavior of the constitutive series is 
the filtering effect of the wavelet transform.  

We have used this decomposed series in the forecasting models in two approaches; (i) first approach includes 
𝑑2𝑡 ,𝑑3𝑡 and 𝑎3𝑡 series in the analysis, whereas, (ii) in the second approach all decomposed series are used in 
forecasting models. Two approaches are outlined as follows: 

 

3.1 Approach-1  

The steps of modeling the decomposed series by Wavelet-ARIMA and Wavelet-NN techniques are given below: 

Step-11: The wavelet transformation of type Daubechies-5 and decomposition level 3 is applied to the humidity 
series 𝑌𝑡 (𝑡 = 1,  2,  ⋯ ,𝑇) for the training period 1964:1-2007:12 results in 4 series denoted by 𝑎3𝑡 ,  𝑑3𝑡 ,  𝑑2𝑡and 
𝑑1𝑡 ; 𝑡 = 1,  2,  ⋯ ,  𝑇. That is, 

𝑊𝑇�𝑦𝑡; 𝑡 = 1,  2,  ⋯ ,  𝑇� = �𝑎3𝑡 ,  𝑑3𝑡 ,  𝑑2𝑡 ,  𝑑1𝑡 ; 𝑡 = 1,  2,  ⋯ ,  𝑇.  �    (3.1) 

Step-12: The decomposed series 𝑑1𝑡 contains the highest frequency components among the others and hence is 
outlier prone. Therefore, series corresponding to 𝑑1𝑡 has been discarded and only series 𝑎3𝑡 ,  𝑑3𝑡 and  𝑑2𝑡 have 
been used to reconstruct the original series using inverse wavelet transformation as follows: 

𝑊𝑇−1�𝑎3𝑡 ,  𝑑3𝑡 ,  𝑑2𝑡; 𝑡 = 1,  2,  ⋯ ,  𝑇� = 𝑦𝑡∗; 𝑡 = 1,  2,  ⋯ ,  𝑇     (3.2) 

Step-13: Use the appropriate ARIMA and NN model to the reconstructed series to forecast the future values in the 
test period 2008:1 to 2008:12; 

�𝑦𝑡∗; 𝑡 = 1,  2,  ⋯ ,  𝑇�
𝐴𝑅𝐼𝑀𝐴/𝑁𝑁
𝑓𝑜𝑟𝑒𝑐𝑎𝑠𝑡
�⎯⎯⎯⎯⎯⎯� �𝑦𝑡

𝑓; 𝑡 = 𝑇 + 1,⋯ ,𝑇 + 𝑛�     (3.3) 

 

We call these forecasting values obtained from Wavelet-ARIMA/Wavelet-NN model using approach-1.  
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3.2 Approach-2  

The steps of modeling the decomposed series by Wavelet-ARIMA and Wavelet-NN techniques are given below: 

Step-21: The wavelet transformation of type Daubechies-5 and decomposition level 3 is applied to the humidity 
series 𝑌𝑡 (𝑡 = 1,  2,  ⋯ ,𝑇) for the full period 1964:1-2008:12 results in 4 series denoted by 𝑎3𝑡 ,  𝑑3𝑡 ,  𝑑2𝑡and 
𝐷1𝑡 ; 𝑡 = 1,  2,  ⋯ ,  𝑇. 

𝑊𝑇�𝑦𝑡; 𝑡 = 1,  2,  ⋯ ,  𝑇� = �𝑎3𝑡 ,  𝑑3𝑡 ,  𝑑2𝑡 ,  𝑑1𝑡 ; 𝑡 = 1,  2,  ⋯ ,  𝑇.  �    (3.4) 

Step-22: Then, a specific ARIMA and NN methods are used to each one of the constitutive series for the training 
period 1964:1 to 2007:12. The best fitted model then be used to forecast its 𝑛future values in the test period which 
are denoted by 𝑑1�𝑡 ,𝑑2�𝑡 ,𝑑3�𝑡and 𝑎3�𝑡; 𝑡 = 𝑇 + 1,𝑇 + 2,⋯ ,𝑇 + 𝑛 respectively. That is, 

�𝑎3𝑡 ,  𝑑3𝑡 ,  𝑑2𝑡 ,  𝑑1𝑡; 𝑡 = 1,  2,  ⋯ ,  𝑇�
𝐴𝑅𝐼𝑀𝐴/𝑁𝑁
𝑓𝑜𝑟𝑒𝑐𝑎𝑠𝑡
�⎯⎯⎯⎯⎯⎯� �𝑎3𝑡

𝑓,𝑑3𝑡
𝑓,𝑑2𝑡

𝑓,𝑑1𝑡
𝑓; 𝑡 = 𝑇 + 1,⋯ ,𝑇 + 𝑛� (3.5) 

Step-23: Finally, we use the inverse wavelet transform to estimate the forecasting values of the original series using 
the forecasting values of the constitutive series. The inverse wavelet transform is used in turn to reconstruct the 
forecasting series for original series, i.e., 

�𝑑1�𝑡 ,𝑑2�𝑡 ,𝑑3�𝑡 and 𝑎3�𝑡�𝑡=𝑇+1
𝑇+𝑛

𝐼𝑛𝑣𝑒𝑟𝑠𝑒 𝑊𝑎𝑣𝑒𝑙𝑒𝑡
𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛
�⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯� {𝑦�𝑡}𝑡=𝑇+1𝑇+𝑛 .     (3.6) 

We call these forecasting values obtained from Wavelet-ARIMA/Wavelet-NN model using approach-2. These 
techniques are compared with the ARIMA and NN methods used directly to forecast the original climatic series 
using the forecasting accuracy criteria discussed in the next section. 

 

4 Comparison of forecasting performance 

To assess and compare the forecasting performance of the models, three types of forecasting accuracy criteria of the 
test sets data have been adopted. They are the mean absolute error (MAE), root mean square error (RMSE) and 
mean absolute percentage error (MAPE), which are defined by 

𝑀𝐴𝐸 = 1
𝑛
∑ �𝑦𝑟𝑒𝑎𝑙,𝑡 − 𝑦𝑓𝑜𝑟𝑒𝑐𝑎𝑠𝑡,𝑡�𝑇+𝑛
𝑡=𝑇+1        (4.1) 

𝑅𝑀𝑆𝐸 = �∑ �𝑦𝑟𝑒𝑎𝑙,𝑡−𝑦𝑓𝑜𝑟𝑒𝑐𝑎𝑠𝑡,𝑡�
2𝑇+𝑛

𝑡=𝑇+1

∑ �𝑦𝑟𝑒𝑎𝑙,𝑡−𝑦��
2𝑇+𝑛

𝑡=𝑇+1
       (4.2) 

𝑀𝐴𝑃𝐸 = 1
𝑛
∑ �

𝑦𝑟𝑒𝑎𝑙,𝑡−𝑦𝑓𝑜𝑟𝑒𝑐𝑎𝑠𝑡,𝑡

𝑦𝑟𝑒𝑎𝑙,𝑡
� × 100𝑇+𝑛

𝑡=𝑇+1        (4.3) 

Where 𝑦𝑟𝑒𝑎𝑙,𝑡 and 𝑦𝑓𝑜𝑟𝑒𝑐𝑎𝑠𝑡,𝑡 are the real and forecast data point at time 𝑡 respectively, 𝑦� is the mean of 𝑦𝑟𝑒𝑎𝑙,𝑡, 𝑇 is 
the number of observation in the trail series, and 𝑛 is the number of data points forecasted in the test series. Lower 
values of the criteria imply the better forecast of the model. 

 

5 Empirical results 

The main objective of this paper is to show the forecasting performance of the time series models using the original 
data and the decomposed data. The original series is decomposed using wavelet transformation. Two time series 
models, ARIMA and NN, are used as forecasting models. First, we use these models to the original series over the 
training period to estimate the appropriate models. Then the models are used to forecast the data points of the test 
period. Secondly, we use these models to the decomposed series by wavelet transformation and forecast the test data 
as mentioned in the previous two approached. Finally, we compare the performance of these forecasting series using 
the forecasting accuracy criteria discussed in Section 4. 
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5.1 Forecasting based on original series 

Here the original series over the trail period is used to select the appropriate ARIMA and NN models. Then, these 
models are used to forecast the series over the test period. Good references on ARIMA models and standard 
forecasting techniques are in Box and Jenkins (1976) [17], Pankratz (1991) [18] and Granger and Newbold (1986) 
[19]. 

We have used the famous Box-Jenkins (1976) modeling philosophy for choosing an appropriate ARIMA model for 
the monthly humidity series over the period 1964:1-2007:12. The ARIMA(0,1,1)(0,1,1) model shows the more 
robust coefficients, white-noise error and the smallest forecasting errors among the competitive models. The out of 
sample forecasting errors are calculated using the series over the period 2008:1 to 2008:12. The model is 

∇12∇1𝑦𝑡 = (1 − 0.283𝐿)(1 − 0.953𝐿12)𝜀𝑡       (5.1) 

                                         (-6.73)            (-80.35) 

where the operators 𝐿𝑘 and ∇𝑘 are defined by 𝐿𝑘𝑦𝑡 = 𝑦𝑡−𝑘 and ∇𝑘= 1 − 𝐿𝑘. The parentheses under the model 
contain the value of t-statistic of each coefficient. Monthly forecasts according to model (5.1) together with their 
actual values are presented in Table 5.2. The value of out of the sample or test period forecasting accuracy criteria 
mean absolute error (MAE), root mean square error (RMSE) and mean absolute percentage error (MAPE) are 
0.1633, 0.2187 and 18.566 respectively. Figure 5.1 shows a graph of the humidity for the period 2006:1-2008:12 and 
the forecast values of ARIMA model from 2008:1 to 2008:12 along with the forecasting values using wavele 
transformation. 

We compare these forecasts with the forecasts made after decomposing the data set with the wavelet methodology.  

 

5.2 Forecasting based on decomposed series using Wavelet transformation 

For using the Wavelet-ARIMA model to forecast, we first need to decompose the series under study using wavelet 
transformation. For that purpose, we have applied the discrete wavelet transformation to the humidity series. A 
wavelet function of type Daubechies of order 5 and decomposition level 3 is used in this case study. The wavelet 
transform applied to climatic series 𝑦𝑡 , 𝑡 = 1, 2,⋯ ,𝑇 results in 4 series denoted by 𝑑1𝑡 ,𝑑2𝑡 ,𝑑3𝑡and 𝑎3𝑡. Series 
𝑑1𝑡 ,𝑑2𝑡 and 𝑑3𝑡are denominated detail series, while 𝑎3𝑡 is denominated the approximation series. 

 

5.2.1 Approach-1 

In approach-1, as described in Subsection 3.2, we have used discrete wavelet transformation to decompose the 
original series into 4 constitute series as mentioned above. The decomposed detail series 𝑑1𝑡 contains the highest 
frequency components among the others and hence is outlier prone. Therefore, series corresponding to 𝑑1𝑡 has been 
discarded and only series 𝑎3𝑡 ,  𝑑3𝑡 and  𝑑2𝑡 have been used to reconstruct the original series using inverse wavelet 
transformation as follows: 

𝑦𝑡∗ = 𝑊𝑇−1{𝑎3𝑡 ,  𝑑3𝑡 ,  𝑑2𝑡; 𝑡 = 1,  2,  ⋯ ,  𝑇};      𝑡 = 1,  2,  ⋯ ,  𝑇 

Then, we have chosen an appropriate ARIMA model for the series 𝑦𝑡∗ following the Box-Jenkins modeling 
philosophy which has lowest forecasting error according to the three forecasting accuracy criteria mention in Section 
4. The selected model is ARIMA(2,1,1)(0,1,1) which is defined as 

(1 − 0.4256𝐿 + 0.5520𝐿2)∇12∇1𝑦𝑡∗ = (1 + 0.9457𝐿)(1 − 0.6929𝐿12)𝜀𝑡   (5.2) 

                      (11.27)        (-14.64)                                (50.85)             (-19.18) 

The parentheses under the model contain the value of t-statistic of each coefficient, which shows the estimates of the 
parameters are highly significant. The values of test period forecasting accuracy criteria for model (5.2) mean 
absolute error (MAE), root mean square error (RMSE) and mean absolute percentage error (MAPE) are 0.0655, 
0.0799 and 9.1473 respectively. 
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5.2.2 Approach-2 

Here the discrete wavelet transformation is performed to the original series over the full period 1964:1 to 2008:12. 
Then, a specific ARIMA model is fitted for each constitutive series over the trail period 1964:1 to 2007:12. The 
ARIMA model for each series is chosen based on the smallest forecasting error over the test period 2008:1 to 
2008:12 with significant coefficients and white-noise error as outlined in Box-Jenkins method. In fact, the best 
ARIMA models for the series 𝑑1𝑡 ,𝑑2𝑡 ,𝑑3𝑡 and 𝑎3𝑡 are ARIMA(2,0,2)(0,0,0), ARIMA(0,0,4)(0,1,0), 
ARIMA(0,1,2)(0,1,1) and ARIMA(8,2,8)(0,0,1) respectively. The estimates of the ARIMA model for 𝑑1𝑡 is 

(1 + 0.866𝐿 + 0.566𝐿2)𝑑1𝑡 = (1 − 0.671𝐿 − 0.326𝐿2)𝜀𝑡     (5.3) 

        (-12.29)     (-14.08)                      (-8.56)      (-4.12) 

The estimates of the ARIMA model for 𝑑2𝑡 is 

∇12𝑑2𝑡 = (1 + 1.701𝐿 − 0.130𝐿2 − 1.736𝐿3 − 0.885𝐿4)𝜀𝑡     (5.4) 

                         (80.19)     (-6.34)        (-82.87)     (-41.34) 

The estimates of the ARIMA model for 𝑑3𝑡 is 

∇12∇1𝑑3𝑡 = −0.004 + (1 + 1.918𝐿 + 0.937𝐿2)(1 − 0.753𝐿12)𝜀𝑡    (5.5) 

                      (-1.82)              (134.20)   (66.25)            (-26.89) 

The estimates of the ARIMA model for 𝑎3𝑡 is 

(1 + 0.634𝐿 − 0.357𝐿8)∇12𝑎3𝑡 = (1 + 0.095𝐿 − 0.930𝐿8)(1 − 0.566𝐿2)𝜀𝑡   (5.6) 

        (23.79)      (-13.82)                          (5.98)       (-56.48)          (-14.48) 

Using the above best models, the forecasting values over the test period 2008:01 – 2008:12 for each transformed 
series are evaluated. The forecasting series are denoted by 𝑑1�𝑡 ,𝑑2�𝑡 ,𝑑3�𝑡 and 𝑎3�𝑡 which are shown in the Table-1 
along with their respective forecasting errors. 

Table-5.1 Forecasting values for the test period (2008:1-2008:12) of detail and approximation series 

Time d1 d2 d3 a3 
Jan-08 -0.0429 -0.0441 -0.2515 0.8726 
Feb-08 0.0469 0.0393 -0.2188 0.8886 
Mar-08 -0.0163 0.0940 -0.1117 0.8993 
Apr-08 -0.0123 0.0279 0.1077 0.9038 
May-08 0.0199 -0.0318 0.2825 0.8989 
Jun-08 -0.0103 -0.0435 0.3244 0.8822 
Jul-08 -0.0023 -0.0390 0.2530 0.8546 

Aug-08 0.0078 0.0196 0.0060 0.8144 
Sep-08 -0.0054 0.0585 -0.2423 0.7777 
Oct-08 0.0002 0.0171 -0.3586 0.7548 
Nov-08 0.0028 -0.0222 -0.4438 0.7424 
Dec-08 -0.0026 -0.0449 -0.4646 0.7459 
MAE 0.0584 0.0319 0.1737 0.1018 

RMSE 0.0698 0.0377 0.2505 0.1337 
MAPE 116.803 227.753 567.449 17.261 

Finally, the inverse discrete wavelet transformation is applied to the series 𝑑1�𝑡 ,𝑑2�𝑡 ,𝑑3�𝑡 and 𝑎3�𝑡to get the 
forecasting values of the humidity series over the test period. The forecasting values is denoted by 𝑦�𝑡, 𝑡 =
2008: 1, 2008: 2,⋯ , 2008: 12. The forecasting series 𝑦�𝑡 using Wavelet-ARIMA model is shown in Table-2. The 
values of test period forecasting accuracy criteria for this Wavelet-ARIMA model mean absolute error (MAE), root 
mean square error (RMSE) and mean absolute percentage error (MAPE) are 0.1336, 0.1591 and 15.356 respectively. 
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Table 2: Original and forecasting values for the training period 2008:1-2008:12 

 

Original 
series 

ARIMA 
 

W-ARIMA 
(approach-1) 

W-ARIMA 
(approach-2) 

Jan-08 0.6 0.5362 0.5679 0.5341 
Feb-08 0.6 0.5817 0.6165 0.7561 
Mar-08 0.9 0.8037 0.7620 0.8652 
Apr-08 0.9 1.3359 1.0557 1.0272 
May-08 1.0 1.4512 1.2395 1.1695 
Jun-08 1.2 1.4006 1.1891 1.1528 
Jul-08 1.0 1.2856 1.1158 1.0662 

Aug-08 1.0 1.0912 1.0668 0.8480 
Sep-08 0.8 0.9218 0.9019 0.5884 
Oct-08 0.6 0.4575 0.6098 0.4135 
Nov-08 0.4 0.4183 0.4373 0.2792 
Dec-08 0.5 0.5346 0.5341 0.2336 

 

5.3 Comparison 

Now we have got the results to compare the performances of the forecasting models with and without wavelet 
transformation. The forecasting values for the test period of the models with the original series are shown in Table 
5.2. For convenience, these forecasting values are depicted in Figure 5.1 with the original humidity series. The 
forecasting ability of these models is compared by using three forecasting accuracy criteria - MAE, RMSE and 
MAPE. Table 5.3 contains the values of these criteria for the models. 

Table 5.3 shows that all three measurements of forecasting accuracy criteria are sufficiently smaller when wavelet 
transformation is used in the models than that of without wavelet transformation. However, the Wavelet-ARIMA 
model with apprich-1 shows the smallest forecasting errors than approach-2. From Figure 5.1, it is obviously reveal 
that the forecasting values from Wavelet-ARIMA (approach-1) is very close to the original series followed by the 
Wavelet-ARIMA (approach-1) and ARIMA model respectively. Thus, Wavelet-ARIMA model forecast humidity 
series of Rajshahi more accurately than the direct ARIMA model. 

Table-5.2 Forecasting accuracy criteria for the model without and with wavelet transformation 

Model MAE RMSE MAPE 

ARIMA 0.1633 0.2187 18.566 

Wavelet-ARIMA 

(approach-1) 

0.0654 0.0799 9.1472 

Wavelet-ARIMA 

(approach-2) 

0.1336 0.1591 15.356 
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Figure 5.1 Original series along with the forecasting series of ARIMA, Wavelet-ARIMA (approach-1 & approach-2) 

models (For visual convenience the figure shows data from 2006:1) 

6 Conclusions 

The study has been conducted to show whether the recently developed wavelet transformation in forecasting the 
climatic time series in Bangladesh improve the performance of existing forecasting models, such as ARIMA and 
NN. These models are applied to forecast the humidity of Rajshahi, Bangladesh. Then the wavelet transformation 
has been used to decompose the humidity series into a set of better-behaved constitutive series. These decomposed 
series and inverse wavelet transformation are used as a pre-processing procedure of forecasting humidity series 
using the same models in two approaches. Finally, the forecasting ability of these two models with and without 
wavelet transformation is compared using the statistical forecasting accuracy criteria. 

The results show that the use of wavelet transformation as a pre-processing procedure of forecasting climatic time 
series improve the performance of forecasting models. The reason for the better behavior of the constitutive series is 
the filtering effect of the wavelet transform. Therefore, the forecasting using the existing models under wavelet 
transformed series is better than forecasting directly, and also it gives more accurate results. 

Thus, the hybrid Wavelet-ARIMA model proposed in this paper is both novel and effective in forecasting climatic 
time series, specially using approach-1. 
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Abstract. The paper aims at examining the performance of Islamic Banks of Bangladesh in portfolio investment in the context 
of Dhaka Stock Exchange (DSE). Stocks of a total number of 26 listed companies have been purposively been selected for the 
study from the total number of 511 listed companies. Only secondary panel data are used to examine the three assets portfolio 
performance of the selected banks. Financial ratio analysis reveals that Islamic Banks offer a higher profitability and a slightly 
higher risk than the rest of the companies. Risk-return characteristics of Islamic Banks’ common stocks are analyzed in 
portfolio context through the behavior of industry weighted three stock portfolios. The investigation shows that less risky 
portfolios mostly consisted of any of the Islamic Banks’ stock. Therefore, the Islamic Banks’ stock has risk reducing quality in 
portfolio management. The existence of Islamic Banks’ stocks in the stock market as an individual stock or as a partner of a 
portfolio will also generate a stabilization effect to general movement of stock prices. 

Keywords: Portfolio Management, Islamic Banking 

1 Introduction 
Banking is a risky business and several risk factors such as credit, liquidity, operational and market risks have been 
identified as critical to ensure that the banks position remain intact amid the intense competition in the industry. 
The survival and success of a financial organization depend critically on the efficiency of managing these risks 
(Khan and Ahmed, 2001). In addition, prudent risk management by financial institutions is the hallmark to avoid 
financial distress that could lead to a full blown financial crisis. In view of this, the issue of risk management in 
portfolio analysis is a topic of interest not only to the industry players, but also the policy makers. 

A growing literature suggests that risk management is even more challenging for the Islamic Banks compared to 
the conventional counterparts. This is largely attributed to the fact that the Islamic Banks are faced with additional 
risks due to the specific features of the financing contracts, liquidity infrastructure, legal requirements and 
governance underlying the Islamic Banks’ operations (Cihak and Hesse, 2008). The Islamic Banks have also to 
ensure that the risk management techniques which include risk identification and management being adopted 
should not be conflicting with the Shari’ah principles (Khan and Ahmed, 2001). 

Some argued that the performance and profitability of Islamic Banks are affected due to a need for allocating more 
resources to mitigate these risks. In particular, greater risk mitigation requirements call for adequate capital and 
reserves, appropriate pricing and control of risks, strong rules and practices for governance, disclosure, accounting, 
and auditing rules, and suitable infrastructure that could facilitate liquidity management (Sundararajan and Errico, 
2002). Studies on the relationship between risk management and financial performance of banks mostly have been 
conceptual in nature, often drawing the theoretical link between good risk management practices and improved 
bank performance. Schroeck (2002) and Nocco and Stulz (2006) stress the importance of good risks management 
practices to maximize firms’ value. In particular, several other studies draw the link between good risk 
management practices with improved financial performances (see, for example, Smith, 1995; Schroeck, 2002). In 
particular, these studies propose that prudent risk management practices reduce the volatility in banks’ financial 
performance, namely operating income, earnings, firm’s market value, share return and return on equity. Schroeck 
(2002) proposes that ensuring best practices through prudent risk management result in increased earnings. 

This study attempts at focusing on the banks’ performance in three stock portfolios and linking these practices with 
the financial performance of the Islamic Banks. Attempts have also been made in this study to examine and to 
evaluate quantitatively the role of Islamic Banks in portfolio management.  
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2 Rationale of the Study 
Recent financial disasters in financial and nonfinancial organizations and in governmental agencies stress the need 
for portfolio management. Risk management is the process by which managers satisfy the need by identifying key 
risks obtaining consistent, understandable, operational risk measures, choosing which risk to reduce and which to 
increase and by what means and establishing procedures to monitor the resulting risk position of the portfolios. As 
a new concept, Islamic Banking is completely different from the conventional commercial banking as its total risk 
is the function of the following three different factors combined together. 

2.1 Converting deposit holders into suppliers of equity 
Transformation of depositors to suppliers of equity of the bank will reduce the level of risk, and consequently, the 
financial leverage ratio (debt/equity) of Islamic Bank because of a low financial leverage designates a low level of 
fixed interest payments to creditors, with small variations in net profit and earnings per share(Weston and Brigham, 
1985).Therefore, the risk of Islamic Bank declines continuously and sharply as equity is replaced with debt. 

2.2 Replacement of interest payments to deposit holders by profit sharing 
Since interest is abolished for deposit holders and is replaced by profit sharing with Islamic Bank, the fixed interest 
payment is minimized or completely eliminated from any other operation of Islamic Bank. Therefore, the coverage 
of interest charge ratio will be either very high or meaningless. The first and second factors of risk are not mutually 
exclusive, i.e., two institutions would have identical (debt/equity) ratios, but the firm with a higher coverage ratio 
would be properly interpreted as being less levered (Archer et al., 1983). 

2.3 Replacing fixed loan income with the profit sharing of loan customer  
Islamic Banks are based on the Islamic legal concepts of Musharaka (partnerships) and Mudarabah (profit sharing). 
Musharaka is a contract of partnership between two  or more individuals or bodies in which all partners contribute  
capital, participate in the management, share the profit as per- agreed ratio and bear the loss, if any in proportion to 
their capital/ equity ratio. As a result, both the first and second factors have the tendency to lower the risk of 
Islamic Banks but the third factor has the potential to increase the risk of an Islamic Bank. 

3 Data and Methodology 
3.1 Sample Selection 
Three Industries related to financial sector are purposively selected out of 22 Industries actively trading at DSE for 
this study (Table 1). A total number of 26 out of 97 privately owned financial companies are purposively selected 
based on their paid up capital and length of operation.  

Table 1. Sample selection from the companies in DSE 

Serial  No    Name of the Industry    Number of Companies Sample 
1   Bank    30 9 
2   Cement    6  
3   Ceramics Sector    5  
4   Corporate Bond    3  
5   Debenture    8  
6   Engineering    23  
7   Financial Institutions    22 5 
8   Food & Allied    16  
9   Fuel & Power    14  

10   Insurance    45 12 
11   IT Sector    5  
12   Jute    3  
13   Miscellaneous    9  
14   Mutual Funds    41  
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Serial  No    Name of the Industry    Number of Companies Sample 
15   Paper & Printing    1  
16   Pharmaceuticals & Chemicals    20  
17   Services & Real Estate    4  
18   Tannery Industries    5  
19   Telecommunication    2  
20   Textile    26  
21   Travel & Leisure    2  
22   Treasury Bond    221  

Total 511 26 

Source: Dhaka Stock Exchange 

Out of a total 30 banks, only 9 privately owned banks (3 Conventional Banks and 6 Islamic Banks) are selected for 
this study. It covers all Islamic Banks namely Al-ArafahIslami Bank (AL-Arafah), EXIM Bank Ltd (EXIM), First 
Security Islami Bank (FIBL), Islami Bank Bangladesh Ltd (IBBL), ShahjalalIslami Bank Ltd (SJIBL) and Social 
Islami Bank Ltd (SIBL), except ICB Islamic Bank Ltd which has very bad financial performance. The reason 
behind such selection is the nonexistence of the public Islamic Banks in the country and public vs. private banks 
seems to be incomparable due to the management policies and government treatment. Five Financial Institutions 
out of 22 and 12 Insurance Companies out of 45 are also selected for the study. 

3.2 Methodology 
In order to analyze the risk and return relationship, this study employs various profitability ratios like return on 
assets (ROA), return on equity (ROE), the ratio of Gross Income/Risk Weighted Assets (GI/RWA) and their risk 
levels. ROA tells about the percentage of net profit/earnings that business attains by using its total available assets. 

ROA =  Net Profit
Total Assets

                                                                                                                                               (1) 

The idea of risk-weighted assets is a move away from having a static requirement for capital. Instead, it is based on 
the riskiness of a bank's assets.  

GI/RWA = Gross Income
Risk Weighted Assets

                                                                                                                              (2) 

This ratio shows a relationship between net income after taxes and shareholder’s equity, and measures the 
efficiency of the organization in generating profits by using shareholder’s equity. For financial ratio, data are 
gathered for the period of seven years from 2005 to 2011. 

ROE =  Net Income After Tax
Shareholder Equity

                                                                                                                                    (3) 

The portfolio behavior is determined through the following steps: 

Firstly, the stocks of 22 actively trading companies registered with the Dhaka Stock Exchange have been classified 
into three industries according to their lines of business. Then each industry's weight has been calculated as 
follows: 

Table 2. Portfolio Formulation 

 Name of the Industry Quantity Equity (million BD) Weight (%) 
1 Bank   (9 out of 30) 09 69318 83 
2 Financial Institutions (5 out  of  22)    05 8441 10 
3 Insurance   (12 out of 45) 12 5192 7 
 Total 26 82951 100 

Source: Annual Reports as on 31.12.2011 
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Secondly, Three-stock portfolios have been established by taking one stock from each sector every time. This 
process resulted in creating 540 portfolios (9×5×12 = 540 combinations). As the weight of stocks in the portfolio, 
the weight of the related industry has been used. Lastly, in portfolio analysis Islamic Banks’ stock are investigated 
in three-stock portfolio calculated with the help of the following formulas (Radcliffe, 1987): 

 

𝐸(𝑅𝑝)  = � Xi .  𝐸 (Ri)
𝑁
𝑖=0                                                                                                                                   (4) 

𝜎𝑝 =  �� Xi2 .  σi 2
𝑁
𝑖=0  +  ∑𝑁

𝑖=𝑗 ∑𝑁
𝑗=1
𝑖≠𝑗

𝑋𝑖 .  𝑋𝑗  .𝜎𝑖 .𝜎𝑗  .  𝑟𝑖 ,𝑗�
1/2

                                                                       (5) 

Here, 

𝐸(𝑅𝑝): Portfolio Return 
𝑋𝑖 Percentage of the Portfolio Investment in (i) 
𝑋𝑗 Percentage of the Portfolio Investment in (j) 
𝜎𝑖 Standard Deviation of Returns on Stock (i) 
𝜎𝑗 Standard Deviation of Returns on Stock (j) 

𝐸 (Ri) Return on Stock (i) 
𝑟𝑖 ,𝑗 Correlation Coefficient between the Returns of Stock (i) and (j) 
𝜎𝑝  Portfolios Standard Deviation 

 
4 Findings 
Table 3 presents ROA of selected Islamic Banks along with banking industry average. The findings demonstrate 
that almost all the Islamic Banks’ ROA are higher as compared to with industry performance in every year except 
FSIBL. It is also found that the ROAs of SJIBL are higher than those for other banks except for the year of 2011. 
The SD of ROA for IBBL is the lowest and hence less risky as compared to SJIBL. 

Table 3. Return on Assets (ROA %) 

Year 2005 2006 2007 2008 2009 2010 2011 Mean SD CV 
All Banks * 0.70 0.79 0.89 1.16 1.37 1.78 1.52 1.17 0.40 0.34 
Al-Arafa ** 1.71 2.20 1.15 1.80 1.77 2.65 2.06 1.91 0.47 0.24 
FSIBL ** 0.05 -0.57 0.11 0.33 0.68 0.86 0.64 0.3 0.49 1.63 
IBBL ** 1.00 1.03 0.84 1.27 1.34 1.47 1.35 1.19 0.2 0.18 
SIBL ** 0.71 0.61 1.09 1.19 2.08 2.39 2.45 1.5 0.79 0.52 
SJIBL ** 1.72 2.17 2.60 2.26 2.08 3.01 1.26 2.16 0.57 0.26 

Source: * Bangladesh Bank & **Annual Report 

Table 4 shows the Gross income/risk weighted assets ratio of selected Islamic Banks along with the industry 
average. All Islamic Banks’ GI/RWA are found to be almost higher as compared with industry performance in 
every year except FSIBL. It can be seen that the GI/RWA of Al-Arafah is all time higher than those for other 
selected banks. Specific results are shown one Table 4 which also highlights that SD of FSIBL for the results of 
GI/RWA is the lowest and hence less risky as compared to SJIBL. AL-Arafah scored highest mean as compared to 
other selected banks. 
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Table 4. Gross income/risk weighted assets ratio (%) 

Year 2005 2006 2007 2008 2009 2010 2011 Mean SD 
All Banks* 4.41 4.45 4.66 5.10 5.03 4.01 4.18 4.55 0.41 
Al-Arafa 7.95 7.91 6.46 7.96 7.30 6.56 5.59 7.10 0.93 
FSIBL 3.4 3.6 2.81 3.3 4.27 4.14 4.56 3.73 0.62 
IBBL 4.21 4.93 5.88 6.96 6.08 6.09 0.078 4.89 2.3 
SIBL 4.29 4.03 5.16 6.48 6.57 5.25 5.35 5.31 0.97 
SJIBL** 5.15 6.43 7.10 6.14 5.26 4.59 3.72 5.48 1.16 

          Source: * Bangladesh Bank, **Annual Report 

It is to be noted from Table 5 that SJIBL and Al-Arafah’s ROE are higher in contrast with Industry performance in 
every year except 2011 for Al-Arafah. The table also shows that ROE for both the SIBL and FSIBL are lower in all 
the selected years as compared to ROE performance of industry average.  

Table 5. Return on equity (ROE %) 

Year 2005 2006 2007 2008 2009 2010 2011 Mean SD CV 
All  Banks* 15.01 14.13 13.78 15.60 21.72 20.97 20.31 17.36 3.48 0.20 
Al-Arafa** 21.55 27.81 17.05 24.70 24.10 20.01 18.34 21.94 3.82 0.17 
FSIBL** 1.2 -11.68 2.7 4.11 11.41 13.99 12.75 4.93 8.95 1.82 
IBBL** 13.51 13.42 13 19.02 16.93 19.00 17.42 16.04 2.7 0.17 
SIBL** 4.52 5.88 9.01 10.82 12.13 15.31 15.02 10.38 4.19 0.4 
SJIBL** 34.46 38.44 23.21 25.58 25.10 30.71 25.51 29.00 5.69 0.20 

Source: * Bangladesh Bank, **Annual Report 

Table 6 represents top 30 results of portfolio return and portfolio risk. It is interesting to note that portfolios returns 
involving Islamic Banks (especially SIJBL and Al-Arafah) are higher while portfolio risks are lower. Dominant 
performance of SJIBL has been observed among the selected 30 portfolios as revealed by the higher value of 
returns. Dominant performance of IBBL has been also observed among the selected 30 portfolios as revealed by 
the lowest value of risks. 

Table 6. Portfolio Rank Based on Risk and Return 

[See Appendix] 

Frequency distributions for ranking of portfolio return and portfolio risk among the total 560 portfolios of Islamic 
Banks have been shown in Figure 1 and Figure 2 respectively. Both the figures depict that the ranks of Portfolios 
involving Islamic Banks are higher. Interestingly, patterns of both the frequency distributions of ranking of 
portfolio return (Figure 1) and portfolio risk (figure 2) are almost the same 

 
Fig 1. Frequency Distribution of Portfolio return 
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 Fig 2. Frequency Distribution of Portfolio Risk 

To examine the individual performance of each Islamic Bank, mean and median of 60 portfolios for each bank 
have been calculated on the basis of portfolio return and portfolio risk. SJIBL is found to have the highest return 
and the lowest risk followed by Al-Arafah Bank. Table 7 summarizes that among the 6 Islamic Banks SJIBL and 
Al-Arafahhave strong influence in generating high portfolio return and reducing portfolio risk.  

Table 7. Bank wise performance 

Bank Rank of Portfolios based on Return Rank of Portfolios based on Risk 
Mean Median Rank Mean Median Rank 

AL-Arafah 66.50 66.17 2nd 66.0 66.5 2nd 
EXIM 183.50 191.53 3rd 255.9 248.5 4th 
FSIB 223.50 224.45 4th 371.0 383 6th 
IBBL 499.50 493.68 6th 188.5 167.5 3rd 
SIBL 330.50 325.33 5th 325.3 330.5 5th 
SJIBL 50.50 54.78 1st 53.7 50 1st 

5 Conclusion 

The risk level of an Islamic Bank is the combined effect of the three new statutes governing the operations, namely 
deposit holders are replaced by equity holders, interest payments to depositors are converted into profit or loss 
sharing, and loans to customer are transformed into capital participation. To investigate the net effect of these new 
responsibilities on the total risk of Islamic Bank, an analysis is conducted in three different areas. Based on the 
results, Islamic Banks offer a higher profitability and a slightly higher risk than the rest of the companies. Among 
the Islamic Banks, SJIBL should be the first choice.Risk-return characteristics of Islamic Banks’ common stocks 
are analyzed in portfolio context through the behavior of industry weighted three stock portfolios. The 
investigation shows that the less risky portfolios out of the total of 560 mostly consist of any of the Islamic Banks’ 
stock. Thus, Islamic Banks’ stocks have not only risk reducing quality due to low standard deviation but also the 
existence of Islamic Banks’ stocks in the stock market as an individual stock or as a partner of a portfolio will 
generate a stabilization effect to general movements of stock prices.  
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Abstract: The main purpose of the study is to investigate the application of GARCH family models, like GARCH, EGARCH, 
and TARCH, when applied to task for modeling the DSE20 index using the daily DSE20 index series.  The DSE20 index time 
series from April 29, 2001 to September 18, 2011 is used for the study purpose out of which in-sample and out-of-sample data 
sets cover from April 29, 2001 to March 13, 2008 and March 16, 2008 to September 18, 2011 respectively.  The GARCH model 
demonstrates that past volatility of DSE20 index returns significantly influence current volatility. This model has no ARCH 
effect and it captures the volatility dynamics of DSE20 index returns series. EGARCH model shows that all terms are also 
statistically significant, and is capable of explaining the behavior of DSE20 index returns. TARCH model demonstrates that the 
previous square error terms significantly affect volatility and the past volatility of DSE20 index returns significantly influences 
current volatility. This model indicates that there is no asymmetric behavior of DSE20 index returns and leverage effect is 
absent. According to the AIC and BIC, GARCH model is the most parsimonious model. On the basis of the statistical 
performance results, GARCH model is considered as the best performing model for in-sample data set, while no model is found 
to be as the best model individually for out-of-sample data set. Based on the trading performance results, TARCH and 
EGARCH models are considered as the best performing model for the in-sample and out-of-sample data sets respectively.  

Keywords:  DSE20 Index, GARCH, EGARCH, TARCH, Volatility. 

1 Introduction 
Financial markets transfer long-term financial resources from capital saving units to the capital deficit units.  In the 
age of globalization, well-organized stock markets are emergent needs for economic development and growth. 
Volatility is one of the fundamental statistical risk measures, which may be applied to measure an individual 
security’s investment or a portfolio’s market risk (Kaur, 2004). Volatility model is a tool applied in estimating 
return on investment (Xie and Lie, 2010). Accurate modeling stock index volatilities play a crucial role in risk 
management and derivatives pricing. Kun (2011) has pointed out that  the joint use of GJR (1, 1) and RiskMetrics 
are produced the finest forecasts as well as the implied volatility is inferior for future volatility forecasting, and the 
model based forecasts have more explanatory power for future volatility.Constantin et al. (2010) reveals that the 
GJR model captures the negative correlation between asset returns and volatility.  According to Floros (2008), 
GARCH model can characterize the daily stock return. Makhwiting and Sigauke (2012) find that the daily returns 
can be characterized by an ARMA (0,1) process which indicates that shocks to conditional mean dissipate after one 
period. They also find that ARMA (0, 1) - GARCH (1, 1) model attain the most accurate volatility forecast and 
these findings are functional to financial managers and modelers in both rising and developed economies. Liu et al. 
(2009) has mentioned that the GARCH-SGED model is better to the GARCH-N model in forecasting China stock 
market’s volatility. They also mention that volatility forecasts by the GARCH-SGED model are more perfect than 
those generated using the GARCH-N model in all cases.  According to Abdalla (2012), the asymmetric GARCH 
models demonstrate a noteworthy substantiation for asymmetry in stock returns, confirming the existence of 
leverage effect in the returns series.Aal (2011) finds that EGARCH outperforms the EWMA, ARCH, GARCH, and 
GJR models. Xie (2010) has mentioned that EGARCH model is the favored one of intraday volatility estimation in 
S&P500 stock index future product. He also mentions that IGARCH Model is the better one for in-the-sample 
estimation, whereas the IGARCH model is favored for estimation in out-of sample data set. According to Arshad et 
al. (2012), GARCH (1,1) model is the good fitted model but not able to capture the “leverage effect”.  Therefore, 
EGARCH is applied to cope with this problem and this model gives the best fit to data as compared to other 
applied techniques.  The main motive of the study is to model volatility of Dhaka Stock Exchange (DSE) index 
using GARCH family model. 
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2 Methodology of the Study 

2.1 Data 
The study is based only the secondary data. The required data, the daily DSE20 index, is collected from DSE 
library. The study period is from April 29, 2001 to September 18, 2011 which comprise 2653 trading days.  The 
total data set is broken – down into in-sample and out-of-sample data set. The in-sample data set covers from April 
29, 2001 to March 13, 2008 and includes 1809 observations, whereas out-of-sample covers from March 16, 2008 to 
September 18, 2011 and contains 843 observations. 

 

2.1.1 Jarque-Bera Statistics 

 
Figure 1.DSE20 Index Summary Statistics 

Figure 1 depicts that the positive skewness is 1.322244 and a high positive kurtosis is 4.171228. According to the 
Jarque-Bera statistics, the DSE20 index is non-normal at 99% confidence interval, since probability is 0.0000 
which is less than 0.01. So, it is required to convert the DSE20 index series into the return series.  

2.1.2 Transformation of the DSE20 Index   

Generally, the movements of the DSE20 index are usuallynon-stationary as well as quite random and not suitable 
for the study purpose. The series of DSE20 index is converted into returns by using the following equation: 

                   𝑅𝑡 = 𝑃𝑡 − 𝑃𝑡−1
𝑃𝑡−1

(1) 

Where, 

Rt = return at time t  

Pt = index at time t   

Pt - 1 = index just preceding of the time t  

2.1.3 Augmented Dickey-Fuller (ADF) Test and Phillips-Perron (PP) Test on DSE20 Index and DSE General 
Index Returns Series 

Table 1. ADF Test on DSE20 Index Returns 

  t-Statistic   Prob.* 
Augmented Dickey-Fuller test statistic  -0.243890  0.9304 

Test critical values: 

1% level -3.432647  
5% level -2.862441  
10% level -2.567294  

*MacKinnon (1996) one-sided p-values. 
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Table 1 presents the findings of ADF test on DSE20 index returns and formally confirms that the DSE20  index  
returns series is non-stationary, since the values of ADF test statistic, -0.243890, is greater than its test critical 
value,  -3.432647, at the level of significance of 1%. 

Table 2. PP Test on DSE20 Index Returns 

  Adj. t-Stat   Prob.* 
Augmented Dickey-Fuller test statistic   0.075204  0.9638 

Test critical values: 

1% level -3.432624  
5% level -2.862431  
10% level -2.567289  

*MacKinnon (1996) one-sided p-values. 

Table 2 demonstrates the findings of the PP test on the DSE20 index returns and properly proves that the DSE20 
index returns series is non-stationary, since the values of PP test statistic, 0.075204, less than its test critical value, -
3.432624, at the level of significance of 1%. Therefore, it can be mentioned that the DSE20 index returns series is 
non-stationary as per both the ADF test as well as PP test.  

2.1.4 Summary Statistics of the DSE20 Index Returns 

Summary statistics of the DSE20 index returns is used to test whether DSE20 index returns series is non-normal at 
95% confidence level or not. 

 
Figure 2. DSE20 Index Returns Summary Statistics 

Figure 2 further discloses a slight positive skewness which is 0.548099 and a higher positive kurtosis which is 
16.85374. According to the Jarque-Bera statistics, the DSE20 index returns series is non-normal at the confidence 
interval of 99%, since probability is 0.0000 which is less than 0.01. 

2.2 Specification of the Model 
2.2.1 GARCH Model 

Bollerslev (1986) & Taylor (1986) develops GARCH model independently and this model permits the conditional 
variance to be dependent upon previous own lags, and GARCH (1,1) takes the following equation:  

𝜎𝑡2 = 𝛼0 + 𝛼1𝑢𝑡−12 +  𝛽𝜎𝑡−12                                 (2) 
𝜎𝑡2 is the conditional variance and this model can interpret the current fitted variance, ht, as a weighted function of 
a long-term average value which is dependent on α0, information about volatility during the previous period 𝛼1𝑢𝑡−12   
and the fitted variance from the model during the previous period , 𝛽𝜎𝑡−12 ,   (Brooks, 2008).   
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2.2.2 EGARCH Model 

Nelson (1991) develops exponential GARCH (EGARCH) model. The conditional variance equation can be 
expressed in the following way: 

   ln𝜎𝑡2 = 𝜔 +  𝛽 ln𝜎𝑡−1 
2 +  𝛾 𝑢𝑡−1

�𝜎𝑡−1
2

 +  𝛼 �|𝑢𝑡−1|

�𝜎𝑡−1
2

 −  �2
𝜋
� (3)    

This model more advantageous compared to the pure GARCH specification. Firstly, as the log (𝜎𝑡2)  is modeled, 
then even if the parameters are negative, 𝜎𝑡2 would be positive. Therefore, artificially imposition of non-negativity 
constraints on the model parameters is not required. Secondly, asymmetries are allowed for under the EGARCH 
formulation, as if the association between volatility and returns is negative, 𝛾, will be negative ((Brooks, 2008).  

2.2.3 TARCH Model 

Zakoïan (1994) &Glosten et al. (1993) use the TARCH model with an intention of independence than for the 
asymmetric effect of the “news”. The TARCH takes the following form: 

𝜎𝑡2 = 𝜔 +  ∑ 𝛽𝑗
𝑝
𝑗=1 𝜎𝑡−𝑗2  +  ∑ 𝛼𝑖

𝑞
𝑖=1 𝑢𝑡−𝑖2 + ∑ 𝛾𝑘𝑟

𝑘=1 𝑢𝑡−𝑘2 𝐼𝑡−𝑘�����                              (4)                                                                    

2.3 Selection of the Parsomania Model 
2.3.1 Measures of the Information Criterion 

Akaike Information Criterion (AIC) and Schwarz’s Bayesian Information Criterion (BIC) are used to 
select the best performing model and there is an inverse relationship between the information criterion 
and performance of the model.  
2.3.2 Measures of the Statistical Performance of the Model 

The statistical performance measures are, namely mean absolute error (MAE); mean absolute percentage error 
(MAPE); root mean squared error (RMSE); and theil's inequality coefficient (Theil-U), arecalculated to select the 
best model in case of in-sample as well as the out-of-sample case individually in this study. Lower the values of 
RMSE, MAE, MAPE and Theil-U better the performance of a given model.   

2.3.2Measures of the Trading Performance of the Model 

The trading performance measures, like annualized return ( 𝑅𝐴); annualized volatility(𝜎𝐴); information ratio (SR); 
and maximum drawdown (MD), are used to select the best model. That model’s trading performance would be the 
best whose annualized return, cumulative return, ratio information are the highest, whereas the lowest annualized 
volatility as well as maximum drawdown means the best performing model..   

3 Empirical Results  
3.1 GARCH Model 

Table 3.Output of GARCH Model on DSE20 Index Returns 

Variable Coefficient Std. Error z-Statistic Prob. 
C 0.0000889 0.000200 0.443920 0.6571 
Variance Equation 
C 8.23E-06 6.66E-07 12.36198 0.0000 
RESID(-1)^2 0.205906 0.013885 14.82897 0.0000 
GARCH(-1) 0.758268 0.013316 56.94423 0.0000 
     
R-squared -0.003275  Adjusted R-squared -0.004033 
Heteroskedasticity Test: ARCH 
F-statistic 0.043276      Prob. F(1,2648) 0.8352 
Obs*R-squared 0.043308      Prob. Chi-Square(1) 0.8351 
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Table 3 reveals that in the variance equation, all terms are statistically significant at 5% level of significance since 
the probability of each term is less than 0.05.  Therefore, GARCH model shows that the volatility of risk is 
affected, significantly, by past square residual terms. The Adjusted R-squared is -0.004033, which is not very high. 
The F-test indicates that the every explanatory variable should be included and every coefficient is individually 
significant (except the constant), since p-value is less than 0.05. The model is also stable, because sum of 
parameters of the variance equation is less than one. The outputs of ARCH test indicates that the residuals are not 
heteroskedastic which indicates that the variance of residuals is constant and there is no ARCH effect, since the p-
value i.e. the Prob. F(1, 2648)  is 0.8352 which is  greater  than 0.05. So, it can be mentioned that past volatility of 
DSE20 index returns is significantly, influencing current volatility and GARCH model is enough to capture the 
volatility dynamics of DSE20 index returns series. 

3.2 EGARCH Model 
Table 4.  Output of EGARCH on DSE20 Index Returns 

Variable Coefficient Std. Error z-Statistic Prob. 
C -0.000147 0.000622 -0.237111 0.8126 
Variance Equation 
C(4) -0.772064 0.057946 -13.32380 0.0000 
C(5) 0.334944 0.016426 20.39047 0.0000 
C(6) 0.018948 0.008756 2.163963 0.0305 
C(7) 0.941534 0.005749 163.7798 0.0000 
     
R-squared -0.002511  Adjusted R-squared -0.003268 

Table 4 demonstrates that both in the mean as well as variance equations, the constant C is not statistically 
significant. In the variance equation, all the terms are statistically significant at 5% level for the DSE20 index 
returns, since their probabilities are less than 0.05. The EGARCH variance equation also indicates that the 
asymmetric behavior in volatility of DSE20 index returns series is existed which means that positive shocks are 
affecting, differently, than the negative on volatility. The Adjusted R-squared is -0.002888, which is very low. The 
F-test indicates that the every explanatory variable should be included and every coefficient is individually 
significant (except the constant), since p-value is less than 0.05. The model is also stable because sum of 
parameters of the variance equation is less than one. Therefore, the EGARCH model is adequate to explain the 
behavior of DSE20 index returns. 

3.3 TARCH Model 
Table 5.  Output of TARCH Model on DSE20 Index Returns 

Variable Coefficient Std. Error z-Statistic Prob. 
C 8.01E-05 0.000223 0.358862 0.7197 
Variance Equation 
C 8.35E-06 6.93E-07 12.04537 0.0000 
RESID(-1)^2 0.204107 0.015218 13.41196 0.0000 
RESID(-1)^2*(RESID(-1)<0) 0.005324 0.017970 0.296251 0.7670 
GARCH(-1) 0.756749 0.013590 55.68622 0.0000 
     
R-squared -0.003394  Adjusted R-squared -0.004152 

Table 5 illustrates that in the mean equation, the constant C is not significant whereas significant in variance 
equation.  In the variance equation, the terms RESID(-1)^2 and  GARCH(-1) are statistically significant. This 
implies that the previous square error terms significantly effects volatility and that the past volatility of DSE20 
index returns is significantly, influencing current volatility.The leverage effect term is represented by the RESID(-
1)^2*(RESID(-1)<0) and  it  is not statistically significant which indicates that there is no asymmetric behavior and 
leverage effect is absent. The Adjusted R-squared is -0.257856, which is very low. The F-test indicates that the 
every explanatory variable should be included and every coefficient is individually significant (except the constant 
and RESID(-1)^2*(RESID(-1)<0)), since p-value is less than 0.05. The model is stable because sum of parameters 
of the variance equation is less than one.  
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3.4 AIC and BIC, Statistical, and Trading Performance 
3.4.1 AIC and BIC Performance 

Table 6. Output of AIC and BIC on DSE20 Index Returns 

Particulars Model 
GARCH EGARCH TARCH 

AIC -6.195525 -6.178752 -6.194784 
BIC -6.179251 -6.163213 -6.179251 

Table 6 reveals that GARCH model has the lowest AIC at -6.195525, whereas both the GARCH and TARCH 
models have the same and lowest AIC at -6.179251 each. Therefore, it is found that GARCH model outperforms 
other model, since it is selected as the best model highest time.  

3.4.2 In -Sample Statistical Performance  

Table 7. In -Sample Statistical Performance Results on DSE20 Index Returns 

Particulars Model 
GARCH EGARCH TARCH 

MAE  0.0031 0.0065 0.0064 
MAPE  73.56% 126.81% 115.25% 
RMSE  0.0060 0.0094 0.0092 
Theil -U  0.7069 0.7208 0.7021 

Table 7 demonstrates that GARCH model has the lowest MAE, MAPE, RMSE, and Theil’s at 0.0031, 73.56%, 
0.0060, and 0.7069 respectively. Therefore, GARCH model is selected as the best performing model. 

3.4.3  Out – of- Sample Statistical Performance 
Table 8.  Out –of - Sample Statistical Performance Results on DSE20 Index Returns 

Particulars Model 
GARCH EGARCH TARCH 

MAE  0.0113 0.0113 0.0113 
MAPE  143.69% 138.40% 143.76% 
RMSE  0.0177 0.0177 0.0177 
Theil -U  0.8450 0.8541 0.8448 

Table 8 depicts that all models have the same and the lowest MAE, and RMSE at 0.0113, and 0.0177 respectively. 
The EGARCH model has the the lowest MAPE at 138.40%, whereas the TARCH model has the minimum Theil-U 
0.8448.  Therefore, it is complex to select the best performing model. 

3.4.4  In-Sample Trading Performance 

Table 9. In- Sample Trading Performance Results on DSE20 Index Returns 

Particulars Model 
GARCH EGARCH TARCH 

Annualised Return 178.36% 176.91% 178.45% 
Annualised Volatility 13.53% 13.60% 13.52% 
Sharpe Ratio 13.18 13.00 13.20 
Maximum Drawdown -1.39% -1.39% -1.39% 

Table 9 reveals that the TARCH model has the highest annualized return, lowest annualized volatility, and the 
highest sharp ratio at 178.45%, 13.52%, and 13.20 respectively.  All models have the same the maximum downside 
maximum drawdown at -1.39%. Therefore, TARCH model is selected as the best performing model.   
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3.4.5  Out-Of-Sample Trading Performance 

Table 10. Validation Trading Performance Results on DSE20 Index Returns 

Particulars Model 
GARCH EGARCH TARCH 

Annualised Return 36.84% 41.18% 36.36% 
Annualised Volatility 27.65% 27.63% 27.66% 
Sharpe Ratio 1.33 1.49 1.31 
Maximum Drawdown -32.77% -28.00% -32.77% 

Table 12 demonstrates that the EGARCH model has the highest annualized return, lowest annualized volatility, and the highest 
sharp ratio at 41.18%, 27.63%, and 1.49 respectively.  The TARCH model has the lowest maximum drawdown at -32.77%. So, 
EGARCH model outperforms other models.  

4 Conclusions 

GARCH model demonstrates that in the variance equation, all the terms are statistically significant  which implies that the 
volatility of risk is affected significantly by the past square residual terms and past volatility of DSE20 index returns is 
significantly influencing current volatility. The F-test indicates that the every explanatory variable should be included and every 
coefficient is individually significant (except the constant), since p-value is less than 0.05. The model is also stable, because 
sum of parameters of the variance equation is less than one. The outputs of ARCH test illustrates that the variance of residuals is 
constant and there is no ARCH effect. So, it can be mentioned that past volatility of DSE20 index returns is significantly, 
influencing current volatility and GARCH model is adequate to capture the volatility dynamics of DSE20 index returns series. 
EGARCH model’s results show that all the terms are statistically significant at 5% level for the DSE20 index returns, since their 
probabilities are less than 0.05. The EGARCH variance equation also demonstrates that there is an asymmetric behavior in 
volatility.The F-test indicates that the every explanatory variable should be included and every coefficient is individually 
significant (except the constant). . This model is stable because sum of parameters of the variance equation is less than one. 
Therefore, the EGARCH model is also enough to explain the behavior of DSE20 index returns. TARCH model illustrates that 
in the variance equation, the terms RESID(-1)^2 and  GARCH(-1) are statistically significant. This implies that the previous 
square error terms significantly affects volatility and the past volatility of DSE20 index returns is significantly, influencing 
current volatility.The leverage effect term is represented by the RESID(-1)^2*(RESID(-1)<0) and  it  is not statistically 
significant which indicates that there is no asymmetric behavior and leverage effect is absent. The Adjusted R-squared is -
0.257856, which is very low. The F-test indicates that the every explanatory variable should be included and every coefficient is 
individually significant (except the constant and RESID(-1)^2*(RESID(-1)<0)), since p-value is less than 0.05. The model is 
stable because sum of parameters of the variance equation is less than one.  

According to the AIC and BIC, GARCH model is the best performing model. On the basis of statistical performance results, 
GARCH model is nominated as the best performing model in in-sample data set, whereas no model is selected as the best model 
individually in out-of-sample data set. As per the trading performance results, TARCH and EGARCH models are nominated as 
the best performing model in the in-sample and out-of-sample data sets respectively.  
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Abstract. We consider a production inventory system of perishable items under N-policy which determines the backlog required to 
start the production process. Identifying a two dimensional Markov chain, we investigate the system state distribution. This paper 
represents a single product stochastic production inventory model with two different rates of production where demand arrives 
according to Poisson process. The model is built up based on matrix approach. In this current model, backlogs are permitted and 
assumed that the production will start from the inventory level where there are some predetermined backlogs. It is also assumed that 
the production rate is higher during the backlogs situation than the situation where there is no backlog. Some measures of the 
system performance in the steady state case are derived, some numerical illustrations are given and sensitivity analysis are 
provided.  
Key words: Backlogs, Production Inventory, Perishability, N-policy Stochastic Inventory system.   

1 Introduction 
In several exiting model, it is assumed that products have infinite shelf time.But in a number of practical situations, 
a certain amount of decay or waste is experienced on the stock items. For example,this may arise in certain food 
products subject to deterioration or radioactive materials where decay is present. These types deteoration of items 
in the inventory system occurred due to presence of any or many factors like storage,weather condition including 
the nature of the particular product under study.The deterioration is usually a function of the total amount of 
inventory on hand. Hence, the need to study the perishable inventory system arises.Dave and choudhari (1986); 
considered finite rate of production. Silver (1984); Ritchie (1984) and Urban (1992) have considered infinite 
production rates. Bhonia and Maiti (1997); have examined two models: in one model they considered production 
rate as a function of the on hand inventory and in another as a function of demand rate. Ouyang et al.(1999); 
considered the continuous inventory system with partial backorders. Nobel and Headen (2000); have considered 
production inventory model with two discrete production modes. Islam (2007); considered a production inventory 
model with ( )3=n  rates of production. In that paper the author investigated a single product deterministic 
inventory model when demand rate is constant. It is also assumed that production starts from the inventory level 
where there is some predetermined quantity as a backlogs. Perumal and Arivarignan (2002); have considered a 
deterministic inventory model with two different production rates. Islam et.al (2005) considered stochastic 
inventory system with different rates of production where backlogs were permitted. They  considered in that paper 
that the inventoried items are non-perishable in nature. Islam et.al (2007); further extended the model for 
perishable inventoried items. In that paper switching time  also considered and that has taken as a random 
phenomena. In both of their papers, they built up the models by using the concept of Kolmogorov differtial-
difference equations.    

 In this paper, we have considered a stochastic production inventory system with two       different rates of 
production with the possible slippage of production rate from one rate to another  over time. For the levels (-N to 
0), we have considered production rate is µ1and  the stage (0 to S) is µ2, where µ1>µ2. Such a situation is desirable 
since our production starts from a backlog situation where demands will be satisfied as soon as items produced but 
when backlog will be cleared inventory carrying cost will be increased if inventory level is increased. The model is 
built up here  by using matrix approach.  
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2 Notations 
λ→ Arrival rate  

µ1→ Production rate when inventory levels vary from –N to 0. 

µ2→ Production rate when inventory levels vary from 0 to S. 

N → Pre-determined backlogs quantity. 

S →Maximum inventory level. 

I(t) → Inventory level at time t. 

→δ Perishable rate of items. 

3 Assumptions 

(1) Two different rates of production µ1 and µ2 are considered where µ1>µ2. 

(2) The process will continue producing the items at the rate µ1 until the backlog vanishes and then will start 
producing at the rate µ2 until the inventory level reaches to order level (S)  

(3) Inter production time follow the exponential with parameter 1µ  as well as 2µ  respectively. 

(4) Production process will start when the inventory level reaches –N unit of items as a backlogs. 

(5) When inventory level will reach the order level, production will be switched off. 

(6) Perishability rate is level dependent and follow exponential distribution with parameter δ . 

 

4  Model and Analysis 
In this model, the production system starts with a backlog and reaches in off mode at the inventory level S. Demand 
arrives at a rate λ following Poisson process. Inventory level will be depleted when customers demand will be 
satisfied. When inventory level reaches in the state     ( )0,1+− N  the very next demand converts the system on 
mode from off mode i.e., ( )1,N− . In that stage, if further demand arrives that will be lost forever. The inventory level 

( )tI take the values in the set { }SNNA ,......,0,......,1, +−−=  

By our assumptions {I(t), t≥0} does not follow Markov Process. To get a two dimensional Markov process, we 
incorporate the process {δ(t), t≥0 } into {I(t), t≥0} process where δ(t) is defined by,     

δ(t)=  




otherwise       0
ON is   process   productionn         whe1

  

Now, {I(t), δ(t), t≥0}is a two dimensional continuous Markov Process defined on the state space ( )21 EEE ∪=
where, ( ){ }SNNiiE ,...,2,1:0,1 +−+−== and ( ){ }1,...,1,:1,2 −+−−== SNNiiE  

The infinitesimal generator matrix of the process A


 which can be written as, 

( )( )( )

( ) ( ) ( )
( ) ( ) ( )
( ) ( )
( ) ( )
( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )
( ) ( ) ( )
( ) ( ) ( )

( )1                                                   

0  are elementsother 
0;1,..,1           -  is  ,,

1;1,.....,0                   is  ,1,
1;1,.....,                   is  ,1,

1;1,...,1     is  ,,
1;1,.....1     is  ,1,

0;1,.....,0                   is  ,1,
0;1,....,0                  - is  ,,

0;1,...,         is  ,1,
0;1,...,           i-  is  ,,

1

2

1

2
11




















=−+−=∀+→
=−=∀+→

=−−=∀+→
=−=∀++−→

=−=∀+−→
=+−=∀−→

=+−=∀→
==∀+−→
==∀+→

==
++

jNijiji
jSijiji

jNijiji
jSiijiji

jSiijiji
jNijiji

jNijiji
jSiijiji
jSijiji

AA
SSij

µλ
µ
µ

µδλ
δλ

λ
λ

δλ
δλ
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 The above matrix  can be obtained using the following arguments;-  

A. The arrival of demand makes a transition from  

1,....,1 if )1,1(),(
.1,....,1, if )0,0,1(),(

+−−===−=→
+−−===−=→

NSijlikji
NSSijlikji

 

B. Production of a item makes a transition 

1,...., if)1,1(),( −−===+=→ SNijlikji  

C. A demand can convert the system from off mode to on mode and can make a transition from.  

1 if  ,1,1(),( +−===−=→ Nijlikji  

D. One unit of production can convert the system from on mode to off mode and can make a transition  

1Si if  );,1()1,( +===+=→= ojlikji  
E. Due to the perishability of the items; the system makes a transition from  

1.........,2,1 if )1,1(),(
1,.....,1, if )0,0,1(),(
−===−=→

−===−=→
Sijlikji

SSijlikji
 

Inventory level which represents negative sign indicates intangible items (i,e backlogs,) 

5 Steady State Analysis 

It can be seen from the structure of matrix A


 that the state space E is irreducible. Let the limiting distribution be 
denoted by ji,Π : 

( ) ( ) ( )[ ] ( ) ElkjittILt
t

ji ∈==Π
∞→

,  ,,,Pr , δ  

The limiting distribution exists and satisfies the following equations-                    

( )

( )3                                                                                                                           1 

2                                                                                                                          and                   0~

S

1-Ni

1-S

j
1,0,

,

=Π+Π

=Π

∑ ∑
+= −= N

ii

ji A

 

The first equation of the above yields the following set of equations:-
 

In off Mode: 

( ) 01,120, =Π+Π+− −SSS µδλ  

( ) ( )1....,2,1,0;0)()1( 0,10, −==Π++Π−−− + SiSS ii δλδλ  

1........0;00,1,12 +−==Π+Π− − NiiS λµ  

In On Mode: 

( ) 0)1( 1,221,12 =Π+Π+−+− −− SSS µµδλ  

( ) ( ) 1,...,3,2;  0)1()( 1,121,11,2 −−==Π+Π−++Π++− −+ SSisi iii µδλµδλ  

01,11,1 =Π−Π −+− NN µλ   
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The solutions are as follows: 

When the system is in off mode: 

 
( ) ( )1,...,2,1,0;1,1

2
0, −=Π
















−+

=Π −− Si
iS SiS δλ

µ

 

1..........0;1,1
2

0, +−=Π=Π − NiSi λ
µ  

When the system is in on mode: 

 
1

2
)1,1(1, ,3;

µ
µ

ρρ =−=Π=Π − iSi

[ ( ) ( )( ) ] ( )( )
( )( )

( )
2

22-i-S
2

21
2

21, ,2,....,3;  2-11
µ
λρ

µ
δρ

µ
δρ =+=Π







 −−
+Π

−−
++=Π −−− SiiSiS

iSiS  

Where, )1,1( −Π S  can be obtained by using the following normalizing condition i.e., 

  1
1

1,
1

0, =Π+Π ∑∑
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S

Ni
i

S

Ni
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Remark:If theitems are not perishable i.e. 0=δ  then the limiting probability are given by  
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1

2

µ
µ

ρ =    , 
2

2 µ
λρ =  

6 System Performance Measures 
(a) Mean Inventory holds in the system 

Let α1 denote the average inventory level in the steady state. Then 

 ∑∑
−

==

Π+Π=
1

1
1,

1
0,1

S

i
i

S

i
i iiα  

(b) Expected backlogs hold in the system: 

Let α2 be the expected backlogs in the system in steady state. Then α2 can be defined as:  
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(c) Expected number of perishable item 
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Let 3α is the expected number of items perished to the system and can be defined as: 
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(d) Average number of Customer’s lost to the system: 

 1,4 N−Π= λα  

(e) The probability that a demand will be satisfied just after its arrival is, 
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7  Waiting time distribution 
Let T be the random variable denoting the waiting time of a customer to receive the item. Then the distribution 
function ( )tFT  for realization t of T is given by 
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where nm,γ denotes the gamma density with parameters m and n and * denotes the convolution. The expression for 

0=t  is obvious .for 0〉t ,we have two cases X=0 and X=1, (where ( )tXX
t ∞→

= lim ) .Suppose that there are n 

backlogs at a demand epoch. Then if X=1 (i.e. the production process is on), the waiting time is the production 
time of (n+1) units. On the other hand if X=0(i.e. the production process is off),and the number of backlogs is n the 
production starts only after receiving (N-(n+1)) more orders,and the demand of arrival under consideration is met 
at the moment the (n+1)-st unit is produced. The expected waiting time, ( )TE  is given by  
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8 Steady State Cost Analysis of the model 
Let us consider the costs under steady state as given below: - 

          L = the initial set-up cost of the system. 

          C1 = inventory carrying cost per unit per unit time.  

          C2 = Backlog cost per unit per unit time. 

          C3= Cost due to perish per unit per unit time 

          C4 = Cost due to customer lost to the system 

So, the expected total cost to the system is, 

( )TCE  = 44332211 αααα CCCCL ++++  
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9 Numerical Illustrations 
The results we have obtained in steady state case may be illustrated through the following numerical example: Let 
Then we can get the following system performances by using the given set of parameters which is shown in table-
1.  10=S , 3=N , 3=λ , 3.0=δ , 51 =µ , 42 =µ , 100=L , 61 =C , 42 =C , 33 =C  and 24 =C .Then we can 
get the following system performance by using the given set of parameters which is shown in table-1. 

Table 1: Different system performances by using a given set of parameters 
Mean inventory holds in the system 1.670326049 
Expected number of perishable item 0.501097814 
Expected backlogs holds in the system  0.344874876 
Average customers lost to the system 0.028654266 
Probability that a demand will be satisfied just after arrival 0.837371108 
Total cost to the system 111.6120577 

10 Sensitivity Analysis 
  Table 2: Production rate µ1  Vs Total cost 

µ1 value α1 α2 α3 Total Cost 
5 1.670326049 0.344874876 0.051097814 111.6120577 
6 2.37760 0.49503 0.21909 116.902999 
7 2.65555 0.32571 0.12054 117.597766 
8 2.54998 0.37984 0.15588 117.286888 
9 2.75436 0.24349 0.08040 117.741322 
10 2.96740 0.10266 0.00375 118.226299 
11 2.82931 0.19866 0.06006 117.950688 

 

Table 2: Different costs Vs Total cost 

Inventory 
carrying 
cost C1 

Total Cost Backlogs 
cost per 
unit C2 

Total Cost Cost due to 
customer 
lost to the 
systemC3 

Total Cost 

  6 111.6120577 4 111.6120577 3 111.6120577 
 7 113.2823838 5 111.9569326 4 111.6631556 
8 114.9527099 6 112.3018075 5 111.7142539 
9 115.4575614 7 112.6466824 6 111.7653467 
10 117.1278911 8 112.9915573 7 111.816449 
11 118.7982135 9 113.33364321 8 111.8751534 
12 120.4685395 10 113.681307 9 111.9186476 

 

 

 

 

In our system,numerical values indicate that the inventory holding cost is very sensitive compare to backlog cost 
per unit as well as cost due to customer lost to the system. 

11 Conclusion 
 

In this paper, we have consider two rates of production. For the levels (-N to 0), production rate is µ1and  the 
stage (0 to S) is µ2, where µ1>µ2. Such a situation is desirable since our production starts from a backlog 
situation where demands will be satisfied as soon as items produced but when backlog will be cleared 
inventory carrying cost will be increased if inventory level is increased. Hence rate should be less than the 
previous situation. More challenging subject here is to determine the steady state probability vectors. One way 
is to use differential difference equations that generally requires to solve a large number of equations which 
might be tedious but in this paper we use a very convenient matrix approach. Moreover it is possible to show 
that the model can be expanded further for N rates of production. 
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Appendix-I 

Steady State Probabilities of the system 

0,10Π  0.0071632617 
1,3−Π  0.00955142209 

0,9Π  0.00754060371 
1,2−Π  0.00614020605 

0,8Π  0.007959526214 
1,1−Π  0.00307010293 

0,7Π  0.00842773332 
1,0Π  0.11613338593 

0,6Π  0.00895443109 
1,1Π  0.12903235189 

0,5Π  0.00842773356 
1,2Π  0.13261390289 

0,4Π  0.01023367647 
1,3Π  0.12608199921 

0,3Π  0.011020088267 
1,4Π  0.11085734376 

0,2Π  0.01193928943 
1,5Π  0.08993139801 

0,1Π  0.01432711164 
1,6Π  0.06687704246 

0,0Π  0.0143271164 
1,7Π  0.04485919416 

0,1−Π  0.0143271471 
1,8Π  0.02713203551 

0,2−Π  0.143271471 
1,9Π  0.01074536063 
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Abstract. The paper shows the impact of monetary policy on the performance of the stock market of Bangladesh. 
Monetary variables used in the study are money supply, repo rate, inflation rate and three-month Treasury bill rate. 
As a dependent variable DSE General Index has been used as a proxy for stock market performance. The paper 
employs different econometrics techniques in analyzing statistical phenomenon of these variables. The empirical 
result indicates that there is Cointegration relationship between the monetary variables and market index indicating 
long run equilibrium relationship. Employing Cointegration technique it is observed that in the long run, the 
relationship of market index with money supply, inflation and T-bill rate is positive and with repo rate is negative. 
The lagged error correction term is negatively signed, suggesting that about 26.34 percent of deviation from the 
long-run equilibrium between stock returns and the independent variables is corrected periodically. Finally, 
Granger causality analysis suggests the existence of unidirectional causality from inflation, money supply and T-
bill to market index. The results provide some insights of the effectiveness and consequence of monetary policy 
which is important for forecasting future stock market volatility and understanding of stock market behaviour in 
Bangladesh. 

Keywords: Cointegration, ECM, Granger Causality, Monetary Policy, Dhaka Stock Exchange 

1 Introduction  
As a key component of financial system, the stock market performs a crucial role for the economic development of 
a country. On the other hand, monetary policy is a measure designed to control the supply of money and credits, to 
adjust interest rate with objective to influence the overall level of economic activity. Money market and Capital 
market are two different markets but both are interlinked. Stock prices are generally believed to be affected by 
several macroeconomic variables such as interest rate, inflation, money supply which are transmitted by different 
economic policies.  It is necessary for central bank to determine the impact of monetary variables such as money 
supply, inflation rate and interest rate on stock market performance. Especially after the recent stock market crash 
in Bangladesh, the issue of the role of monetary policy toward market performance has been gained much more 
attention from researchers and policymakers.  This paper attempts to determine the impact of monetary policy on 
stock market of Bangladesh through different econometric approaches. 

Dhaka Stock Exchange (DSE) is the country’s first stock exchange which was established in 1954 and commenced 
its operation in 1956 On the other hand, Bangladesh Bank is the central bank and the supreme regulatory body for 
the country's monetary and financial system which was established in 1971.       

The present study aims at investigating the impact of monetary variables considering interest rate, inflation rate, 
repo rate and money supply on performance of stock market.  For this purpose the paper employs different 
econometrics techniques such as stationarity test, Cointegration, ECM, Granger Causality test in analyzing 
statistical phenomenon of these variables. The implication of the study is to determine the effectiveness and 
consequence of various monetary variables of monetary policy commenced by central bank on the stock market 
performance. 
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2 Review of Literature 
The relationship between monetary policy and the stock market performance has been a subject of interest among 
economists and policymakers over a long period of time.The existing literature provides a number of theories 
demonstrating the relation between stock market and economic activity proxied by different macroeconomic 
variables. On the basis of some asset price channels of the monetary policy transmission mechanism, it is generally 
agreed that restrictive monetary policy leads to lower stock prices and expansionary monetary policy leads to 
higher stock prices. This is strongly supported by several models like Tobin’s q-theory and Modigliani’s wealth 
effect model. Using Tobin’s q theory, James Tobin (1969) demonstrated that the association between money 
supply and stock price is positive. Modigliani (1971) and Mishkin (1977) point that lower interest rates increase 
stock prices which in turn leads to increased business investment. Normally, a low interest rate leads higher capital 
flows to the stock market in expectation for a higher rate of return where a high interest rate encourages more 
savings in banks and consequently reduces the flow of capital to the stock markets. Fama and Schwert (1977) 
found negative slope coefficients in regressions of common stock returns on Treasury-bill rates. Through monetary 
policy, Central bank not only influences interest rates but also inflation expectations. An unanticipated rise in 
inflation may lead to a decline in stock prices, as expectations of more restrictive monetary policy will increase. In 
fact, inflation is positively related to interest rates and negatively related to stock prices (Fama and Schwert ,1979). 

To determine the effect of monetary policy on stock and bond return, Booth and Booth (1997) used two variables 
of monetary policy. One is discount rate and another is federal fund rate. The findings of their study show that a 
decrease in monthly return of both large and small bond and stock portfolio is associated with a restrictive 
monetary policy. Using monthly data from 1971 to 1990, Mukherjee and Naka (1995) studied the association 
between stock prices and macroeconomic variables including money supply, inflation, index of industrial 
production, exchange rate and interest rates in Tokyo Stock market. Their Vector Error Correction Model of the 
study suggests a positive relationship for all other variables except for inflation where interest rates were in a 
mixed relationship. Using cointegration test, Granger causality and Impulse response analysis Hasan and Javed 
(2009) explored the long-term relationship between Pakistan equity prices and monetary variables included the 
money supply, foreign exchange rate, treasury bill rate, the CPI; and the study reveals a long run relationship 
between the equity market and the monetary variables. A Unidirectional causality is found from the monetary 
variables to the equity market. They also found that the relationship of the interest rate and the exchange rate with 
equity returns is negative whereas the relationship between the money supply and the equity market return is 
positive.  

Few studies regarding the relationship of monetary variables and stock returns can be found in case of Bangladesh. 
Hossain and Moosarof (2006) reported that growth rate of GDP, amount of import, amount of export, amount of 
foreign exchange reserve, rate of inflation, volume of money supply and interest rate on advance affected the DSE 
index. Applying Cointegration test, Vector Error Correction Model and Granger Causality test, Imam and Amin 
(2007) examined the association between DSE stock index and a set of macroeconomic variables comprising 
money supply, GDP, interest rate, 91 day T-bill rate and Industrial production index. In the VECM test, they found 
that the lagged stock index was adjusted to long run equilibrium by 43.82 percent by the combined lagged 
influence of all the selected macroeconomic variables. The study also discovers a unidirectional causality from 
interest rate change to stock market return. The study of Ali M. B. (2011) reveals that inflation and foreign 
remittance have negative influence and industrial production index; market P/Es and monthly percent average 
growth in market capitalization have positive influence on stock returns at DSE. 

3 Data & Methodologies  
The study investigates the relationship between stock market performance represented by DSE General Index 

with others variables related to monetary policy named Money supply, Repo rate, Treasury bill rate and Inflation 
Rate. The data set comprises of monthly time series data for Bangladesh over the total  sample period of January, 
2006 to July, 2012. The sources include “monthly economic trends” published by Bangladesh Bank and Dhaka 
Stock Exchange website. 
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The DSE General Index (DGEN), the dependent variable of the study, has been chosen as the measure of stock 
market performance which captures the daily price movements of equities at the stock exchange. Money supply (in 
Crore taka) comprise the sum of currency outside banks, demand deposits other than those of the central 
government, and the time, savings, and foreign currency deposits of resident sectors other than the central 
government i.e. M2. Inflation rate reflects change in the cost to the average consumer of acquiring a basket of 
goods and services over a certain period of time (Base year 1995=100). Inflation rate is announced by Bangladesh 
Bank on monthly basis. Repo rate is the rate at which the central bank lends shot-term money to the commercial 
banks against securities. Finally, short-term interest rates are proxied by the three-month Treasury bill (TBill) rate. 
This money market instruments can probably capture the opportunity cost of investing in the capital market.  

The structural model to estimate the relationship between stock market performance and monetary policy 
variables is stated below: 

tt
TBILL

t
REPO

t
MS

t
INF

t
Y εβββββ +++++= 43210      (1) 

Where, Y is the DSE General Index (DGEN), INF is the Inflation Rate, MS is the Broad money supply i.e. M2, 
REPO is the Repo Rate and TBILL is the three month Treasury bill rate. 0β and iβ  are the parameters known as 
the intercept and slope coefficient and ε  is the classical random disturbance term. Data were transformed in 
logarithms to smoothen the data. L is added prior to each variable name to indicate the inclusion of logs. Thus 
above equation can be represented in the following linear logarithmic regression form, 
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In order to check multicollinearity among independent variables, a correlation analysis has been performed. 
Multicollinearity is a situation in which two or more explanatory variables in a multiple regression model are 
highly linearly related. We made the decision based on the rule of thumb that if the pair wise correlation between 
two regressors is excess of 0.8 the regression is said to have significant multicollinearity problem.  

In order to avoid a spurious regression situation the variables in a regression model must be stationary or 
cointegrated.  When working with non- stationary time series, there is need to test the presence of unit roots in 
order to avoid problem of spurious regressions. It is important to test the order of integration of each variable in a 
model to establish whether it is non- stationary and how many times the variable needs to be differenced to result 
in a stationary series. To check for non-stationarity property, the data are subjected to Augmented Dickey and 
Fuller test (ADF test). ADF is performed by adding the lagged values of the dependent variable ΔYt. The following 
regression is for ADF test purpose:  

tititt YYtY εαδββ +Σ∆+++=∆ −−121        (3) 

Where tε  is a white noise error term and 1−∆ tY = ( )21 −− − tt YY  and so on are the number of lagged difference term 
which is empirically determined. Using Schwarz Information Criterion (SIC) the lag length is selected 
automatically by E-views software. The null hypothesis of ADF test states that a variable is non-stationary and the 
null hypothesis of non-stationary is rejected if the calculated ADF statistics is less than the critical value.  

Our next step is to determine whether the variables have a stable and non-spurious cointegrating relationship 
among themselves. Cointegration, an econometric property of time series variables, is a precondition for the 
existence of a long run or, equilibrium economic relationship between two or more variables having unit roots. 
Two or more random variables are said to be cointegrated if each of the series are themselves non-stationary, but a 
linear combination of them is stationary (Engle and Granger, 1987). For the purpose of testing Cointegration we 
have chosen the Johansen procedure and selected 2 as a lag order on the basis of Schwarz Bayesian Criteria (SBC). 
The Johansen approach of Cointegration test is based on the following Vector autoregressive model:  

tktktttt YYDY εφ +Π++Π+= −− ....1          (4) 

Where tD  is deterministic term, tY  is an (n x 1) vector of I (1) variables, tΠ  is (n x n) matrix of parameters and 

tε is (n x 1) vector of white noise error. 
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If there is at least one cointegrating relationship among the variables, then the causal relationship among these 
variables can be determined by estimating the Vector Error Correction Model (VECM).The Error Correction 
Model (ECM) is based on following regression:  

tttt UXY εββα ++∆+=∆ −1         (5) 

Where U is the one period lagged value of the residual and the error correction component of the model 
which measures the speed at which the prior deviations from equilibrium are corrected and ∆ represents first-
differences operator. 

 

The final step of our analysis is to test for causality between market index and it’s determinants in the long 
run using Granger causality test. A variable (y1) is said to Granger-cause another (y2) if the present value of y2 can 
be predicted with greater accuracy by using past values of y1, all other information being identical (Thomas 
1997:461).  The test involves estimating the following regressions to examine Granger causality: 
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Where it is assumed that the disturbance t1ε and t2ε  are uncorrelated. First regression assumes that current value 
of Y is related with the past values of X; and second regression proposes that current value of X is related with the 
past values of Y. The hypothesis of Granger causality test is: 

 H0: αi = 0: X does not Granger cause Y     vs.    H1: αi ≠ 0: X Granger causes Y 

4 Analysis & Findings 
4.1 Test for Multicollinearity 
To check existence of multicollinearity among independent variables, a correlation analysis has been conducted. 
The result of the correlation analysis is reported in Table-1. As none of the correlation coefficient between 
independent variables is greater than 0.80; so, no multicollinearity problem amongst independent variables exists. 

Table 1: Pearson Coefficient of Correlation Matrix 

 LINF LMS LREPO LTBILL 

LINF  1.000000    

LMS -0.376651  1.000000   

LREPO  0.241053 -0.629827  1.000000  

LTBILL  0.700483 -0.781088  0.646124  1.000000 

4.2 Stationarity Test 
The Table-2 shows ADF statistic used to examine the null of a unit root in the DSE General Index, Inflation, 
Money Supply, Repo Rate and Treasury Bill Rate. 
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Table 2: Results of ADF test 

Variables ADF Test Statistic Critical Values of ADF Test 
Level First difference @ Level 

LDGEN -0.782963 -8.231711*** 1% 5% 10% 
LINF -3.244554*  ------------- -4.080021 -3.468459 -3.161067 
LMS -1.390686 -8.667290*** @ First Difference 
LREPO -1.646851 -8.597180*** 1% 5% 10% 
LTBILL -1.728289 -3.335084** -3.517847 -2.899619 -2.587134 

     Note: ***, ** and * indicate statistically significant at the 1%, 5% and 10% level, respectively. 

The results in Table 2 show that ADF tests fail to reject the null of non-stationary for all of the variables except 
LINF which is stationary in level. After first differencing the result shows that LDGEN, LMS and LREPO became 
stationary at the 1% significant level where and LTBILL became stationary at the 5% significant level, implying 
that these four variables are integrated of order 1 that is I (1). The following graph shows the trends of stationarity 
among variables.  

 

 

 

 

 

 
Fig. 1. Trend with stationary and non stationary 

4.3 Testing Cointegration 
The next step in our empirical analysis is to test for co integration. To explore the number of cointegrating vectors 
Maximal Eigenvalue and Trace statistics were used. The results of Trace statistics and Maximum Eigenvalue are 
shown in Table-3. The result shows that the null hypothesis of no cointegrating relationship can be rejected at the 
five percent level and the study concludes that there exists a relationship among the proposed variables. 

Table 3: Unrestricted Cointegration Rank Test 

Hypothesized Eigen 
value 

Trace 
Statistic 

0.05 
Critical Value Prob.** 

Max-Eigen 
Statistic 

0.05 
Critical Value 

 
Prob.** No. of CE(s) 

None * 0.481305 113.7696 69.81889 0.0000 49.88942 33.87687 0.0003 
At most 1 * 0.426566 63.88022 47.85613 0.0008 42.26449 27.58434 0.0003 
At most 2 0.168312 21.61573 29.79707 0.3204 14.00663 21.13162 0.3645 
At most 3 0.062757 7.609098 15.49471 0.5081 4.925791 14.26460 0.7512 
At most 4 0.034691 2.683308 3.841466 0.1014 2.683308 3.841466 0.1014 

  **MacKinnon-Haug-Michelis (1999) p-values                * denotes rejection of the hypothesis at the 0.05 level 

The Trace statistic and Maximal Eigen statistic both identified two cointegrating vectors and the estimated 
normalized cointegrating coefficients are reported in Table-4. 

Table 4: Normalized cointegrating coefficients 

LDGEN LINF LMS LREPO LTBILL 
 1.000000 -1.693524 -0.384513  2.370764 -1.098904 
Std. Error 0.40062 0.09153 0.47132 0.24730 
t-value -4.22726 -4.20095 5.03005 -4.44361 
P- value 0.024213** 0.02462** 0.01514** 0.02119** 

   Note: ** significant at the 5% level           (signs of coefficients are reversed because of normalization) 
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The estimation of the equation by Cointegration gives the following one: 

 LDGEN = 1.69 LINF + 0.38 LMS - 2.37 LREPO + 1.09 LTBILL 

This clearly shows that in the long run inflation, money supply and T-bill rate have a positive impact on market 
index. On the other hand, in the long run repo rate has a negative impact on market index. The relationship between 
market index and all others independent variables are found statistically significant at the 5% level. The result is 
implying that in Bangladesh, a one percent increase in inflation, in money Supply, in repo rate and in  T-bill rate 
contributes 1.69 % increase, 0.38 % increase, 2.37 % decrease and 1.09 % increase in market index respectively.  

4.4 Error Correction Model 
In order to find the short run relationships among the variables, vector error correction mechanism has been 
applied. The results of VECM were shown in Table-5. 

Table 5: Error Correction Model 

Variable Coefficient Standard Error t-Statistic P-value 

ECMt-1 -0.263439 0.08035 -3.27868 0.0818 

∆ LDGEN(-1) -0.141740 0.11894 -1.19167 0.3556 

∆ LINF(-1) 0.827609 0.39432 2.09884 0.1707 

∆ LMS(-1) 0.078706 0.02918 2.69685 0.1143 

∆ LREPO(-1) -0.056598 0.12407 -0.45617 0.6930 

∆ LTBILL(-1) -0.125666 0.09501 -1.32266 0.3169 

C 0.010142 0.00967 1.04855 0.4044 

R-squared                          0.255667 

Adj. R-square                    0.180155 

F-statistic                            3.385784 

Prob(F-statistic)                  0.069614 

 

The estimated error correction coefficient indicates that 26.34 percent deviation of the DGEN index from its long 
run equilibrium level is corrected each period in the short run. The result imply that in the short run the association 
of DGEN index with inflation and money supply is positive and with repo rate and T-bill rate is negative, although 
they are not statistically significant in all equations. 

4.5 Granger Causality Test 
We carry out granger causality tests pairwise on series LDGEN, LINF, LMS, LREPO, and LTBILL with lag length 2. 

Table 6: Granger Causality Test 

Null Hypothesis F-Statistic P-Value Granger Causality 
LINF does not Granger Cause LDGEN  4.80490  0.0110** Yes 
LDGEN does not Granger Cause LINF  0.78200    0.4613 No 
LMS does not Granger Cause LDGEN  5.74208    0.0049*** Yes 
LDGEN does not Granger Cause LMS  1.36195    0.2627 No 
LREPO does not Granger Cause LDGEN  0.98333    0.3790 No 
LDGEN does not Granger Cause LREPO  1.96189    0.1480 No 
LTBILL does not Granger Cause LDGEN  5.90975   0.0042*** Yes 
LDGEN does not Granger Cause LTBILL  1.66264    0.1968 No 

   Note:  i)No. of Obs. =77 ii) ***, ** and * indicate statistically significant at the 1%, 5% and 10% level respectively. 
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Granger-causality results suggest that the null hypotheses that LINF does not Granger cause LDGEN is rejected at 
5% significant level; and LMS does not Granger cause LDGEN and LTBILL does not Granger cause LDGEN is 
rejected at 1 % significant level which means there is a uni-directional causality running from inflation to DGEN 
index, money supply to DGEN index and T-bill to DGEN index. Finally, there is no causality exist in either 
direction between repo rate and DGEN index. 

5 Conclusion 
This study attempts to analyze the impact of different monetary variables on performance of stock market of 
Bangladesh for the period of January, 2006 to July, 2012 using different econometric framework as unit root test, 
Cointegration and ECM approach and Granger causality test. The results of the analysis reveal that money supply, 
inflation and T-bill rate have a positive where repo rate has a negative impact on market index. The coefficients of 
all the explanatory variables are found statistically significant at the 5% level. In the short run, the coefficient of 
error correction term is -0.2634 suggesting 26.34 percent monthly adjustment towards long run equilibrium. 
Evidence from Granger causality analysis suggests the existence of unidirectional causality from inflation to 
DGEN index, money supply to DGEN index and  T-bill to DGEN index.  

This paper attempts to contribute empirically to the ongoing debate on the effect of monetary policy on stock 
market performance. At the policy level, the findings of the study need to be considered properly as it provides 
some insights of the effectiveness and consequence of monetary policy on the market performance. 
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Analysis of Important Macroeconomic Factors in Bangladesh: 
An Empirical VAR And VECM Approach 
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Abstract. This paper explores a comprehensive empirical investigation of vector autoregressive model (VAR) and vector error 
correction model (VECM) to forecast selected macroeconomic factors. In our analysis, we used annual observations on the net 
currency amount of exports, imports, government revenue and foreign exchange of Bangladesh. The error corrected model 
exhibited greater predictive accuracy and facilitated parameter estimations.  The impulse response functions showed that long-
engaging mutual relationships among exports, imports, and government revenue and stabilize shortly after having response 
towards respective impulses. 

Keywords: Vector autoregressive model; Vector error correction model; Impulse response analysis; Forecast error variance 
decomposition; Cointegration; Macroeconomic factors. 

1 Introduction 
The economy of Bangladesh is rapidly developing which is related to various macroeconomic factors. Analysis of 
these macroeconomic factors are important to understand the inherent nature of economic situation and the reasons 
behind the development. According to the International Monetary Fund (IMF), Bangladesh ranked as the 43rd 
largest economy in the world in 2010, in terms of purchasing power parity and 57th largest in nominal terms. 
Despite beyond economical position, analysis of such economy is important because of the economic growth of the 
country. Overall, the economy has grown at the rate of 6-7% per annum over the past few years despite inefficient 
state-owned enterprises, delays in exploiting natural gas resources and insufficient power supplies (Central 
Intelligence Agency, 2008). In this paper, we exhibited a time series model of economic growth in which an 
advancement in the state of economical knowledge is achieved engaging different related macroeconomic factors. 

In structural equation approach, the equation of the model use economic theory to model the relationship among 
the variables of interest. Unfortunately, economic theory is not often resourceful enough to provide a dynamic 
specification that identifies all these relationships. Furthermore, estimation and inference are complicated by the 
fact that endogenous variables may appear on both the left and right sides of the equations in the model. These 
problems lead to alternative, non-structural approaches to modeling the relationship among several variables. The 
vector autoregressive (VAR) model is commonly used for forecasting systems of interrelated time series and for 
analyzing the dynamic impact of random disturbances on the system of variables.  A better understanding of the 
nature of any nonstationarity among the different  component series and can be obtained using vector error 
correction model (VECM) which also improve longer term forecasting over an unconstrained model (Toda and 
Phillips, 1993; Garrett et al., 2009). 

The growth of economic development of a nation poses one of the most essential issues in economic debate. The 
acceleration of the rate of economic growth could be achieved by promoting exports of goods and services, 
decelerating the amount of imports, reserving foreign currency, exploiting government revenue, etc. Ready made 
garments is treated as the highest foreign exchange earning sector of the country (Muhammad, 2011). However, if 
the cost of import of raw material is adjusted, then the net earning from migrant workers remittances is higher than 
that of the garments sector. Seddon (2004)) focused on the macroeconomic impact of overseas earning in 
Bangladesh.  The steady flow of remittances resolve the foreign exchange constraints, improved the balance of 
payments, and helped increase the supply of national savings (Lensink, 1995; Rubenstein, 1992). Import 
constitutes an important source of foreign exchange for the poor countries, which have substantial development 
impact as can be understood from macro point of view. Imports of capital machinery, intermediate goods and 
industrial raw materials have risen over the years. In Bangladesh, a significant portion of import commodities are 
spent for consumption purposes, acquisition of assets, investment in trade and business. It affects the 
socioeconomic condition of the country positively. But an inward-looking strategy of development that followed in 
Bangladesh discriminated against exports (Love and Chandra, 2005). Manpower exports are alleged to deprive the 
country of their services and upsetting the normal functioning of the economy (Martin, 1991). 
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A number of empirical researches have been conducted to investigate the connection among different 
macroeconomic factors using different econometric procedures. However, none has taken the impact of imports, 
exports, foreign exchange and government revenue altogether into account.  Crafts (2008) provides a detail 
explanation of the economic growth hypothesis from 1950 to 2005. In addition to this extensive survey, one notes 
that the growth of different economic factors have been constantly expanding with more recent studies such as 
Chandra and Love (2005) for South Asia; Krantz (2006) for Nordic countries; Kelly and Everett (2004) for Ireland; 
Sachs et al. (2002) for India; Jones (2005) for Japan and Korea; Mah (2005) for China; Ahmed and Mortaza (2005) 
for Bangladesh. Analysis of different macroeconomic factors are important to determine the consequences among 
the factors which have impacts on the overall the trade pattern and economic growth. Din (2004) examine time 
series evidence to investigate the link between exports, imports and economic growth in South Asia. Love and 
Chandra (2005) use annual data on GDP, export and import in a multivariate framework to investigate export-led 
growth hypothesis for Bangladesh and conclude in favor of short and long-run unidirectional causality from 
income to ex- ports. Clarke and Ralhan (2005) find support in favor of causal nexus between export and growth for 
Bangladesh using annual data from 1960 to 2003. Shirazi and Manap (2005) examine the economic growth in 
respect of export for five South Asian countries including Bangladesh using cointegration and multivariate granger 
causality tests. 

In this paper we intend to investigate short and long-run dynamic impact of these variables on economic growth of 
Bangladesh, using the cointegration and granger causality in a VECM framework and compare forecast error 
variance decomposition with VAR. In §2 we have described our data and variables. §3 describes the model with 
brief discussion about estimation of VAR and VECM along with interpretation. In §4, we have given the results 
and findings. Finally, we concluded in §5 with a summary of the features and implications of this study. 

2 Data and Study 
In our paper we considered annual data on exports, imports, government revenue and foreign exchange from 1981 
to 2008 are used for the analyses which are the most influential macroeconomic factors that are associated with 
economic scenario as well as development of Bangladesh. The data are obtained from international financial statis- 
tics of IMF collected on Bangladesh. Later, to facilitate our analysis, we used log transformation of the variables 
because logtransformation reduce the problem of heteroscedasticity and compresses the scale in which the vari- 
ables are measured. Since the original data are annual, there is a reasonable presumption  that the high frequency 
noise and systematic volatility (seasonal and cyclical  variation)  are already filtered out by the annualization of the 
data. The source website: http://www.econstats.com/ifs/NorGSc_Ban1_Y.htm. 

Macroeconomy deals with the performance, nature, structure, behavior and decision-making of the entire economy, 
which can be a national, regional, or the global economy. Because the macroeconomic factors includes many 
sophisticated relationships, only one factor is hard to represent how the whole economy functions. In this paper, we 
make a comprehensive view of economic development, and choose four aggregated indicators to analysis 
Bangladesh’s macroeconomy. The four variables are export, import, government revenue and foreign exchange. 
Export determines amount of goods or commodities transported from one country to another country. Over the 
years it has grown  a lot and has a major impact  on Bangladesh’s  reserve of capital. Import sector of Bangladesh  
has seen a rise in the recent decade. It is a draw to the net amount of capital. Nevertheless, a major determinant 
factor for the economy. Revenue is a major source of foreign exchange of a nation which boosts the total reserve, 
and enriches the growth of economy.  Over the years Bangladesh has received a massive inflow of foreign capital, 
mostly in the form of foreign aid. Again, government revenue depicts the net financial asset of a country. A 
country’s economy is based on the reserve of wealth it has, which returns from the revenue. Growth in government 
revenue expresses progress in overall national economy.  Relationship among these macroeconomic factors is 
undeniable.  The empirical work carried out in this paper tries to address comprehensively how the combination of 
these individual factor affects another factor impulse as well as forecasting performance. 

 

3 Methodology 

Let ),...,( 1 ′= kttt yyy denote a k × 1 vector of time series variables. The VAR process of order p is then defined as: 

)1(210111 ,,,,t,tuyAyActy ppt  ±±=++++= −−  

withAi(i=1,...,p)arek×kcoefficientmatrices.Herecisak×1vectorof constants,ut is a k dimensional white noise innovation 
processwith E(ut)=0andtimeinvariantpositivedefinitecovariancematrix 0)( =′ttuuE  

Stability is one important characteristic of VAR process which means it generates stationary time series with time 
invariant means, variances and covariance structure, given sufficient starting values. In practice, the stability of an 
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empirical VAR process can be analyzed by considering the companion form and calculating the eigenvalues of the 
coefficient matrix. If the moduli of the eigenvalues are less than one, then the VAR process is stable. For a given 

sample of the endogenous variables Tyy ,,1  and sufficient pre-sample values 01 ,, yy p +− the coefficients of a 
the process can be estimated efficiently by maximum likelihood applied under joint Gaussian density (Hamilton, 
1994, Chapter 11). 

To test the unity of the root augmented dickey-fuller (ADF) test is employed (Dickey and Fuller, 1979). The less 
the calculated value of the statistic than its critical value, the stronger the rejection of the hypothesis that there is a 
unit root at some level of confidence. By including lags of the order p the ADF formulation allows for higher-order 
autoregressive processes. This means that the lag length p has to be determined when applying the test. Perron 
(1990) has shown that a structural change in the mean of a stationary variable tends to bias the standard ADF tests 
toward non-rejection of the hypothesis of a unit root. Therefore, we under took the Phillips Perron unit root test, in 
addition to the ADF test, to check the stationary property of the data set used in the study. 

To obtain a good model it seems useful to take the objective of the analysis into account when choosing the VAR 
order. Appropriate lag length selection for a VAR model is important because long lags uses the up degrees of 
freedom and can be determined by different criterion (Lu¨ tkepohl, 2007, §4.3). One possibility is to minimize this 
loss is to use different lag lengths for each variable in the system.  Once a VAR model has been estimated, the 
avenue is wide open for further analysis.  Further the absence of autocorrelation, heteroscedasticity and non- 
normality in the error process are checked. Finally, forecasting and/or diagnosing the empirical model’s dynamic 
behavior, i.e., cointegration among the variables, causality, impulse response functions (IRF) and forecast error 
variance are determined. 

Cointegration among the variables is checked using Johansen’s Test (Johansen, 1991). This test permits more than 
one cointegrating relationship which is based on the ADF test for unit roots in the residuals from a single 
(estimated) cointegrating relationship. In addition to determine whether there are any cointegrating vectors among 
the variables, it is also needed to determine whether there are any deterministic (intercept or trend) terms either in 
the data or in the cointegrated relations.  The most restricted assumption is that there are no deterministic trends 
present, with the least restrictive alternative of the presence of deterministic terms. The principle requires that all 
specifications are estimated before moving from the most restrictive specification to the least restrictive one. The 
procedure stops the first time a cointegrating relationship is found. If cointegration between the variables does exist 
in that instance VECM provide better analysis (Arranz and Escribano, 2000). 

Forthemodel(1)therealwaysexistsanerrorcorrectionrepresentationoftheform 

)2(11111 tptpttt uyyyy +∆Γ++∆Γ+′=∆ +−−−− βα  

Model (2) is vector error correction model (VECM). Here Γi matrices contain the cumulative long-run impacts, 
hence this VECM specification is signified by “long-run” form. In case of cointegration the matrix βα ′Π is of 
reduced rank. α and β are K × r matrices determines the cointegration rank, i.e.  how many long-run relationships 
between the variables yt do exist.  The matrix α is the loading matrix and the coefficients of the long-run 
relationships are contained in β. 

If Π = 0, then there is no cointegration.  Nonstationarity of I(1) type vanishes by taking differences. If Π has full 
rank, k, then the y’s cannot be I(1) but are stationary.  The interesting case is, rank (Π) = m; 0 < m < k. Then this is 
the case of cointegration and we write βα ′Π  , where the columns of β contain the mcointegrating vectors, and the 
columns of α the m adjustment vectors. 

Seth (2007) provides a concept of Granger causality which, under suitable conditions, is fairly easy to deal with. 
The idea is that a cause cannot come after the effect. Thus, if a variable x affects a variable y, the former should 
help improving the predictions of the latter variable. To formalize this idea, suppose that Rt is the information set 
containing all the relevant information available up to and including period t. Suppose yt(h|Rt ) be the optimal 
(minimum  mean square error, MSE) h-step predictor of the process yt, based on the information in Rt , and Σy (h|Rt 
) be the corresponding forecast MSE. The process xtis said to cause ytin Granger’s sense if 

Σy(h|Rt)<Σy(h|Rt\{xs|s≤t}).    (3) 
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On the other hand,xtGranger-causesytor xt is Granger-causal 
forytiftheinequalityholds.In(3)Rt\{xs|s≤t}isthesetcontaining all the relevant information in the universe except for 
the information in the past and presentof the xt process. 

 

Casually related cointegrated systems must be interpreted cautiously.  A one-time unit innovation inxtmay affect 
various other variables which also have an impact on yt.Therefore, the long-run effect of axtinnovation onytmay be 
different. The impulse responses may give a better picture of the relations between the variables (Phillips, 1998). 
Any covariance stationary VAR of order p process has a Wold representation of the form 

,22110 +Φ+Φ+Φ= −− tttt uuuy  

 

withΦ0=IKandΦs canbecomputedrecursivelyaccordingto: 

)4(                         ,2,1for,
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Equation (4) is used to investigate the dynamic interactions between the endogenous variables and the (i, j)th 
coefficients of the matricesΦs are interpreted  as the expected response of variable yi,t +s to a unit change in variable 
y jt . These effects can be accumulated through time and hence one would obtain the simulated impact of a unit 
change in variable j to the variable i at time s. 

The forecast error variance decomposition determines the amount of information each variable contributes to the 
other variables in the autoregression.  If the innovations which actually drive the system can be identified, a further 
tool for interpreting VAR models is available (Lütkepohl, 2007, Chapter 2). The error of the optimal h-step forecast 
can be represent as 
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wherePis alowertriangularnonsingularmatrixwithpositivediagonalelements,Θi=ΦiPandωt=P−1ut. Denotingthemn-
thelementofΘibyθmn,itheh-stepforecasterrorofthej-thcomponent ofytis 
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is sometimes interpreted as the contribution  of innovations in variable k to the forecast error variance or MSE of 

the h-step forecast of variable j. Here is the kth column of IK. Dividing (5) by ∑ ∑−
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whichamountstheproportionoftheh-stepforecasterrorvarianceofvariablej,accountedforbyωktinnovations. 
Ifωktcanbeassociatedwithvariablek,ωjk,hrepresentstheproportionoftheh-stepforecasterrorvariance accountedfor 
byinnovationsin variablek.Thereby,theforecasterrorvarianceisdecomposedintocomponents 
accountedforbyinnovationsinthedifferentvariablesofthesystem.Furthermore,theh-stepforecastMSEmatrix becomes 
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Thediagonalelementsof(7)aretheMSEsoftheyjtvariables which can be used in 
(6).Asymptotic(1−α).100%confidenceintervalsfortheindividual elementsofŷt+h|tcan be computed  as 

 

ŷk,t+h|t−z1−α/2σ̂k(h),ŷk,t+h|t+z1−α/2σ̂k(h) 
 

wherez1−α/2isthe(1−α/2)quantile of the standard normal distribution  andσ̂k(h)denotes the square root of the 
diagonal element ofΣ̂(h). 

4 Results 
Figure 1 shows exports, imports, government revenue and foreign exchange - each variable depicts a strong 
upward trend individually. We intend to investigate short and long-run dynamic impact of these variables on 
economic growth of Bangladesh. Because the data we are using are annual, dating the cycle is not undertaken here: 
a higher frequency series of economic activity is necessary for such an endeavour. Indeed, the figure gives the 
strong impression that the cycles are quite closely synchronized in general with only a few singular features: the 
cycle in the government revenue and foreign exchange have a strikingly higher volatility within 1990–2000 than 
exports and imports; there is generally moderate synchronization within 1981–1990. 
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(a)Export (b)Import (c)Governmentrevenue (d)Foreignexchange 

Fig1. : Time series plots of observed data. 

Observing the plots, we infer that there exists random walk with drift inherent in the data set. In order to investigate 
the stationarity properties of the variables that we carried out a ADF test to identify the presence of a unit root. The 
result indicates that, the variables attain stationarity after differencing  once. When deterministic terms constant and 
trend are in the model, the test values exceed the critical values, indicating non-stationarity. Since, differencing 
once produces stationarity, we conclude that the variables under consideration are integrated of order I(1). 
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 -0.0553 0.2124 
  0.1852 

 

 

 
0.2152  1.7087 1.1358  0.9003 0.9769 
0.1877  -1.7017 0.9906  -1.4082 0.8521 

-0.0130 0.0436 0.0323 0.0442   0.2336  0.1240 0.2009 
 0.0289  0.0293  -0.0771 0.1544  

 0.1328 
Constant 11.6535b 4.5951 9.3789b 4.6554  6.0015 24.5750  27.1444 21.1384 
Trend  0.0267 0.0664b 0.0271  0.0356 0.1428  0.0777 0.1228 

 

Table1:EstimationoflaggedparametersbyVARprocess. 
Exportt Importt Governmentrevenuet Foreignexchanget 

Estimate SE Estimate SE Estimate SE Estimate SE 

-     -0.6138

0.3942 

 
Foreignexchanget−1 0.1443 

1.0579 

 
0.1393 

 
0.6029 

 

 
0.3919 

 

a:p-value<.001,b:p-value<.05 

In order to determine the optimal lag lengths, for each lag we measured prediction error as described in §3. We 
observed the minimum number of lags for which a specific criterion give optimum values. We obtained that 
optimization criterion AIC and BIC both specifies 1 to be the minimum optimal lag length. Thereby, our selected 
optimal lag length is 1 which means we need to estimate the parameter of the variables considering up to first lag. 
With optimal selected lag length, the estimated lag parameters are given in Table 1. From the table we see export 
has a negative impact on the previous years’ export and government revenue but has a positive impact on import 
and foreign exchange. Import has although positive impact on the previous years’ macroeconomic factors except 
export.  Previous years’ import and foreign exchange has a positive impact on government revenue. Finally, foreign 
exchange has only negative impact on previous years’ import. 

The plot indicates that the fitted values coincide the observed data quite well. We checked the normality and serial correlation 
properties of the data which shows normality assumption fulfilled for the data. Depending on the VAR function obtained, we 
forecasted the variables.  The predicted values of the variables for the next ten years are shown in Figure 3. The confidence 
interval for the predicted values are high for government revenue and foreign exchange. 

The included variables in a VAR model are selected according to the relevant economic theory. The selected 
variables must have economic influence on each other in presence of cointegration. From the diagnostic test 

 
(a)Export (b)Import (c)Government revenue (d)Foreignexchange 

Figure2:ResponseandfittedvaluesfromVAR(l) modelforthedata. 

 

(a)Export (b)Import (c)Governmentrevenue 

 

Fig.3.Predictedvalueswith95%confidenceinterval. 

(d)Foreignexchange 



Figure4ashowstheadjustmentoftheimpulseresponse sequencefortheexampleofconsidering exportas 

impulse andother variables responses, basedon aunitshock in allvariables.  Ontheleftside ofthefigure 
areplottedthereactionsonashockinexport(theimpulsescale), ontherightsidethereactionsonashockin 
ordersreceivedinothervariables. Aswesee,atzerolevel,theshockonexportsarealreadyonapositivescale. Gradually 
itdecaysupto2ndperiod. Afterthat,itshowsasomewhat sinusoidal trenduptolOthperiod ona minimalresponsebasis. 
Importshowssimilartrendslikeexports. Governmentrevenuestartswithpositivescale 
andthenreachestoitspickat2ndperiod,thenshowsgraduallydecayupto5thperiodandremainsconstantover theperiod.  
However,foreignexchangeshows aninitialpositivescaleandremainssteady overtheperiodbut tapersofftozero. 
ConsideringimportasimpulseinFigure4b,exportshowsminusculerangedsinusoidaltrend 
andremainstozerouptolOthperiod.Importstartsonapositiveimpulsescaleandshowssimilartrendthereafter. 
Foreignexchange,however,startsonasignificantlynegativeimpulsescaleanddiestozero.Governmentrevenue 
showsmorevolatility,onlyitsdecayingtrailisdeeper.InFigure4c,foreignexchangeisconsideredasimpulse 
wherebothexport andimport showsnegligibleresponse.  They arestablethroughout timeline.Government 
revenueshowssimilartrend,startingfromaslightly positiveresponse attainsitspickat1stperiod anddecays later. 
Foreignexchangeshowsconsiderablynegativeresponsescaleinitially,tapersofftozeroafter2ndperiod. 
Figure4dshowstheadjustmentconsideringgovernment revenueasimpulse whereexport andimportarealmost 

 

 
 (a)Impulseresponsefromexport     (b) Impulseresponsefromimport 

 

 

 
 (c)Impulseresponsefromgovernmentrevenue (d)Impulseresponsefromforeignexchange 

Table2:FEVDcomparisononthebasisofExport. 

VAR VECM 
ForeignGovernment                                                   ForeignGovernment 
h Export Import exchange   revenue Export Import exchange   revenue 
1 1.0000 0.0000 0.0000 0.0000 0.8312 0.0699 0.0046
 0.0941 
2 0.7165 0.0314 0.2486 0.0032 0.8175 0.0598 0.0421
 0.0803 
3 0.6205 0.0297 0.3376 0.0121 0.8480 0.0518 0.0403
 0.0597 
5 0.5716 0.0491 0.3376 0.0415 0.8873 0.0289 0.0423
 0.0414 
6 0 5637 0 0654 0 3282 0 0426 0 9101 0 0236 0 0331
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VARmodeling.Whereas,ifweformulateVECM,itdecreasesonto83%approximately.Forlongtermforecasts, 
incaseofVARmodel,itreducesto55%,andincaseofVECM,itincreasedto96%. All othervariables show 
increasingforecasterrorvariancesincaseofVARanddecreasingtrendincaseofVECM. 

Table3:FEVDcomparisononthebasisofImport. 

VAR VECM ForeignGovernment                                       ForeignGovernment 
h Export Import exchange   revenue Export Import exchange   revenue 
1 0.0131 0.9868 0.0000 0.0000 0.0060 0.3165 0.3563 0.3209 
2 0.0466 0.7792 0.1612 0.0129 0.0048 0.4675 0.2786 0.2489 
3 0.0507 0.6668 0.2129 0.0693 0.1408 0.4433 0.2640 0.1517 
5 0.0476 0.5767 0.2163 0.1592 0.2671 0.3163 0.3468 0.0695 
6 0.0541 0.5701 0.2091 0.1665 0.3378 0.2953 0.3110 0.0557 
8 0.0634 0.5721 0.2016 0.1627 0.3755 0.2845 0.2949 0.0450 
9 0.0646 0.5723 0.2006 0.1622 0.3730 0.2865 0.2990 0.0413 
10 0.0649 0.5719 0.2003 0.1627 0.3741 0.2919 0.2957 0.0381 

 0 0649 0 5710 0 2000 0 1639 0 3943 0 2919 0 2915 0 0220 
In Table 3, 98% of the 1-step FEV of import is accounted for by own innovations, in case of VAR modeling. 
Whereas, if we formulate VECM, it decreases on to 32% approximately. For long term forecasts, in case of 
VAR model, it reduces to 57%, and in case of VECM, it decreases to 29%. Like export, all variables for import 
show increasing forecast error variances in case of VAR and decreasing trend in case of VECM. In both 
situation long-run impact of VECM is better compare to VAR. 

Table4:FEVDcomparisononthebasisofgovernmentrevenue. 

VAR VECM 
ForeignGovernment                                                 ForeignGovernment 
h Export Import exchange   revenue Export Import exchange   revenue 
1 0.0001 0.0101 0.0109 0.9786 0.2119 0.0000 0.4639 0.3240 
2 0.0472 0.0904 0.0070 0.8552 0.4375 0.0025 0.3924 0.1674 
3 0.0868 0.1583 0.0061 0.7487 0.5678 0.0017 0.3195 0.1109 
5 0.1154 0.2148 0.0069 0.6628 0.6231 0.0455 0.2415 0.0896 
6 0.1169 0.2195 0.0077 0.6557 0.6110 0.0629 0.2398 0.0861 
8 0.1163 0.2190 0.0085 0.6560 0.6171 0.0722 0.2304 0.0801 
9 0.1162 0.2188 0.0086 0.6561 0.6189 0.0751 0.2292 0.0766 
10 0.1164 0.2190 0.0086 0.6558 0.6199 0.0759 0.2319 0.0720 

 0 1166 0 2195 0 0087 0 6550 0 6511 0 0925 0 2066 0 0496 
The values obtained in the Table 4 indicate percentage change in response variables as a resultant from a unit 
shock in government revenue.  We see that upto 6th horizon, export, import and government revenue show a 
positive percentage increase. Government revenue increases minuscullyalthrough the time period. Export and 
import increases seemingly through the horizons. Government revenue shows a negative impact through it’s 
own shocks. 

The values obtained in the Table 5 indicate percentage change in response variables as a resultant from a unit 
shock in foreign exchange. We see that upto 7th horizon, export, import and government revenue show a 
positive percentage increase. From 7th to 13th horizon, there is a negative impact on Export. There is a slight 
percentage increase afterwards. Import increases minuscullyalthrough with a percentage of 3.9 on the 18th 
horizon. Foreign Exchange shows a negative impact through it’s own shocks, meaning, it diminishes it’s value 
at it’s own shocks. 

All variables show increasing forecast error variances in case of VAR and decreasing trend in case of VECM 
accounted for by other variables. Overall, VAR model is more appropriate for short-run whereas VECM 
provides 
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Table5:FEVDcomparisononthebasisofforeignexchange. 

VAR VECM 
                     ForeignGovernment                                             ForeignGovernment 
h Export Import exchange   revenue Export Import exchange   revenue 
1 0.0840 0.0825 0.8334 0.0000 0.7821 0.0165 0.1477 0.0535 
2 0.1123 0.1908 0.6825 0.0142 0.8574 0.0112 0.0953 0.0360 
3 0.1378 0.2748 0.5720 0.0152 0.8844 0.0142 0.0705 0.0307 
5 0.1542 0.3275 0.4984 0.0196 0.8347 0.0208 0.1132 0.0311 
6 0.1534 0.3276 0.4910 0.0278 0.7835 0.0244 0.1636 0.0283 
8 0.1517 0.3240 0.4862 0.0379 0.7680 0.0309 0.1741 0.0269 
9 0.1518 0.3239 0.4848 0.0392 0.7687 0.0285 0.1778 0.0248 
10 0.1521 0.3244 0.4839 0.0394 0.7675 0.0273 0.1825 0.0225 
∞ 0.1524 0.3249 0.4830 0.0396 0.7623 0.0279 0.1948 0.0148 

less FEV for long-run. Conventionally, and according to empirical views, the fact stands that, VECM should be 
used in cases of higher order cointegrations. 

5   Discussion 
VAR has been at the forefront of developments in the macroeconomic forecasting literature in the recent past. 
Despite the flurry of activity in the area, a number of important specification issues remain partly unaddressed, 
including  the choice of VECM in growth economy, the specification of the dynamics of the VECM forecasting 
equation, use of impulse response and FEVD based comparison.  This paper provides a comprehensive 
empirical investigation of these issues using data on Bangladesh. Our empirical results point towards benefits of 
combining VECM and VAR before extracting relationship for all variables, improve substantially over the VAR 
benchmark. Remarkably, we find that the use of VECM on macroeconomic factors yields the best results in 
terms of long-run forecast accuracy. 

This analysis uses macroeconomic factors, however, major limitation of our study is their potential incom- 
pleteness. Although in real economic systems almost everything depends on everything else, we worked with 
low-dimensional VAR systems. All effects of omitted variables are assumed to be in the innovations. A major 
dis- tortions in the impulse responses may occur due to omission of important variables which makes them 
worthless for structural interpretations. The system may still be useful for prediction, though. 

We concluded that the macroeconomic factors of Bangladesh that we have discussed in this paper, have a 
significant dependency on each other. For example, growth in export and foreign exchange contributes into 
growth of government revenue, whereas import indicates negative effect. The empirical research indicates that 
the amount of effect on each factor is influenced by the previous year information along with other factors. 
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Abstract. The main purpose of this paper is to search a suitable model for the daily volume data series in Dhaka 
Stock Exchange and to forecast the future outline of volume data in Dhaka Stock Exchange. The daily Volume 
data is collected from http://www.dsebd.org/recent_market_information.php (The data start from the 1st 
June, 2004 and end at 19th April, 2010) and we use ML - ARCH (Marquardt) method to build up the models for 
the volume data series by using statistical software’s EViews verson-4. Firstly, an ARIMA model is fitted and it 
is observed that there are present heteroscedastic transactions. To solve this problem, ARCH class volatility 
models are used but one of them intervention shock is used (unusual observation of stock returns) and selected 
the ARIMA with EGARCH model. Our findings  establishes  that  ARIMA  with  EGARCH  model comprises  
low mean absolute percentage error, low bias proportion, low variance proportion, low covariance proportion, 
low residual variance and  low forecast error for volume data and thus, the modeling concept used in this paper 
would be useful for the investors or researchers to resolve the future value of share volume. 
Keywords: Stock Volume, ARIMA Process, Asymmetry, GARCH-Models, EGARCH-Models, Intervention 
approaches, ARIMA with EGARCH-Models 
1 Introduction 
The Stock Volume data may often exhibit the phenomenon of volatility (i.e., conditional standard deviation of 
stock returns) clustering, that is, periods in which their prices show wide swings for an extended time period 
followed by periods in which there is relative calm. Mandelbrot (1963) for example points out that “Large 
changes tend to be followed by large changes of either sign and small changes tend to be followed by small 
changes”. This consequence can visually be seen when plotting a series of returns through time. Traditional 
regression tools have exposed their  limitation in the modeling of high-frequency (weekly, daily or intra-daily) 
data, Supposing that only the mean reply could be changing with covariates however the variance remains 
constant over time often exposed to be an impractical assumption in practice. This reality is particularly obvious 
in series of financial data where clusters of volatility can be detected visually. Indeed, it is now extensively 
accepted that high frequency financial returns are heteroscedastic. They often exhibit leptokurtosis (i.e., the 
distribution of their returns is fat tailed) and often show leverage effect (i.e., changes in stock prices tend to be 
negatively correlated with changes in volatility which indicates volatility is higher after negative shocks than 
after positive shocks of the same magnitude). Early empirical evidence shows that high ARCH order has to be 
selected in order to catch the dynamic of the conditional variance. The Generalized ARCH (GARCH) model of 
Bollerslev (1986) is a reply to this concern. It is based on an unbounded ARCH specification and it allows 
reducing the number of estimated parameters from ∞. Both models allow taking the first two characteristics into 
account, but their distributions are symmetric or asymmetric and therefore fail to model the third stylized fact, 
specifically the “leverage effect”. To solve this problem, many nonlinear extensions of ARIMA with GARCH 
model have been proposed. Among the most widely spread are the Exponential GARCH (EGARCH) of Nelson 
(1991), the so-called GJR of Glosten, Jagannathan, and Runkle (1993).In this paper, we compare the forecasting 
performance of ARIMA with EGARCH models but one of them we introduce intervention shock. Thus, 
knowledge of volatility with intervention shock is of crucial importance in many areas. In this paper, 
considerable macro-econometric work has been done in studying the variability of volume data in Dhaka Stock 
Exchange (DSE).This study is useful for a number of reasons to the best of my knowledge; the research on 
volatility of volume data in Dhaka Stock Exchange (DSE) is rare in Bangladesh. Also, considering volatility 
with intervention, proper models on volume data and its forecasts will be useful for the policy makers and other 
researchers.  
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Volume is a measure of market liquidity based on the number of shares that are traded over a given period. 
Volume data is recorded for individual stocks, their related options chains, and for indices as a whole. 
According to Joseph Nicholson (2008), “After price, volume is one of the most commonly quoted data 
points related to the stock market, reflecting the overall activity in a stock or market, volume is the 
business of the market itself; the buying and selling of shares”. As such, volume is an important indicator for 
traders in analyzing market activity and planning strategy. 
Share volume measures the changes in share prices that are generally associated with the changes in the market 
condition. The investors may regard it as a benchmark to determine the stock market condition in relation to 
earnings or dividend per share. Again the market condition of each company somehow depends on the economic 
condition of the country. Thus, share volume gives an interpretation of how stable the economic situation of a 
country is as augmentation because of the share price indices which obviously is of enormous economic 
importance. This study works with the daily share volume data of Dhaka Stock Exchange (DSE) for searching a 
suitable model to the data series. It may be one of the significant studies contributing to the unusual rise and fall 
in securities prices due to artificial manipulation of securities prices by a number of securities dealers and 
issuers in the absence of timely provision of reliable financial information in the market. And thus, the modeling 
concept used in this research would be functional for the investors or researchers to determine the future value 
of share volume and there by taking decision for investment. 
Bollerslev (1986) deliberated the possible belongings due to the volatilities clustering and anticipated sweeping 
Generalized Auto Regressive Conditional Heteroskewdasticity (GARCH) model of a financial time series. 
Box et al. (1975) studied the possible effect of interventions in the presence of dependent noise structure. For 
two data series, one economic (consumer price index) and represent the possible dynamic characteristics of both 
the interventions and the noise. 
McLOD et al. (2005) deliberated intervention effect and power comparisons of the Dynamic Step intervention 
model with simple Step intervention. 
Tang et al. (2003) originated the appropriate volatility model of stock prices data for stock price prophecy; that 
was the Finite Mixture of ARMA-GARCH model of that financial time series. 
2 Empirical Methodology 
To assess the suitable models of the volume data series, we used the following methods and models as they are:  
2.1 ARIMA Model  
2.2 ARCH-Model  
2.3 GARCH-Model  
2.4 EGARCH-Model 
2.5 Intervention approaches 
2.6 The finite mixture of ARIMA-EGARCH Model  
2.7 Densities Assumptions  
2.8 Model Selection Criteria 
2.9 Forecasting Algorithm Technique 
This is very difficult question to choose the best algorithm. Real data do not follow any model. Some general 
instructions are: 
a. Firstly identify what measure of forecast error is most appropriate for the particular situation at hand. 
b. Assuming enough historical data is accessible, we can then proceed as follows: 
Use the variety of algorithms and forecasting techniques to predict the next k observations for the training set. 
Now compare the predictions to the actual realized values (the test set) using an appropriate criterion. Using the 
forecasting technique that gives the smallest value of RMSE for the test set on the original data set (training test 
set) to obtained the desired out of the sample forecasts. 
To assess the performance of the finite mixture of ARIMA-EGARCH models contestant in forecasting the 
conditional variance, we compute the following measures of statistic fit:  
1.  Root Mean Squared Errors (RMSE)  
4.  Theil Inequality Coefficient (TIC) 2.  Mean Absolute Error (MAE)  
3.  Mean Absolute Percentage Error (MAPE)  
5.  Bias Proportion (BP) 
6.  Variance Proportion (VP)  
7.  Covariance Proportion (CP) 
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3 Empirical Results and Discussion 
To illustrate the forecasting conduct of the share volume data of Dhaka Stock Exchange (DSE), mainly the 
univariate time series modeling has been done. In this study, the secondary data of share volume of DSE are 
used. At first the data has been explored and investigated using visual inspection. Time series plot (in level, in 
first difference, in log transformation, in smoothing transformation and combined of these) have been used to 
explore the data. Plots have shown that: 
The time series plot shows that the share volume of DSE has rightly upward trend over time but non-seasonality 
present in the series. The plot also indicates that there is heteroscedastic events present in the series. But the log 
transformed time series plot violates the original trend and can not remove the irregular variation of the data 
series. The differenced transformed series shows that the mean constant but the variance is not constant. The 
resistant smoothing method, 4253H-twice transformation series plot shows that there is slightly upward trend 
over time and the irregular variations reduce from the data. Therefore, smoothing transformed volume data 
series are used in the whole analysis.   
To show the stationary condition of the series, Dickey Fuller (DF) and Augmented Dickey Fuller (ADF) test has 
been done. The tests show the following results: 
Dickey Fuller and Augmented Dickey Fuller test indicates that the Volume data series is non stationary. After 
non-seasonal differencing of the series both DF and ADF test suggest that the series is stationary. The ultimate 
goal of time varying volatility analysis is to find a suitable model that forecast the share volume of DSE. 
Observing ACF (Auto Correlation Function) and PACF (Partial Auto Correlation Function), we have fitted an 
ARIMA (1,1,1) model. The residual of the model was stationary but the residuals in some points are varying 
abnormality suggesting that unusual belongings or heteroscedastic or intervention shocks may be existed there. 
The coefficients ARIMA (1,1,1) model is not more reliable. The R-squared value of ARIMA (1,1,1) model is 
0.856416 means that about 85 percent of the variation in the daily share volume data  is explained by prices. The 
observed R2 recommended that the sample regression line fits the data does not so well. So ARIMA (1,1,1) 
model may not be  a suitable fitted model. To select the best class of volatility model,   various ARCH class 
models have been used for comparative selection using AIC, BIC and R-squaredresidual presented by Table-1. 
Finally, it is observed that the EGARCH models are quietly reasonable. Therefore, we construct ARIMA with 
EGARCH model denoted by Model 1 and ARIMA- intervention with EGARCH model denoted by Model 2. 
Model 1: ARIMA with EGARCH Model with significant coefficients 
        (1-φ1L-φ4L-φ5L-φ8L)Yt=(1-Ө)et 
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Where, Yt= Volume value of DSE                   
et= the disturbance term 
              L is the back shift notation and φ are the AR coefficient and Ө are the MA coefficient 

2log tσ is the conditional variance of EGARCH model  

ω , β  and α  are the EGARCH coefficients and γ  is the leverage effect.  
Model 2: ARIMA-intervention with EGARCH Model with significant coefficients 
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Where, Yt= Volume value of DSE                   
et= the disturbance term 
              L is the back shift notation and φ is the AR coefficient and Ө is the MA coefficient 
            I1is the coefficient of the intervention event at the daily volume Series 

2log tσ is the conditional variance of EGARCH model  

ω , β  and α  are the EGARCH coefficients and γ  is the leverage effect.  
The results of diagnostic checking, model comparison, model adequacy, model selection and forecasting 
performance of the models are summarized as follows: 
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The above models have an interesting interpretation. For each model, the absolute values of the parameters are 
less than unity, which ensures the stationarity condition of the models. The R-squared value for model 1 is 
0.885952 means that 88 percent of the variation in the daily volume data is explained by price and the R-squared 
value for model 2 is 0.754143 means that 75 percent of the variation in the daily volume data is explained by 
price. Therefore, the R2 value obtained from model 1 is greater than from model 2.So Model 1 is better than 
Model 2 and the adjusted R2 for the Model 1 and Model 2 are 0.885275 and 0.752688 respectively. The adjusted 
R2 suggests that the sample regression line of Model 1 is more fitted the data well than Model 2.Actual, Fitted 
and Residual plot obtained from Model 1 and Model 2 shown by Figure-1 and Figure-2, we observed that the 
model 1 was well fitted than model 2 but at the end there is a little fluctuation. Therefore, we may conclude that 
the model 1 may be the appropriate fitted model. The Standardized residual plot from the model 1 and model 2 
has some positive and negative values that falls in the standard deviations confidence interval. Standardized 
residual plot obtained from the estimated model 1 and model 2 we observe that these models are not 
exaggerated by outliers. The Histograms of estimated residuals obtained from the model 1 and model 2 suggest 
that the shocks may be normal and concluded that the shocks obtained from model 1 is more normal than model 
2.The Normal probability plot and Q-Q plot also shows that the errors are approximately normal for each model. 
The value of the JarqueBera test statistic for the model 1 is 1153.019 with significant probability (P-value= 
0.000) and model 2 is 453.1224 with significant probability (P-value= 0.000). So we may conclude that the 
residual obtained from these models may be normal. The log likelihood value of Model 1 and Model 2 are -
8106.105 and -8458.848 respectively. 
It has been checked the model adequacy; model forecast evaluation, model selection, model forecasting 
performance and finally forecasting performance of the selected model as follows: 
The in-sample and out-sample comparison of RMSE shows that Model 1 is adequate. The graphical 
representation of the estimated models shows that the forecasting performance of the Model 1 is reasonably 
well. By the smallest value of RMSE, AIC and BIC, the Model 1 should be the selected model. 
Table 1: Comparative selecting table for the best fitted ARCH class volatility models. 
Models 
 

Coefficients 
(Prob.) AIC BIC R2 

ARCH(1) 95080.6 
(0.000) 

0.43687 
(0.0000)    13.6650 13.6894 0.88656 

ARCH(2) 63771.59 
(0.000) 

0.30548 
(0.0003) 

0.25427 
(0.000)   13.3554 13.3833 0.88356 

ARCH(3) 244168.1 
(0.000) 

-0.01311 
(0.7798) 

0.18326 
(0.0509) 

-0.08487 
(0.0180)  14.4081 14.4396 0.88625 

GARCH(1,1) 226956.8 
(0.000) 

0.024008 
(0.000) 

-0.99992 
(0.000)   13.35010 13.37804 0.873216 

GARCH(2,1) 225004.0 
(0.000) 

0.001916 
(0.1912) 

-0.94563 
(0.000) 

-0.94870 
(0.000)  13.59199 13.62343 0.887988 

GARCH(2,2) 232132.0 
(0.000) 

-0.00045 
(0.6592) 

0.000795 
(0.2595) 

-0.99718 
(0.000) 

-0.9972 
(0.000) 13.21024 13.24517 0.887984 

TARCH(1,1,0) 229420.0 
(0.000) 

0.011252 
(0.8712) 

0.123283 
(0.2944)   14.36146 14.38940 0.887140 

TARCH(1,1,1) 226831.6 
(0.000) 

0.040521 
(0.000) 

-0.03941 
(0.000) 

-0.99999 
(0.000)  12.53511 12.53511 0.884161 

*EGARCH(1,1,1) -0.22143 
(0.000) 

0.389713 
(0.000) 

0.067552 
(0.000) 

0.994519 
(0.000)  10.58747 10.61891 0.883349 

*EGARCH(2,1,1) 0.284980 
(0.000) 

0.581958 
(0.000) 

0.070497 
(0.0003) 

0.439019 
(0.000) 

0.546847 
(0.000) 

10.56697 
 

10.60190 
 

0.885952 
 

Component 
ARCH(1,1) 

349168.1 
(0.037) 

0.999999 
(0.000) 

0.040996 
(0.000) 

0.265577 
(0.000) 

0.437667 
(0.000) 10.58441 10.44040 10.47533 

* We found that for EGARCH (1,1,1) and EGARCH(2,1,1) model having the lower value of Akaike 
Information criteria and Schwarze or Bayesian Information criteria (BIC) and the higher value of R-squared 
what we expect. Therefore, we may use Autoregressive integrated moving Average with exponential GARCH 
model. 
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Table 2: Results of forecasting evaluation of Model 1 
 
Forecast sample: 15 December 2009 to 19 April 2010 
Root Mean Squared Error                                         199.5095 
Mean Absolute Error                                               87.39071 
Mean Absolute Percentage Error                               2.684000 
Theil Inequality Coefficient                                      0.015812 
Bias Proportion                                                         0.000361 
Variance Proportion                                                  0.002790 
Covariance Proportion                                               0.996849 
 
 The Theil Inequality Coefficient is close to zero and smallest values of Mean Absolute Percentage Error, Bias Proportion, 
Variance Proportion and Covariance Proportion. Hence the model is a perfect fit. 
Table 3: Results of forecasting evaluation of Model 2 
Forecast sample: 15 December 2009 to 19 April 2010 
Root Mean Squared Error                                          287.7393 
Mean Absolute Error                                               126.8515 
Mean Absolute Percentage Error                               87.87312 
Theil Inequality Coefficient                                      0.936000 
Bias Proportion                                                         0.088750 
Variance Proportion                                                  0.847367 
Covariance Proportion                                               0.906758 
* The Theil Inequality Coefficient is not close to zero thus the model is not a perfect fit. 
Table 4: Results of RMSE, AIC, and BIC for the Model 1 and Model 2  
 

Model 
 

RMSE AIC 
 

BIC 

       Model 1 199.5095 10.56697 10.60190 
       Model 2 287.7393 11.063116 11.09800 
    

* RMSE, AIC, BIC for model 1 is minimum than model 2.Therefore, model 1 should be the selected model to 
forecast the volume data series in DSE. 

 
 

Figure 1: Actual, Fitted and Residual plot obtained from Model 1 

 
 

Figure 2: Actual, Fitted and Residual plot obtained from Model 2 
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Figure 3: Out Sample Forecasts Values of last 90 observations from the selected Model 

* It is evident from this figure, forecast values are higher than the observed values but observed values and 
forecasting values are approximately identical. Since the forecast values are approximately identical to observed 
values. Therefore, the forecasting performance of Model 1 is reasonable. 
4 Conclusion and Policy Implication 
Daily share price of Dhaka Stock Exchange Ltd. is very blazing concern in Bangladesh and it is necessary for 
policy implications. The result of our study may help Securities and Stock Exchange Commission (SEC) and the 
government of Bangladesh to take appropriate actions to ensure the stock market condition. Share volume 
dealings the changes in share prices that are usually associated with the changes in the market stipulation. The 
investors may look upon it as a benchmark to determine the stock market in relation to earnings or dividend per 
share. Again the market condition of each company somehow depends on the economic condition of the 
country. Thus, share volume gives an elucidation of how stable the economic situation of a country is immense 
of economic importance. 
Our findings  establishes  that  ARIMA  with  EGARCH  model comprises  low  residual variance and  low 
forecast error for volume data and thus, the modeling concept used in this paper would be useful for the 
investors or researchers to determine the future value of share volume and there by taking decision for 
investment. 
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Abstract. Remittances are an important source of foreign exchange earnings and household income at macro 
and micro levels respectively for many developing countries like Bangladesh. It is now well-documented that 
foreign remittances have an utmost importance in the socioeconomic development of Bangladesh economy, 
especially in the rural areas. This paper has explored the status and determinants of foreign remittances flow to 
rural Bangladesh. 
 
The study has used the data and information on 502 rural international remittance receiving households from 30 
clusters over six former divisions of Bangladesh collected for a project sponsored by Social Science Research 
Council (SSRC) of Planning Commission, Bangladesh. To have done the analysis and derived the findings this 
study has applied multiple classification analysis (MCA) along with typical descriptive statistical tools and 
techniques.  
 
This study estimates average foreign remittances at TK. 180,597 in 2009 and finds that 69.52% of the 
households receive foreign remittances on regular basis while the remaining 30.48% households receive these 
transfers on irregular basis indicating remittances as a source of permanent income for a substantial portion of 
the receiving households in rural Bangladesh. The motives behind remittances prove that these transfers are the 
life-support for most of the receiving households since the motive of maintaining household current expenditure 
very significantly dominates over other motives. It is found out that as a channel of remitting in aggregate sense 
formal one extremely predominates over the informal one in recent times in Bangladesh, especially in rural 
areas.  
 
The findings of the MCA indicate that the main effects of household annual income excluding remittances, 
landholdings of the household, region, relationship of the migrant with household head, motive behind 
remittances and type of migration have had significant effect on the volume of foreign remittances. But age of 
migrant, destination of migration, intention to return at home and marital status of the migrant have been found 
out to have statistically insignificant effect on the flow of these transfers to rural Bangladesh. In addition, the 
landholding of the household has been identified as the best predictors (β=0.18), followed by relationship of 
migrant with household head (β=0.17), household annual income excluding remittances (β = 0.12). 
 
Key words: Foreign remittances, migration, flow of remittances, consumption of remittances and multiple 
classification analysis. 
 
1 Introduction 
Flow of remittances’ in Bangladesh exhibited a continuously increasing trend over the last 30 years in both 
absolute and relative terms (Osmani, 2004). The importance of foreign remittances in the economy of 
Bangladesh is widely recognized and requires little reiteration. Key to the flow of remittances is the destination 
of the money and its effects on the household and local economies (Schiopu and Siegfried, 2006). Despite the 
difficulties in costs associated with their transfers, remittances in rural Bangladesh have had a positive effect. 
Considering the problems in rural Bangladesh, remittances have come out as an alternative form of financial 
relief for households and productivity. Literature suggests that remittance generates remarkable benefits for the 
home country economy in terms of macro and microeconomic impacts (Murshedet. al.2000, Deb 1988, 
Bruyanet. al. 2005). The remitters, most of whom were once unemployed in the home country, are now getting 
employed in the host country, and on the other hand, the inward remittance is causing employment generation 
domestically by reinforcing national savings, capital accumulation and investment. Remittances sent by 
migrants to their home countries have played an important role to promote economic development in these 
countries. This study is a modest attempt to examine the determinants of remittances flow at household-level in 
rural Bangladesh. It could be assumed that maximum net benefits from remittances can be derived and their 
whole potential can be realized when they are allocated and utilized in a balanced way in both consumption and 
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investment expenditures keeping the aggregate cost at minimum level. In recent years, especially since the 
1990s, the workers’ remittances have taken a very considerable place, among the four inflows of foreign 
currencies (remittances, ODA, FDI, and export earnings) in all the developing countries. With the technological 
and financial development of transports and communications both migration and remittance transfers have 
undoubtedly become much more cost effective in spite of a wider and deeper potential to realize in these 
regards. Within the framework of globalization, migration and its tangible outcome, remittances, have become a 
reality like other flows including capital, goods and services, technologies etc. At micro level, remittances also 
exert impact on both present and future consumption of the household. Different studies on household 
expenditure behavior of international remittances have shown that a portion of international remittances are 
spent on investment, but none of them tried to identify the predictors/ determinants that induce the households to 
do so on the basis of statistical footing. In this regard, the questions that are very important – Which predictors 
directly impact on remittances flow? Does the flow vary with the income, educational level and other pertaining 
characteristics of the remittance receiving family? This very study has duly addressed these questions. 
 
2 Data & Methodology 
The study has used the data collected under the project “Impact of Remittances on Socioeconomic 
Improvement in Rural Bangladesh” sponsored by Social Science Research Council (SSRC), Planning 
Division, Ministry of Planning, GoB. The above project collected the information from 502 rural international 
remittances-receiving households and 242 non-migrants households from 30 clusters over six former divisions 
(Sylhet, Chittagong, Dhaka, Barisal, Khulna and Rajshahi) of Bangladesh. The data were collected during 
February to July, 2010. 
 
The study is mainly applied multiple classification analysis (MCA) to explore the determinants of foreign 
remittances. The MCA technique is generally applies when dependent variable is measured in an interval scale 
and the independent variables or predictor variables are measured in terms of ordinal or nominal scale. In MCA 
approach, each subgroup of an independent variables are transmitted into a dummy variable that may take the 
value of zero or one, depending on whether the case falls or not in that particular subgroup. Further MCA deals 
with linear as well as non-linear relationship among the predictors and the dependent variables.  
The statistical model for MCA can be expressed as, 
Yij….n = Y + ai + bj +…….+ eij…n 
Where Yij….n is the value of the dependent variable of the particular respondent who falls                      into ith 
category of predictor A, jth category of predictor B, etc; Y is the grand mean of the dependent variable; ai is the 
added effect of ith category of predictor A (difference between grand mean Y and the mean of the ith category 
of predictor A); bj is the added effect of jth category of predictor B (difference between grand mean Y and the 
mean of the jth category of predictor B); and eij…….n is the errorterm for this respondent. The advantage of this 
technique over dummy variable regression model is that no assumption is made of either linearity or ordering of 
the subclasses of the predictors.  
The main statistical measures that are obtained from the MCA are two set of the mean values of the dependent 
variable for each subclass of the independent variables. The observed or “unadjusted” mean values are the actual 
means of the dependent variable in each subclass of the independent variable. The second is the “adjusted” 
mean, which gives the net effect of the predictor. The adjusted effects measure those of the predictor alone after 
taking into account the effect of all other predictors.  
 
3 Results and Discussions 
Remittances are an alternative source of funding for household survival and for financial activities among small 
businesses and enterprisers (Faeamani, 1995; Oberai and Singh, 1980). As a form of foreign savings, 
remittances are influencing not only consumption behavior but also investment behavior. In Bangladesh 
substantial amount of foreign remittances go to the international migrants’ households in rural areas 
countrywide. In some cases these private transfers provide the life support to the receiving households whose 
only source of income is remittances. In general, the percentage of such kind of households is estimated at about 
20 by this study indicating the utmost importance of foreign remittances for these households and the rural 
economy of Bangladesh.  
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3.1 Status of foreign remittances  
 
In this study an attempt was made to collect and document the data and information on foreign remittances in 
rural areas. These data and information are inflows of remittances over the year 2009, motives behind 
remittances during this year, status of remittances in terms of frequency and major channels of remitting in 
2009.  
 
Remittance Inflows over the Year from 2009 
 
The average remittances received from 502 sampled international-migrant households were estimated at 
TK.180597.61 in 2009. The remittance receiving sample households on an average allocated and utilized 
64.75% of their foreign remittances for investment at household level (Appendix Table 1).  
Major Channels of Remitting in 2009 
 
Five kinds of major channel of remitting have been identified in this study. These are: (i) banking channel when 
the receiver has account, (ii) through other persons living in other country, (iii) from migrants’ account to other 
persons’ account, (iv) cash from the migrant to the receiver (Through Western Union, CMT, Money gram, Self 
declaration at ports) and (v) cash from the migrant to the receiver (Through other persons living in the native 
country). The highest 67.3% of the households reported to receive remittances through banking channel. The 
next highest 22.5% of the households reported to get these transfers through Western Union, CMT, Money 
gram, Self declaration at ports. The rest about 10 % remittances were transferred from migrants’ account to 
other persons’ account, cash from the migrant to the receiver and through other persons living in other country. 
It is happily notable that only 6.2% of the households have been found out to receive foreign remittances 
through informal channel (channels numbered 2 and 5). The rest 93.8% of the households received remittances 
through formal channel. This might happen because of the cost-effective and time-saving technology in 
remitting as well as the effective execution of anti-money laundering and financing of terrorism rules and 
regulations in recent times in Bangladesh. 
 
Motives behind Remittances 
 
Most of the cases of international migration in Bangladesh are temporary, economic and remittances-motivated 
in nature. So it can easily be inferred that the act of international migration is adopted in this country as an ex-
ante strategy for risk-diversifying and household economic condition-developing by the concerned households. 
Hence remittances are motive binding here. In this study six motives behind remittances have been considered. 
These are: 1) maintaining household consumption expenditure, 2) purchase of durables, 3) investment for 
human resources development, 4) direct investment, 5) indirect financial portfolio investment, 6) social 
investment. In the year 2009, 92.2 percentages of the households reported to get remittances with household 
consumption, 87.6% the motive of investment for human resources development and followed by (54.8%, 
56.6%, 38.0% and 43.4% households the motive of purchase of durables, direct investment, indirect financial 
portfolio investment and social investment respectfully. 
This study finds that 69.52% of the households receive foreign remittances on regular basis while the remaining 
30.48% households receive these transfers on irregular basis indicating remittances as a source of permanent 
income for a substantial portion of the receiving households in rural Bangladesh. The finding of the motives 
behind remittances proves that these transfers are the life-support for most of the receiving households since the 
motive of maintaining household investment very significantly dominates over other motives. Finally it is found 
out that as a channel of remitting in aggregate sense formal one extremely predominates over the informal one 
in recent times in Bangladesh, especially in rural areas. It is undoubtedly a happy message for all. 
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3.2 Determination of the Predictors of Remittances through Multiple Classification Analysis 
As pointed out earlier, Multiple Classification Analysis (MCA) has been used to measure the effects of some 
selected covariates on the volume of remittances. The dependent or response variable is the last year’s 
household remittances. The unadjusted effects of MCA are the effective means of the dependent variables in 
each subclass of the independent variable. The adjusted effect evaluates those of the predictors alone after taking 
into account the effect of other predictors. The adjusted effect indicates how the households in a given sub-
group differ from the households in other sub-group with respect to the dependent variable with controlling the 
effect of all other predictors. The highest value of the adjusted beta corresponding to a predictor indicates that 
this predictor has the most significant effect on the dependent variable. The main effects of ANOVA are shown 
in Table 1.  
Discussion of the empirical findings from the main effects of MCA: 
Four continuous covariates have been taken into consideration for the response variable of the last year’s 
remittances: Dependency ratio, earning members, years in foreign countries and household size. Analysis of 
variation (ANOVA) has shown that all of these covariates have significant impacts on the response variable 
without dependency ratio. The main effect of the overall model was found highly significant (Table 1). The 
findings indicate that the main effects of household annual income excluding remittances, landholdings of the 
household, region, relationship of the migrant with household head, motive behind remittances and type of 
migration have had significant effect on the volume of last year’s remittance. But age of migrant, destination of 
migration, intention to return at home and marital status of the migrant have been found out to have statistically 
insignificant effect on the flow of foreign remittances to rural Bangladesh. 
Table 1: Main Effects of Analysis of Variance on the Amount of Last Year’s Remittances 

  Sum of Squares d.f F statistic P-value 

Main 
Effects 

(Combined) 789824379346.16 15 2.909 0.000 
Household Annual Income 
Excluding Remittances 97935217804.23 2 2.705 0.068 

Landholdings 216642672218.56 2 5.984 0.003 
Regional Status of the 
Household 56764828963.58 1 3.136 0.077 

Relationship of migrant with HH 163147157777.24 3 3.004 0.030 
Motive behind Remittances 115615151830.15 1 6.387 0.012 
Type of Migration 69968115190.56 1 3.866 0.050 
Age of migrant 12609373737.00 1 .697 0.404 
Destination 54870856477.33 2 1.516 0.221 
Intention to return 19206475101.34 1 1.061 0.304 
Marital status of migrant 41842322444.47 1 2.312 0.129 

Covariates 

(Combined) 205992701455.49 4 2.845 0.024 
Years in foreign countries 153757430444.93 1 8.495 0.004 
Earning members 37366491082.50 1 2.064 0.052 
Household Size 32903540183.42 1 1.818 0.018 
Dependency Ratio 19584952347.46 1 1.082 0.299 

R2  = 0.638 (adjusted) 
Discussion of the empirical findings from the MCA: 
Table 2 shows the findings of the multiple classification analysis on the amount of last year’s remittances prior 
to the survey. Here Eta is asymmetric and does not assume a linear relationship between the variables. Eta 
squared can be interpreted as the proportion of variance in the dependent variable explained by differences 
among groups. The overall value of R2 indicates that about 64% of the variation in the dependent variable (the 
last year’s remittances) could be explained by all the predictors in the model (Table 1).  
The analysis shows that without taking the effects of other predictors, only about 15% variation of the last year’s 
remittances could be explained by landholding (eta square = 0.15). That is, among the independent variables, 
landholding is a driving force on remittances. And also indicates that landholding is the best predictor of the last 
year’s remittances in the model as it has the highest value of beta (β=0.18). The households possessing 
maximum land have the highest mean whereas the households with minimum have the lowest mean value of the 
last year’s remittances. The unadjusted predicted mean and the adjusted predicted mean for the former 
households are 177013.2 and 182176.8 respectively while the unadjusted predicted mean and the adjusted 
predicted mean values for the latter households are 124838.7 and 122015.8 respectively. The households of 
medium landholding have the unadjusted predicted mean and the adjusted predicted mean are 135588.2 and 
132327.0 respectively. 
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The second best predictor of the dependent variable is identified as relationship of migrant with household head 
since the value of beta was obtained as 0.17. But without taking the effects of other predictors, only about 10% 
variation of the last year’s remittances could be explained by relationship with household head (eta square = 
0.10). The  relation with son have the highest mean and whereas relation with husband have the lowest mean 
value of the last year’s remittances ( adjusted predicted mean for the former are 167464.0 while  adjusted 
predicted mean for the latter are 112256.2). The relationship with brother and the relationship with household 
head have the mean the last year’s remittances staying in the middle of the aforementioned two. Wherefrom the 
adjusted predicted mean is 128613.5 and 160932.0 respectively. 
 
Table 2: Multiple Classification Analysis on the Amount of Last Year’s Remittances 

Predictor N 
Predicted Mean Deviation 

Eta Square 
Beta 

Unadjusted Adjusted Unadjusted Adjusted Adjusted 
Household annual income excluding remittances 
Poor  
(≤Tk. 40000) 218 151086.73 163817.05 1458.30 14188.62 

0.19 0.12 
Medium  
(Tk. 40000-80000) 72 121725.81 114840.39 -27902.62 -34788.04 

Rich  
(Tk. 80000+) 

212 159727.27 145264.02 10098.84 -4364.41 

Land of the household 
Minimum 
(≤10 decimals) 63 124838.70 122015.80 -24789.70 -27612.60 

0.15 0.18 
Medium (10-100 decimals) 217 135588.20 132327.00 -14040.20 -17301.40 
Maximum (100+  decimals) 212 177013.20 182176.80 27384.70 32548.30 
Region 
East 200 169384.60 166878.40 19756.20 17250.00 

0.10 0.09 
West 302 138678.30 140067.40 -10950.10 -9561.00 
Relationship of the migrant with household head 
HH 98 165552.60 160932.00 15924.20 11303.60 

0.10 0.17 
Husband 102 128450.50 112256.20 -21177.90 -37372.30 
Son 242 156562.50 167464.00 6934.10 17835.60 
Brother 60 135000.00 128613.50 -14628.40 -21014.90 
Motive behind remittances 
Otherwise 109 147458.00 147132.30 -2170.40 -2496.20 

0.11 0.12 
Family maintenance 393 256250.00 272252.70 106621.60 122624.20 
Type of migration 
Permanent 25 212772.70 210632.20 63144.30 61003.80 

0.11 0.10 
Temporary 477 145963.10 146087.30 -3665.40 -3541.10 
Age of migrant 
Below 27 years 129 136552.10 137788.60 -13076.30 -11839.90 

0.05 0.05 
Above 27 years 373 153744.30 153355.10 4115.80 3726.70 
Destination 
US, UK, EU 55 188023.30 177268.10 38394.80 27639.70 

0.10 0.09 
Middle East Countries 366 147536.70 149774.00 -2091.80 145.60 
Malaysia 81 131982.80 128384.00 -17645.70 -21244.50   
Intention to return 
Yes 462 148340.40 151530.80 -1288.10 1902.40 

0.03 0.06 
No 40 171818.20 116855.90 22189.80 -32772.50 
Marital status of the migrant 

Married 314 155843.10 159772.30 6214.70 10143.80 
0.06 0.10 

Unmarried 188 138774.00 131911.40 -10854.50 -17717.00 
The third best predictor of the dependent variable is household annual income excluding remittances (β = 0.12).  
But without taking the effects of other predictors, only about 19% variation of the last year’s remittances could 
be explained by household annual income excluding remittances (eta square = 0.19). That is, among the 
independent variables, household annual income excluding remittances is a driving force on the last year’s 
remittances. The households possessing poor annual income excluding remittances have the highest mean of the 
last year’s remittances whereas the households with rich annual income excluding remittances have the lower 
mean value than poor annual income of the last year’s remittances (adjusted predicted mean for the former is 
163817.05 and adjusted predicted mean for the latter is 145264.02).  
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The households of medium annual income excluding remittances have the last year’s remittances staying in-
between the aforesaid two. The unadjusted predicted mean and the adjusted predicted mean for the households 
of medium annual income are 121725.81 and 114840.39 respectively. 
The multiple classification analysis indicates that the households receiving remittances for family maintenance 
have the higher mean value of the last year’s remittances than their counterparts having remittances with other 
motives and the value of β is 0.12. The unadjusted predicted mean and the adjusted predicted mean for the 
former households are 256250.0 and 272252.7 respectively while the unadjusted predicted mean and the 
adjusted predicted mean values for the later households are 147458.0 and 147132.3 respectively. This predictor 
explains 11% variation of the last year’s remittances (eta square = 0.11). 
The fifth best predictor as found out in the analysis is type of migration (β = 0.10). The multiple classification 
analysis indicates that the permanent migrant households have the higher mean value of the last year’s 
remittances whereas the temporary migrant households have the lower mean value of the last year’s remittances 
(unadjusted predicted mean and adjusted predicted mean for the former are 212772.7 and 210632.2 respectively 
while unadjusted predicted mean and adjusted predicted mean for the latter are 145963.1 and 146087.3 
respectively). This predictor explains about 11% of the variation in the dependent variable of the model (eta 
square = 0.11). 
The sixth best predictor as found out in the analysis is marital status of migrant (β = 0.10). The multiple 
classification analysis indicates that the married migrant have the higher mean value of the last year’s 
remittances whereas the unmarried migrant have the lower mean value of the last year’s remittances (unadjusted 
predicted mean and adjusted predicted mean for the former are 155843.1 and 159772.3 respectively while 
unadjusted predicted mean and adjusted predicted mean for the latter are 138774.0 and 131911.4 respectively). 
This predictor explains about 6% of the variation in the dependent variable of the model (eta square = 0.06). 
The seventh best predictor of the dependent variable is destination (β = 0.09).  But without taking the effects of 
other predictors, only about 10% variation of the last year’s remittances could be explained by destination (eta 
square = 0.10). That is, among the independent variables, destination is a driving force on the last year’s 
remittances. The households whose migrants’ destinations are developed countries (i.e. USA, UK, European 
countries) have the highest mean of the last year’s remittances whereas the households with Malaysia have the 
lowest mean value of the last year’s remittances (unadjusted predicted mean and adjusted predicted mean for the 
former are 188023.3 and 177268.1 respectively while unadjusted predicted mean and adjusted predicted mean 
for the latter are 131982.8 and 128384.0 respectively). Middle East countries have the last year’s remittances 
staying in-between the aforesaid two. The unadjusted predicted mean and the adjusted predicted mean for the 
households of Middle East countries are 147536.7 and 149774.0 respectively. 
The eighth best predictor as found out in the analysis is region of migrant (β = 0.09). The multiple classification 
analysis indicates that the east region of Bangladesh have the higher mean value of the last year’s remittances 
whereas the west region of Bangladesh have the lower mean value of the last year’s remittances (unadjusted 
predicted mean and adjusted predicted mean for the former are 169384.6 and 166878.4 respectively while 
unadjusted predicted mean and adjusted predicted mean for the latter are 138678.3 and 140067.4 respectively). 
This predictor explains about 10% of the variation in the dependent variable of the model (eta square = 0.10). 
The ninth best predictor as found out in the analysis is intention to return of migrant at origin (β = 0.06). The 
multiple classification analysis indicates that the no intention to return have the higher unadjusted mean whereas 
intention to return have the lower mean value of the last year’s remittances (unadjusted predicted mean for the 
former and the latter are 171818.20 and 148340.40 respectively). This predictor explains about 4% of the 
variation in the dependent variable of the model (eta square = 0.04). 
The tenth best predictor as found out in the analysis is age of migrant (β = 0.05). The multiple classification 
analysis indicates that the above 27 years of migrant have the higher mean value of the last year’s remittances 
whereas the below 27 years of migrant have the lower mean value of the last year’s remittances (unadjusted 
predicted mean and adjusted predicted mean for the former are 153744.3 and 153355.1 respectively while 
unadjusted predicted mean and adjusted predicted mean for the latter are 136552.1 and 137788.6 respectively). 
This predictor explains about 5% of the variation in the dependent variable of the model (eta square = 0.05). 
4  Conclusions and Recommendations 
The findings indicate that the main effects of household annual income excluding remittances, landholdings of 
the household, region, relationship of the migrant with household head, motive behind remittances, type of 
migration, earning members, years in foreign countries and household size have had significant effect on 
remittances flow. Among the independent variables, landholding identified as the most driving force on the 
volume of remittance inflows. Afterwards, relationship of migrant with the household head, household annual 
income excluding remittances and motive behind remittances dynamically influences the foreign remittance 
flow to rural areas of Bangladesh. The present study has shown that if the significant predictors have 
positively effect on the remittances flow then increase the volume of remittances. 
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Appendix table 1:  Remittance Status over the Year from 2009 

Remittance 2009 Amount 
Mean TK. 180597.61 
Sum TK. 90660000 
Investment  
Mean TK. 116938.94 
Sum TK. 58703350 
% of investment 64.75 
Channel of remitting in 2009 
 No of Household % of Household 
Through banking channel when the receiver has account 338 67.3 
Through other persons living in other country 13 2.6 
From migrants account to other persons’ account 
(Through banking channel) 20 4.0 

Cash from the migrant to the receiver (Through Western 
Union, CMT, Money gram, Self declaration at ports) 113 22.5 

Cash from the Migrant to the receiver (Through other 
persons living in the native country) 18 3.6 

Frequency of remittances   
Regular 349 69.52 
Irregular 153 30.48 
Total 502 100.0 
Utilization of foreign remittance 
Household consumption expenditure 92.2 
Purchase of durables 54.8 
Investment for human resources development 87.6 
Direct investment 56.6 
Indirect financial portfolio investment 38.0 
Social investment 43.4 
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Abstract. In Bangladesh, haor areas occupy almost 8000 hectares of arable land and are inhabited by about 5 
million people covering six north-eastern districts (greater Sylhet and Mymensingh). This land is typically used 
for mono-crop cultivation, mainly boro rice in the winter. The high seasonality of haor agro-based economy 
compels local people to remain out of traditionally agricultural employment for a considerable period of time; 
which may play a substantial role to make them suffer from food insecurity. It demands an extensive study 
focusing on food security in the dearth of research on haor economy and livelihood strategy. In this context, this 
paper aims at exploring the food insecurity status of the haor people and identifying its major predictors by 
applying Binary Logistic Regression Analysis on a data-set generated by a FAO-supported study from a 
statistically representative sample of 4065 households over 30 clusters. 
The study measured the household food insecurity status at three levels by analyzing the responses to the 
availability of and access to food during the last three months prior to the survey point. The food insecurity is 
leveled ‘normal’ if the households had been anxious about sufficient food, ‘moderate’ if they had to take less 
than three meals a day and ‘severe’ if they had to sleep with starvation. The findings show that nearly 45% of 
the households suffer from normal food insecurity while approximately 29% and 19% from moderate and severe 
food insecurity respectively. 
The multivariate analysis of Logistic Regression Models on the responses to the three distinct questions 
regarding the aforesaid levels of food insecurity identifies the  major predictors of food insecurity that are found 
to impact significantly on food insecurity at all the levels. The results explore an inverse association between the 
risks of food insecurity and household landholdings, education level of the household head and household 
income. Therefore, the study suggests immediate measurers be planned, undertaken and efficiently executed to 
enhance the capabilities of the food insecure households in haor regions for higher exposure to landholdings, 
education and income. 
Key Words: Measures of Association, Multicollinearity, Binary Logistic Regression Model, Relative risk, 
Ordinal Logistic Regression 
1 Introduction 
Haor, a bowl-shaped large tectonic depression, receives surface runoff water by rivers and khals and 
consequently becomes a very extensive water body during the monsoon.A vast fertile and arable land (783939 
hectare) in six north eastern regions (greater Sylhet and greater Mymensingh districts) of Bangladesh is 
occupied by haor areas containing about 5 million population. This land is generally used for mono-crop 
cultivation, mainly boro rice in the winter (from January to April months). During the wet season (from July to 
November months), it goes under water and is transformed into floodplains for capture fisheries. As a result, the 
people living in haor areas mainly depend on two occupations, agriculture and fishing, for their very livelihood. 
Because of the adverse geography of haor regions and recent trend of negative impact of climate change on life 
and livelihood, particularly in these areas, the haor economy has become highly prone to seasonality 
characterized by the caprice of nature. The feature of high seasonality of the haor-based economy forces local 
people to remain out of work for about half of the year resulting in income-poverty leading to food insecurity for 
them. Moreover, a tremendous lack of physical, financial and social infrastructures constrains most of these 
people to endeavor for off-farm economic activities to earn their livelihood as a substitute of and/or compliment 
to their traditional occupations mentioned earlier. On the other hand, from anecdotal evidence, it is learnt that 
the Government, NGOs and international development partners have not extended their interventions in terms of 
both transfers and economic activities to a satisfactory extent in these under-privileged areas. These factors all 
together might have created a situation where food insecurity for haor people is deemed to be a part and parcel 
of their life. How these food insecure people cope with the situation is of interest and deserves to be explored for 
both better understanding their vulnerability to food insecurity and subsequent policy implications to address 
this inhuman and chronic problem. 
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Food security has been a matter of concern in Bangladesh and different parts of the world since time 
immemorial, but studies on the issue started taking place from the early 1980s. Initially the issue was considered 
at macro level for formulating national level policy to ensure food security. In the beginning, the issue of 
household level food security and the coping mechanism of the people to the situation of food insecurity were 
not addressed in a befitting manner. In the early 1990s, household level food security, coping mechanism to 
food insecurity and other related issues became quite prominent in our country. Experts came forward to 
develop research methods in order to determine the situation of food insecurity at household level. Different 
research methods like standard set of questions, scoring method, survey method etc. were developed to measure 
the extent of household food insecurity (Bickel et al., 2000). A twelve-month recall based survey with questions 
encompassing all the aspects in relation to household level food insecurity and a composite score were obtained 
from the responses. Frongillo et al. (2003) adopted almost a similar approach to measure the situation of food 
insecurity and a detailed qualitative investigation was used to develop the survey instruments. After reviewing 
the findings of different investigations, Coates et.al. (2003) developed a comprehensive survey methodology 
including questionnaire design and scoring devices for estimating the extent of food insecurity in Bangladesh, 
which seems to be very effective to have an in-depth understanding of food insecurity. Rather than using 
traditional questionnaire method, they suggested to include questions of multidimensional nature with regard to 
food insecurity.  
Food security is historically attributed to the overall regional, national, or even global food supply and shortfalls 
in supply compared to requirements, but, with increased observation of disparities in the sufficiency of food 
intake by certain groups, despite overall adequacy of supply, the term has been applied recently mostly at a 
local, household, or individual level (Foster, 1992) and has been extended beyond notions of food supply to 
include elements of access (Sen, 1981), vulnerability (Watts and Bohle, 1993), and sustainability (Chambers, 
1989). Most definitions of food security vary around that proposed by the World Bank (1986); major 
components of the most common definitions are summed up by Maxwell and Frankenberger (1992) as "secure 
access at all times to sufficient food for a healthy life". The 1996 World Food Summit emphasized on three 
important components in relation to ensuring food security e.g. availability of adequate food, stability in food 
supplies, access to food and nutrition security (FAO, 1996). The poor, especially the ultra poor, suffer from food 
insecurity basically because of lack of purchasing capacity and fewer opportunities to have easy access to 
available food. Household level food insecurity is very common among these people. When there is no earning, 
there is no economic access to food at home and this unfortunate situation compels these food insecure people to 
survive on taking cash money as loan from the money lenders at a high interest rate (Amin and Farid, 2005). In 
many parts of Bangladesh the people living in low lying areas like haors face frequent natural disasters and lead 
an uncertain life because of chronic food insecurity.  Household level food insecurity is accepted as a part and 
parcel of everyday life in these areas and the people are often forced to depend on money lenders or food 
lenders for very survival (Amin and Farid, 2005).  
Of course, Bangladesh did not witness famine for a long time after 1974, but starvation is very often found 
among the chronically poor people who specially suffer during lean season (before harvesting of Aman paddy). 
The poor people consume less amount of food, suffer from under nutrition due to hunger, do not have access to 
basic health services, and suffer from illiteracy and many other deprivations. Insufficient food intake causes 
malnutrition which is very much prevalent in the households or areas hit by periodic or frequent food shortages. 
Mothers and children often suffer because of male-biased food distribution in the household. Women of 
childbearing age and their under-five children become the ultimate victims of hunger and malnutrition 
(Rajaretnam and J.S. Hallad, 2000). Girls and women, for various reasons, are discriminated and heavily 
malnourished in compare with boys and men (PRSP, 2005). Around 50% of the children are underweight, 
indicating the severity of malnutrition prevalent in the country. Bangladesh government and World Food 
Program (WFP) have been implementing jointly Vulnerable Group Development Program (VGD) to ensure 
food security and to enhance the development of the poorest 5 percent of the rural women since 1980. The 
women having VGD card are supposed to receive 15 KG rice or wheat per head as monthly ration. These are 
some of the strategies provided to the food deficient people to survive. The local government is often given the 
responsibility to identify and select the deserving women for VGD (UNDP, 2003).  
Bangladesh has continued to demonstrate a steady increase in the domestic production of food grain since 1971 
and the production has increased from 11 million metric tons in the 1970s to 24.7 million metric tons in 2003-
2004 (WFP, 2005). However, the net domestic production is not sufficient to meet the requirement of cereals by 
the increasing number of population in the country. Every year the remaining food gap is met by import of food 
grain, which is gradually increasing. It has been reported that during 2004-2005 the shortage of food grains in 
the country was nearly 1.9 million tons (BBS, 2004).  So the production of food grains could never meet the 
original demand of a huge population living in a small country - Bangladesh. 
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Food insecurity has in fact been reduced in Bangladesh compared to the situation prevailed in 1970s. But it is 
far from being over. Although people do not die of hunger these days, a considerable portion of the population 
always remains hungry because of lack of food security. More than 60 million people are still found suffering 
from chronic hunger in Bangladesh which is definitely larger than those in many other countries in the world. 
Bangladesh has therefore third largest poor population across the globe after China and India (UNDP, 2005). 
The reports prepared on Millennium Development Goals (MDGs) by the World Bank and Government of 
Bangladesh (GoB) suggest that much needs to be done to attain the 2015 MDG target to free the hungry 
population from the situation of food insecurity and malnutrition (Mishra and Hossain, 2005). Climatic and 
demographic changes may also adversely affect the food security of Bangladeshi people (Mishra & Hossain, 
2005). It is very urgent to develop a comprehensive plan for minimizing the adverse affects of natural disasters 
especially in connection with food insecurity.  
Having reviewed the above-mentioned literature on different food security issues, it is identified that no relevant 
studies have so far been conducted in haor region addressing their food security status with a strong statistical 
footing. This study is an attempt to investigate the facts and factors of food insecurity for the people dwelling in 
haor areas, some seriously disadvantaged pockets of Bangladesh, with a view to facilitating the policy-makers to 
take timely and viable steps and workable strategies for addressing the food insecurity problem in consonance 
with the objectives of National Food Policy (NFP). 
2 Methodology 
The study adopted both quantitative and qualitative components to have an in-depth understanding of food 
security status and strategies. The relevant data were collected from the six haor prone districts of Bangladesh: 
Sunamgong, Sylhet, Moulvibazar, Habiganj, Kishoreganj and Netrokona. The study applied cluster-sampling 
design and haor-attached villages were counted as clusters. A total of 30 clusters were covered in the survey. 
Thirty clusters is regarded as statistically representative sample of a population by internationally recognized 
survey designs, such as WHO’s EPI cluster sampling design (Turneret al., 1996). The clusters were selected 
using systematic probability proportionate to size (PPS) sampling procedure. Since the numbers of haors are 
different in the six districts, a stratified random sampling with proportional allocation was adopted to estimate 
the number of haors from each district (stratum). About 135 households from each cluster were selected for 
interview and the study finally covered 4065 households in total. The household level data were collected during 
February-May 2009 with the help of a structured interview schedule (questionnaire) conducted by a well-trained 
group of data collectors.  
Analytical Techniques 
The study measured the status of food security by analyzing and assessing the data provided by the respondents 
on that issue as well as estimating the poverty situation of surveyed households. The predictors of food 
insecurity had been determined by using both binary and ordinal multiple logistic regression models. 
 
Multiple Binary Logistic Regression Model 
When the dependent variable is dichotomous, logistic regression model is widely used not only to identify risk 
factors but also to predict the probability of success. The simple linear logistic regression model can be 

expressed as  ]
)(1

)(
[log 10 i

i

i
e X

X
X

ββ
π

π
+=

−
where the quantity X)|E(y X)( i=π  represent the 

conditional probability that Y=1 given X and expressed as 

iX10e1

iX1β0β
e )(Xi ββπ

+
+

+
=

. 

If one consider a collection of p independent variables denoted by the vector X/=(X1, X2, …,Xp) then the 
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Ordinal Logistic Regression Model 
There are several occasions when the outcome variable is polychotomous. While the outcome variable is 
classified according to their order of magnitude, ordinal logistic regression model is an ideal choice. The most 
frequently used ordinal logistic regression model is the proportional odds model (Agresti, 1996; Hosmer and 
Lemeshow, 2000). The proportional odds model compare the probability of an equal or smaller response, Y ≤ k, 
to the probability of a larger response, Y > k, i.e., 
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The proportional odds model assumes that the cumulative logits can be represented as parallel linear functions 
of independent variables, that is, for each cumulative logit the parameters of the models are the same, except for 
the intercept. If we consider a dependent variable Y which takes values 1 (very important), 2 (important) and 3 
(not important) and let probabilities 1)(Y Pp1 == , 2)P(Yp 2 == , and 3)(Y Pp3 == . The ordinal 

logistic regression model forms the relationship between the cumulative logits of Y (that is, ]
p-1

p
[ log

1

1  = 

]
pp

p
[ log

32

1

+  and 
]

)p(p-1
pp

[ log
21

21

+
+

 = 
]

p
pp

log[
3

21 +

 in this case), and independent variables. The model 
assumes a linear relationship for each logit and parallel regression lines,  

Kxxx K22111
32

1 bbb  Intercept   ]
)p(p

p
[ log +−−−−+++=

+   

Kxxx K22112
3

21 bbb  Intercept   ]
p

pp
[ log +−−−−+++=

+

   
that is, the intercepts are different, but the remaining regression parameters are the same. It is easy to see that the odds 

]
pp

p
[

32

1

+  and 
]

p
pp

[
3

21 +

 are proportional,  

]
pp

p
[

32

1

+  = }bb{b exp }Interceptexp{ K22111 +−−−−++ xx  

]
p

pp
[

3

21 +

 = }bb{b exp }Interceptexp{ K22112 +−−−−++ xx  

       = 
]

pp
p

[
}{Intercept exp
}{Intercept exp

32

1

1

2

+
×

. 
For this reason, such regression model is called proportional odds model. Proportional odds imply that odds 
ratios for Y being very important (1) versus important or not important (2 or 3) and for Y being very important 
or important (1 or 2) versus not important (3), are the same. 
3 Results and Discussions 
The first section discusses the extent of food insecurity and the second section discusses the predictors of food 
insecurity. 
3.1 Extent and intensity of food insecurity 
Three questions were asked to the respondents to understand the level of food insecurity of people living in the 
haor areas. This was scaled as normal (had been anxious about sufficient food), moderate (took less than 3 
meals a day) and severe (slept with hunger) according to the responses. Table 1 shows the responses regarding 
different levels of food insecurity with respective frequency and intensity. At first, the respondents were asked 
whether they had been anxious about sufficient food during the three months prior to the survey. About 45% of 
the respondents revealed that they were anxious about food deficit in their households. Among them, three-fifths 
claimed they faced the problems for sometimes and about 29% were faced the same problem for most of the 
times.  
The respondents were further asked whether they had to take less than three meals in a day. About one in three 
of them agreed that kind of food insecurity. They reported that the moderate food insecurity situation happened 
most frequently for 10% cases, sometimes for 57.5% and suddenly for 32.5% (Table 1). While the respondents 
were questioned whether they had been bound to sleep with hunger during last three months prior to the survey, 
near one-fifth of them agreed to have experienced the situation (Table 1). However, this severe food insecurity 
situation was faced very often by about 8%, often by 24% and suddenly by 68%.  
The extent of food insecurity was also analyzed according to the occupation of the household head, 
landholdings, location (district) and economic condition of the study households. The results are shown in 
Appendix Table 1. The incidence of food insecurity for the labourer-headed households were found at 56.7%, 
41.6% and 27.2%  for normal, moderate and severe scales respectively, while the corresponding levels for 
agriculture-owner-headed households were registered at 36.8%, 19.5% and 11.9% recpectively (Appendix Table 
1). A wide variation  in the extent of food security was observed according to the occupation of the household 
head: the incidence of food insecurity in terms of percentage of households was registered to be found the 
highest among labourer-headed households followed by the fisherman-headed households in all the scales 
(normal, moderate and severe) and vice versa (the lower) for the agriculture-owner-headed and businessman and 
serviceholder-headed households. 
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Table 1:Food Security Status with its Degree 
 

Status of Food Insecurity No. of 
Households 

% of 
Households 

Frequency of Insecurity (%) 
Very often Sometimes Sudden 

Had been  anxious about sufficient food 
(normal food insecurity) 1825 44.9 28.7 60.3 11.0 

Had been bound to take less than three 
meals in a day (moderate food insecurity) 1191 29.3 10.0 57.5 32.5 

Had been bound to sleep in hunger 
(severe food insecurity) 784 19.3 7.8 24.0 68.2 

No food insecurity 2240 55.0 - - - 
 Total=4065     

On the basis of the landholdings, the incidence of food insecurity at all the levels was found to decline 
monotonically with the increase of landholdings of households. Very naturally, the highest incidence was 
observed for the households having no land followed by the households with 1-10 decimal of land and a 
declining trend was found accordingly. The respective incidences were 65.4%, 49.8% and 33.9% for the no-land 
households at normal, moderate and severe levels, respectively  and 14.5%, 5.4% and 2.1% for the households 
with 200 decimals or more landholdings (Appendix Table 1). 
Figure 1 shows the incidence of food insecurity at different scales in different locations (districts). In accordance 
with the location, the households of Netrokona district were better off, having the lowest rates of incidence in all 
the scales of food insecurity. The incidence rates were somewhat fluctuating in other concerned locations 
according to different scales. Other than the normal level of food insecurity, the highest incidence was estimated 
for the households of Sunamgonj district and the rates were 34.7% and 23.5% for moderate and severe food 
insecurity respectivety followed by 31.6% and 17.1% for the households of Kishorgonj district (Appendix Table 
1). The incidence rates at normal level were recorded as 45.1% and 55.6% for Sunamgonj and Kishorgonj 
districts, respectively. With respect to overall grading, the households of Sunamgonj district are in worse 
position in terms of incidence of food insecurity followed by those of Kishoregonj district. 

 
Figure 1: Status of Different Scales of Food Insecurity by Location (District) 

 

The extent of different scales of food insecurity was also analyzed according to the economic condition of the 
households, measured by both CBN and self-ranking methods (Appendix Table 1). Very reasonably, the 
percentages of the poor households suffering from food insecurity at all the scales were found remarkably 
higher than those of the non-poor households, measured by both the methods. In particular, about 53% of the 
poor households (measured by CBN method) reported that they suffered from normal food insecurity in contrast 
with 38.6% of the non-poor households. The differentials of food insecurity in terms of the percentage of the 
suffering households between the extremly poor and non-poor economic conditions were observed 
overwhelmingly higher at all levels of food insecurity.    
Causes of Food Insecurity 
The respondents were asked about the reasons of their food insecurity. They mentioned different underlying 
causes of their food insecurity as shown in Figure 2. About two out of three respondents identified landlessness 
as the prime cause of their food insecurity. The other major causes identified by about half of the respondents 
were mono-crop cultivation, seasonal unemployment and natural calamities. About one-third of the respondents 
also identified the damage of crop generally caused by unexpectedly earlier heavy downpour and stone-slab as a 
considerable cause for food insecurity. Basically, the food insecurity problem of the haor people arises because 
of these factors as they reduce the annual cereal crop production, constrain economic access to food and limit 
productive resources.  
  

0

10

20

30

40

50

60

Normal Moderate Severe
Scale of Food Insecurity

Pe
rc

en
ta

ge
 o

f H
ou

se
ho

ld
s Sunamgonj Kishoregonj Netrokona Other Districts of Sylhet 



489 
 

 

 
Figure 2: Main Reasons for Households’ Food Insecurity 

3.2 Determinants of Food Insecurity 
Proper identification of the determinants of food insecurity is of utmost importance for policy implications in 
connection with combating food insecurity. With this end in mind, this section discusses the identified 
determinants of food insecurity. The multiple binary and ordinal logistic regression models would be used to 
identify the predictors of food insecurity at household level of the people living in the haor areas. Considering 
binary dependent variables on the basis of the perception of the household heads to three distinct questions 
defining three scales of food insecurity, three models had been developed viz., normal, moderate and severe. On 
the other hand, an ordinal logistic regression model had been developed considering the four levels of the 
dependent variable (status of food security), such as food secure, normally insecure, moderately insecure and 
severely insecure; generated from the same perceptions used in binary logistic regression model. On the basis of 
univariate and descriptive analysis, both binary models and the ordinal model consider the covariates - 
landholdings, occupation of the household head, education of the household head, asset score, household 
income, debt status of the household, access to safety net programs, location (district) and dependency ratio of 
the household.  
It is to be noted that the study tried to explain the risk of food insecurity by using ordinal logistic regression 
model only instead of using all the three binary models. However, parallel regression assumptions of ordinal 
regression model are not met properly since the location parameters (slope coefficients) were found significantly 
different across the response categories (Appendix Table 2) and hence this model can not be applied to explain 
the predictors of food insecurity. On the other hand, all of the three multiple binary logistic regression models 
were found to fit significantly on the basis of all available tests including Hosmer and Lameshow test (p-values 
are 0.56, 0.73 and 0.44 for the three models respectively) (Table 2). Therefore the study identified and explained 
the predictors of food insecurity by the three multiple binary logistic regression models.  
The relative risks along with the significance status of each of three binary models are shown in Table 2. The 
results indicated that almost all the predictors considered for logistic regression models were found to have 
significant effect on different levels of food insecurity. And the relative risks of each of the predictors were 
found to vary among different models (Model 1 to Model 3) that were developed according to the severity of the 
food insecurity. The variation of impacts of selected predictors on different levels of food insecurity in terms of 
relative risks is discussed below: 
Landholdings: 
Land is the most primitive and fundamental factor of production, especially in agricultural sector. So 
landholdings facilitate food security influencing the household crop production capacity leading to increased 
household internal food availability and enhanced access to external food supply through generating income 
from sale proceeds of surplus production. The findings revealed that the risk of food insecurity was found to 
increase very sharply and significantly with the decrease of the landholdings of the households for all the three 
models – normal, moderate and severe (Table 2). In general, it is observed that the risk became more than 
double for the households of each descending category of landholdings than the reference category (medium 
landholding) in all the models. The findings indicated that marginal landholding households had 112% more 
risk of normal food insecurity and 200% more risk of severe food insecurity than the households having medium 
land. The results also indicated that the absolutely and functionally landless households had significantly more 
risk of food insecurity than the medium landholding households. In comparison with the households having 
medium landholding, the risk was found 5.7 times greater for severe food insecurity, 3.6 times for moderate, and 
2.9 times for normal food insecurity for the absolutely landless households (having only homestead land or no 
land). The findings indicate that landholdings play a vital role in reducing household food insecurity, 
particularly in haor areas.  
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Occupation of the Household Head 
The occupation of the household head plays an important role on household food security, as different 
occupations have different impacts on various dimensions of food security on the basis of remuneration, time 
and space. Among several occupational groups, the risk of food insecurity was found lowest for the households 
whose heads were involved either in service or in business. The findings of Model-1 indicated that the risk of 
normal food insecurity was double for the households whose heads were agricultural labourer in comparison 
with that of business & service. It is to be mentioned that about 19% heads of surveyed households were 
engaged as agricultural labourer, about 14% as non-agricultural labourer and about 33% engaged as agriculture 
farmer. The risk of moderate food insecurity was found almost double for the households whose heads were 
involved as agricultural labourer, non-agricultural labourer and unemployed/house-wife in comparison with that 
of the households whose heads were involved in business and/or service. The findings of Model-3 indicate that 
the risk of severe food insecurity was highest for the households whose heads were non-agricultural labourer 
and unemployed/house-wife. The findings indicate that households whose heads were agriculture owner had 
47% higher risk of normal food insecurity, 33% higher risk of moderate food insecurity and 20% higher risk of 
severe food insecurity compared with the reference group. Overall, the labourer-headed households are more 
vulnerable to food insecurity than the households having heads of other occupations.   
Education of the Household Head 
Very logically and naturally education influences food security situation of the household in many a channel. 
Sometime by impacting income, the key to economic access to food security, and sometime by providing 
knowledge & building rationality regarding household food preparation & distribution related to food 
consumption dimension of food security. Though 4-8 years of schooling of household heads put no significant 
impact on food insecurity in comparison with the reference group (households with heads having more than 8 
years of education), but ‘1-3 years of schooling’ and ‘no education’ did impact significantly on the risk of food 
insecurity at normal and moderate levels. The results obviously show that the risks of food insecurity were 
significantly higher by 65% and 79% for normal and moderate scales for the households whose heads had no 
education than that of for above 8 years of education. Further, the risk of food insecurity increased by 53% and 
68% at normal and moderate levels for the households whose head had 1-3 years of schooling in compare with 
reference group. From the findings above, it can easily be inferred that the risk of food insecurity declines for 
the household as the education level of the household head improves.  
Household Gross Annual Income  
Income is the key factor for economic access to food both at household and individual levels. The findings of 
the study show that all the categories of income (poor income, Tk.36,001-60,000; moderate income, Tk.60,001-
96,000; rich income, Tk.96,001+) profoundly significantly exert positive impact on reducing the risk of 
household food insecurity at all scales (normal, moderate, and severe) in compare with the reference category 
(very poor income, ≤Tk.36,000). Households with poor income have about 22% and 21% less risk of being food 
insecure in moderate and severe scales respectively than those with reference category (very poor income 
households); while ‘rich income-group’ households are 54%, 61% and 44% less risky of being food insecure at 
normal, moderate and severe levels than the reference-group households correspondingly. The upshot is that 
food insecurity diminishes sharply with the increase in income level of the household, i.e. food security is 
gradually ensured in an increasing rate as household income goes up. 
Debt Status 
Receiving debt normally removes financial constraint for the time being and if the debt is used in productive 
investment it improves the financial condition of the debtor for a long time by augmenting income stream. 
However, the result of the study explores that the households who received debt were 2.4 times risky for severe 
food insecurity than those who did not receive loan (Table 2). In case of normal food insecurity, the risk was 
found 2.8 times higher for the households who received loan than the reference category. This finding 
contradicts with the efficacy of loan to eradicate the food insecurity even though it could happen in the short 
run. It might be that the amount of loan was as scanty as to somehow save the debtors’ lives at only subsistence 
level. 
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Table 2: Predictors of Different Levels of Food Insecurity by Logistic Regression Analysis  
Model 1: Normal food insecurity; Model 2: Moderate food insecurity; Model 3: Severe food insecurity;  
 
Variables Relative risk for different levels of food insecurity  

Model 1 Model 2 Model 3  
Landholding    
Medium land owner ® 1.00 1.00 1.00  
Marginal land owner 2.11* 2.06* 3.01*  
Functionally landless 2.42* 2.60* 4.55*  
Absolutely Landless 2.87* 3.58* 5.70*  
Occupation of the HH     
Business & Service ® 1.00 1.00 1.00 
Agriculture owner 1.47* 1.33** 1.20  
Fisherman 1.76* 1.58* 1.53**  
Agriculture Labour 2.08* 2.03* 1.55*  
Non- Agriculture labour 1.81* 2.12* 2.02*  
Others (House wife/Unemployed/Student) 1.97* 2.09* 2.08*  
Education of the HH     
Above 8 years schooling ® 1.00 1.00 1.00 

4-8 years of schooling  1.23 1.46 1.10  
1-3 years of schooling 1.53** 1.68*** 1.40  
No education 1.65* 1.79** 1.48  
Asset Score 0.96* 0.95* 0.93  
Household income    
Very poor income (≤Tk.36000)® 1.00 1.00 1.00  
Poor income (Tk.36001-60000) 0.95 0.78* 0.79**  

Moderate income (Tk.60001-96000) 
0.71* 0.65* 0.71* 

 

Rich income (Tk.96001+) 0.46* 0.39* 0.57*  
Debt status      
Did not receive loan® 1.00 1.00 1.00 
Received loan 2.79* 2.45* 2.40*  
Safety nets program     
Didn't receive help® 1.00 1.00 1.00  
Received help  1.32* 1.19** 1.23**  
District    
Sunamgonj® 1.00 1.00 1.00 
Other Districts of Sylhet Division 0.74* 0.60* 0.46*  
Kishoregonj 2.14* 1.09 0.65* 
Netrokona 0.61* 0.40* 0.28* 
Dependency ratio  1.15* 1.12* 1.11*  
Constant 0.08* 0.05* 0.03* 
Necessary Test statistics Cox & Snell R2 =0.187; 

Nagelkerke R2 =0 .251 
Hosmer&LemeshowChi-
square=6.767; 
P value = 0.562 

Cox & Snell R2=0.163; 
NagelkerkeR2=0.232; 
Hosmer&LemeshowChi-
square=5.24; 
P value = 0.731 

Cox & Snell R2 =0.129;, 
Nagelkerke R2 =0.207; 
Hosmer&LemeshowChi-
square=7.963; 
P value = 0.437 

® Reference category; * Significant at 1% level; ** Significant at 5% level; *** Significant at 10% level 
Safety-nets Program 
Safety-nets program food aid is mainly provided to the targeted beneficiaries at the time of crisis to cushion 
them from food insecurity. The finding shows that the beneficiary households under the program were about 
32% and 22% more vulnerable to normal and severe food insecurity respectively than those households who did 
not get any help from safety net programs (Table 2). The reason behind this result might be that the most of the 
help-receiving households were mainly ultra-poor and they were the primary victims of food insecurity. Further, 
the programs were insufficient enough to drag the beneficiaries out of food insecurity instead they could merely 
keep their body and soul together with the help.  
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District/Location  
Geographical location-specific features do impact on the life and livelihood of human beings both nationally and 
globally. This very truth is supported by the findings of the study. The results attested that the food insecure 
people in haor areas of other districts of Sylhet division were about 26% less risky than those in reference 
district (Sunamgonj), while the food insecure haor people in Netrokona district were  40% less at risk than the 
reference- group at normal level. On the other hand, the odds of normal food insecurity are 2.1 times greater for 
Kishoregonj district in comparison to Sunamgonj district.  
 
Asset score and Dependency ratio 
In addition to the above-mentioned categorical predictors, the study assumed and included two continuous 
covariates in the model namely asset score and dependency ratio, both put positive and significant impact on 
food insecurity in mostly all levels. The findings show that  the odds of facing normal, moderate, and severe 
food insecurity, on the part of the households in haor areas, are 0.96, 0.95 and 0.93 times less respectively for 
one unit increase in asset score. The covariate dependency ratio puts significant impact on food insecurity at all 
levels. The odds of facing normal, moderate and severe food insecurity are 1.15, 1.12 and 1.11 times greater, 
respectively as one unit increase in the dependency ratio. 
4 Conclusions and Recommendations 
The study explored that over two-fifths of the survey houeholds suffered from normal food insecurity, about 
one-third from moderate food insecurity and near one-fifth from severe food insecurity. The incidence of food 
insecurity was highest for labourer-headed households followed by the fisherman-headed households in all the 
scales (normal, moderate and severe) and lower for the agriculture-owner-headed and businessman & 
serviceholder-headed households. The differentials of food insecurity in terms of the percentage of the suffering 
households between the extremly poor and non-poor economic conditions were observed overwhelmingly 
higher at all levels of food insecurity. With respect to overall grading, the households of Sunamgonj district are 
in worse position in terms of incidence of food insecurity followed by those of Kishoregonj district. Mainly four 
reasons are explored for food insecurity in haor areas – landlessness, mono-crop cultivation, seasonal 
unemployment and natural calamities.  
The study has also identified landholdings, occupation and education of the household head, household gross 
annual income, family size and dependency ratio as the major predictors of food insecurity at household level in 
haor region. It is also observed that creation of employment opportunities throughout the year, especially in the 
lean season, government support, non-execution of present leasing system of waterbodies are suggested to 
tackle the food insecurity problems for the haor people.  
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Appendix Table 1: Status of food security in the last 3 months according to the occupation of household head, 
landholdings and location (district) 
Status of Food Insecurity % of households suffered from various types of food insecurity 
Occupation →  Agriculture Business & Service Fishing Labourer Other 
Had suffered anxious about sufficient food 36.81 30.73 51.75 56.71 46.28 

Had been bound to take less than three meals 
in a day 

19.53 18.06 31.82 41.55 32.94 

Had been bound to sleep in hunger 11.87 12.10 20.98 27.22 23.99 
Total 1331 537 286 1319 592 
Landholdings→ None 1-10 decimal 11-49 

decimal 
50-199 
decimal 

200+ 
decimal 

Had suffered anxious about sufficient food 65.35 51.06 44.66 38.10 14.52 
Had been bound to take less than three meals 
in a day 

49.75 35.57 27.83 18.91 5.39 

Had been bound to sleep in hunger 33.91 23.66 19.74 10.92 2.07 
Total 404 1847 618 714 482 
District →     
Had suffered anxious about sufficient food 45.14 38.99 55.61 36.07 
Had been bound to take less than three meals 
in a day 

34.69 26.20 31.62 20.37 

Had been bound to sleep in hunger 23.50 16.97 17.10 10.92 
Total 1349 813 1088 815 
Economic & Poverty Status (Self ranking) → Extremely Poor Poor Non-poor 
Had suffered anxious about sufficient food 72.05 49.29 19.48 
Had been bound to take less than three meals 
in a day 

54.46 32.28 7.71 

Had been bound to sleep in hunger 41.47 20.28 3.30 
Total (n) 762 2122 1181 
Economic & Poverty Status (CBN Method) 
→ 

Poor (Below upper poverty line) Non-poor (Above upper poverty line) 

Had suffered anxious about sufficient food 53.21 38.63 
Had been bound to take less than three meals 
in a day 

36.67 23.74 

Had been bound to sleep in hunger 23.11 16.40 
Total (n) 1748 2317 
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Appendix Table 2: Estimated regression coefficients and associated statistics from Ordinal                                    
Regression Model for identifying the predictors of food insecurity* Dependent Variable: Different Level of 
Food insecurity 

Covariates B S.E. Wald p-value Exp(B)  
Landholding      
Medium land owner ® - - - - 1.000  
Marginal land owner 0.697 0.164 18.045 0.000 2.008  
Functionally landless 0.845 0.172 24.152 0.000 2.328  
Absolutely Landless 1.036 0.161 41.213 0.000 2.818  
Occupation of the HH       
Business & Service ® - - - - 1.000 
Agriculture owner 0.325 0.118 7.58 0.006 1.384  
Fisherman 0.482 0.154 9.823 0.002 1.619  
Agriculture Labour 0.605 0.123 24.018 0.000 1.831  
Non- Agriculture labour 0.631 0.13 23.637 0.000 1.879  
Others (House wife/Unemployed/Student) 0.71 0.131 29.189 0.000 2.034  
Tin shed roof and muddy wall -0.257 0.096 7.194 0.007 0.773  
Tin shed roof and tin wall -0.374 0.106 12.418 0.000 0.688  
Semi-pucca or Pucca -0.473 0.227 4.339 0.037 0.623  
Asset Score -0.047 0.008 34.583 0.000 0.954  
Family size 0.032 0.018 3.272 0.070 1.033  
Household income      
Poor income(≤36000 taka)® - - - - 1.000  
Moderately poor income(36001-60000 taka) -0.148 0.087 2.887 0.089 0.862  
Moderate income(60001-96000 taka) -0.372 0.099 14.063 0.000 0.689  
Rich income(96001+ taka) -0.801 0.12 44.251 0.000 0.449  
Credit status       
Did not receive loan® - - - - 1.000 
Received loan 0.94 0.093 103.01 0.000 2.560  
Safety nets program      
Didn't receive help® - - - - 1.000 
Received help  0.248 0.078 10.214 0.001 1.281  
Training on IGA      
Didn't receive training® - - - - 1.000 
Received training  0.291 0.182 2.552 0.110 1.338  
District       
Sunamgonj® - - - - 1.000 
Other Districts of Sylhet Division -0.457 0.095 23.112 0.000 0.633  
Kishoregonj 0.375 0.096 15.348 0.000 1.455  
Netrokona -0.754 0.097 60.586 0.000 0.470  
Dependency ratio  0.112 0.031 12.863 0.000 1.119  
-2 Log likelihood= 7097.882; Chi-square= 905.459; Cox & Snell R Square= 0.2, Nagelkerke R Square= 0.231 
McFadden R Square=0.112 

 

® Reference group 

*   Test of Parallel Linesc 
Model -2 Log Likelihood Chi-Square df Sig. 
Null Hypothesis 8478.383    

General 8066.718a 411.666b 54 .000 
The null hypothesis states that the location parameters (slope coefficients) are the same across response categories. 
a. The log-likelihood value cannot be further increased after maximum number of step-halving. 
b. The Chi-Square statistic is computed based on the log-likelihood value of the last iteration of the general model. 
Validity of the test is uncertain. 

c. Link function: Logit.    
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Abstract. A vast fertile and arable land (783939 hectare) in six north eastern districts of Bangladesh is occupied 
by haor areas. It is widely believed that the people living in haor areas have been suffering from poverty and 
food insecurity. There is dearth of knowledge about their poverty situation and the strategies adopted to cope 
with the situation for proper policy implications. The objective of the study is to explore the poverty status and 
adopted coping strategies during food insecurity of haor people by analyzing the data of 4065 households 
collected from 30 haor areas under a FAO funded project. 
Using the Costs of Basic Needs method, it was found out that about 29.6% of the households were below the 
lower poverty line and about 43% households were below the upper poverty line. Using the lower and upper 
poverty lines, the poverty gaps were estimated at 7.6% and 12.4%, respectively measuring the depth of poverty 
by the two lines; while the squared poverty gaps were obtained at 3.0% and 5.2%, measuring the severity of the 
poverty. These findings clearly reveal that the poverty level of the haor people is both deeper and severer than 
that of the remaining part of rural Bangladesh.   
The respondents mentioned that the main reasons of food insecurity were landlessness, mono-crop cultivation, 
seasonal unemployment and natural calamities. The specific and immediate measures for overcoming the food 
insecurity situation were debt from anywhere (84.1%), borrowing food items from relatives (60.2%) and 
reduction of the familial expenses (66.7%). As general strategies to cope with poverty and food insecurity, 
nearly four-fifths iterated their reliance upon borrowing money, over half upon reducing food cost and over two-
fifths upon wanting help from relatives. It is to be noted that 8.1% households depleted their productive assets 
directly in terms of sold land or household assets to cope with food insecurity. The results indicated that 
borrowing money mostly from the local moneylenders was the most adopted measure & strategy to overcome 
the food insecurity situation and the consequences of this very culture were to entrap the victims into vicious 
cycle and ultimately lead them to be destitute. As the necessary measures for ensuring food security, most of the 
respondents urged for the work opportunity in all the seasons and government support programs. 
Key Words: Poverty, DCI method, CBN method, Coping strategy, poverty gap, squared of poverty gap 
1 Introduction 
Food insecurity arises at the individual, household, national, regional and global levels when all people, at all 
times, do not have physical and economic access to sufficient, safe and nutritious  food to meet their needs and 
food preferences for an active and healthy life (FAO 1996). Haor, a corrupt form of the Sanskrit word Sagar 
(sea), is a bowl-shaped large tectonic depression, which receives surface runoff water and consequently 
becomes very extensive water body in the monsoon and dries up mostly in the post-monsoon period. In 
Bangladesh, haors are found mainly in greater Sylhet and greater Mymensingh regions with 783939 hectare 
arable land and about 5 million population. A micro-level study reveals that around 47.7 percent of the 
fishermen of haor area live below the poverty line (Kazalet al., 2006). Although the percentage of people of 
haor areas living below poverty line is not known, it is again assumed that a huge percentage of people living 
here could be described as ultra poor. Basic avenues for life and livelihood of the common people are mostly 
absent in the haor areas. People do not have available employment and therefore their food security system is 
very vulnerable and is a matter of great concern for the policy makers. The majority of the people in haor areas 
are assumed to be involved in two occupations, namely cultivation and fishing. A very few number of people 
are engaged in some other occupation like small trading, petty jobs in government and non-government 
organizations. The people engaged in cultivation and fishing remain frequently unemployed due to flood and 
other natural disasters resulting in food insecurity in the areas, which sometimes creates famine-type situations. 
Apart from that, these areas do not enjoy good infrastructure and communication systems and most of the 
people hardly have concrete connection with the people living in other cities and towns. Therefore, food 
insecurity becomes perpetual for these people since they can do nothing while facing unemployment situation. 
The haor areas lack adequate educational arrangements because of which the literacy rate is very low and 
employment-based education is almost non-existent. So it may be concluded that it is unemployment which is 
mostly responsible for the situation of food insecurity in the haor areas. Besides, the peculiarity of haors and the 
overall condition in which people live might cause many of the approaches considered for development in the 
rest of Bangladesh not to work smoothly or apply at all in these regions.  
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There have been substantial amounts of literature found on different aspects of food security at home and abroad 
(Dash, 2005; Halder & Mosley, 2004; Hossain, 1989; Kundu, 2004; Radhakrishna & Ravi, 2003; Rahman & 
Khan, 2005; Rahman, Haque & Talukder, 2005; Amin & Farid, 2005; Talukder & Quilkey, 1991 etc.), but very 
few of them dealt with the strategies adopted by the people suffering from food insecurity more frequently. 
There is hardly any literature available on the strategies of the people living especially in the haor areas while 
facing the challenges of food insecurity. The 1996 World Food Summit emphasized on three important 
components in relation to ensuring food security e.g. availability of adequate food, stability in food supplies, 
access to food and nutrition security (FAO, 1996). The poor, especially the ultra poor, suffer from food 
insecurity basically because of lack of purchasing capacity and fewer opportunities to have easy access to 
available food. The landless people living in the third world countries are the main victims of food insecurity 
because of multiple reasons. These landless people are mostly forced to become day laborers who are dependent 
on casually occasional earning for their livelihood.  Millions of such people are affected and suffer from chronic 
and transitory food insecurity due to seasonal variation in agricultural activities and limited opportunities to 
have employment in non-agricultural activities.  
Needless to say that it is poverty, which generally manifests the situation of food insecurity for the people. 
Around 31% of the total population in Bangladesh lives in poverty, measured by CBN method (BBS, 2011). 
Bangladesh is one of the most overpopulated countries in the world and it remains heavily dependent on 
agrarian economy (58.3% people directly dependent on agriculture); a mismatch of resources in terms of 
inappropriate use and distribution leaves more than 60 million people living below poverty line with a very high 
level of child malnutrition (Rajaretnam and J.S. Hallad, 2000).  Another reason for food insecurity and poverty 
could be described as landlessness of a considerable number of people. Landlessness and lack of employment 
opportunities in the rural areas force the rural people to migrate to the urban areas causing a chaotic situation in 
the big cities, especially the capital city, Dhaka. The number of landless people is increasing gradually and has 
become tripled in the last five decades. At present more than half of the people are landless, while it was only 28 
percent in 1972 (BBS, 2004). 
Haddad et al., (1994) documented a variety of indirect indicators that can be used as predictors for food 
insecurity at the household level, including asset ownership, household size, and dependency ratio. While they 
mostly discuss the use of single indicators, they suggest that indicators could be combined for greater 
specificity. Several authors analyzed the use of and reliance upon, strategies for dealing with insufficiency of 
food at the household level as direct indicators (Watts 1983; Corbett, 1988; Drèze and Sen, 1989; Moris, 1989; 
Frankenberger and Goldstein, 1990; Leonard, 1991; Rahmato, 1991;Teklu 1992; de Garine, 1993; Davies, 1993; 
Frankenberger and Coyle, 1993; Watts and Bohle, 1993; Eele, 1994). The studies identified the strategies that 
include short term dietary changes; reducing or rationing consumption; altering household composition; altering 
intra-household distribution of food; depletion of stores; increased use of credit for consumption purposes; 
increased reliance on wild food; short-term labor migration; short-term alterations in crop and livestock 
production patterns; pledging, mortgaging and sales of assets; and distress migration. Davies (1993) makes the 
distinction between coping strategies (fallback mechanisms to deal with a short-term insufficiency of food) and 
adaptive strategies (long-term or permanent changes in the way in which households and individuals acquire 
sufficient food or income).  
Because of the adverse geography of haor regions and recent trend of negative impact of climate change on life 
and livelihood, particularly in these areas, the haor economy has become highly prone to seasonality 
characterized by the caprice of nature. The feature of high seasonality of the haor-based economy forces local 
people to remain out of work for about half of the year resulting in income-poverty leading to food insecurity for 
them. Moreover, a tremendous lack of physical, financial and social infrastructures constrains most of these 
people to endeavour for off-farm economic activities to earn their livelihood as a substitute of and/or 
compliment to their traditional occupations mentioned earlier. On the other hand, from anecdotal evidence, it is 
learnt that the Government, NGOs and international development partners have not extended their interventions 
in terms of both transfers and economic activities to a satisfactory extent in these under-privileged areas. These 
factors all together might have created a situation where food insecurity for haor people is deemed to be a part 
and parcel of their life. How these food insecure people cope with the situation is of interest and deserves to be 
explored for both better understanding their vulnerability to food insecurity and subsequent policy implications 
to address this inhuman and chronic problem. This study made an attempt to assess the poverty and food 
insecurity status of the haor people, and investigate the mechanisms, both short and long term, that the haor 
people adopt to cope with the situation. 
  



497 
 

2 Methodology 
The Data 
The study adopted both quantitative and qualitative techniques to gather the necessary data and information.  
The study covered the six haor prone districts of Bangladesh: Sunamgong, Sylhet, Moulvibazar, Habiganj, 
Kishoreganj and Netrokona. Among these districts, haors are mostly concentrated in Sunamgonj, Netrokona and 
Kishorgonj districts. There are 411 haors in the aforesaid six districts and only two belong to Brahmanbaria 
district. The study applied cluster-sampling design and haor-attached villages were counted as clusters. A total 
of 30 clusters were covered in the survey. The clusters were selected using systematic probability proportionate 
to size (PPS) sampling procedure. Since the numbers of haors are different in the six districts, a stratified 
random sampling with proportional allocation was adopted to estimate the number of haors from each district 
(stratum). In brief, the following steps were adopted in order to select the clusters and sample households: 

(i) The number of haors in each of the six strata was determined and defined. 
(ii) The haors were selected individually from the six strata using systematic PPS sampling procedure 
(iii) The UNICEF pencil-spin method was used to select the households randomly within the cluster 
(iv) About 135 households from each cluster were selected for interview and the study finally covered 

4065 households in total. 
In addition to the quantitative data, the study conducted FGDs and PRAs in one-third randomly selected clusters 
where household interviews were done. For conducting FGD and PRA, the households were classified 
according to the three main household occupations: agriculture, fishing and ‘other’. The FGDs were conducted 
separately from each occupational group. Thus, totally 30 FGDs and 10 PRAs were conducted. 
Analytical Techniques 
The household poverty condition was measured by using both Direct Calorie Intake (DCI) and Cost of Basic 
Needs (CBN) methods. The depth and severity of household poverty were measured by Foster-Greer-Thorbecke 
(FGT) method. The coping machanisms were assessed through perception of the respondents as well as the 
views of the participants attended FGD and PRA. 
Cost of Basic Needs (CBN) Method:  
The Bangladesh Bureau of Statistics uses the CBN method for analyzing the data of Household Expenditure 
Survey (HES) 1995-96 in order to estimate poverty line (BBS, 2001). The CBN method estimates the poverty 
level in a year in three steps. First, the cost of a bundle of fixed food items is estimated. The food items are rice, 
wheat, pulses, milk, oil, meat, fish, potato, vegetables, sugar and fruits, which provide minimal nutritional 
requirements corresponding to 2,122 K.cal per day per person (same threshold is used by the direct calorie 
intake method to identify the absolute poor). The required quantities in the food bundle is denoted by (F1, 
F2,...,FN) to meet the calorie requirement; that is, Fj is the required per capita quantity of the food item j. The 
food poverty line is computed as Zf=ΣPjFj, where Pj is the unit price of j-th food item. 
In the second step, two non-food allowances for non-food consumption are computed. First one was obtained by 
taking the amount spent on non-food items by those households whose total consumption is equal to their food 
poverty line Zf. These households spend less amount on food than the food poverty line and spend only on the 
essential items in non-food consumption. Algebraically, if the total per capita consumption is denoted by y and 
food per capita consumption by x, the “lower” allowances for non-food consumption were estimated as 
ZLn=E[yi-xi|yi=Zf], where E denotes the mathematical expectation. The second one, “upper” allowances, was 
obtained by taking the amount spent on non-food items by those households whose food expenditure was equal 
to the food poverty line. These households do meet their food requirement comfortably. Mathematically, the 
“upper” allowances for non-food items can be expressed as ZUn=E[yi-xi| xi=Zf]. Obviously, ZUn is larger than 
ZLn, because the share of food expenditure in total consumption decreases as consumption increases. 
In the third step, estimation of the poverty lines consisted simply of adding to the food poverty line with the 
“lower” and “upper” non-food allowances to yield the total lower and upper poverty lines. 
 Lower poverty line: ZL=Zf+ZLn  whereZLn=E[yi-xi|yi=Zf] 
 Upper poverty line: ZU=Zf+ZUn where ZUn=E[yi-xi| xi=Zf] 
The difference between the two lines is due to the difference in estimation of the allowances for non-food 
consumption. The lower poverty line incorporates a minimal allowance for non-food goods, while the upper 
poverty line includes more allowance. In practice, some adjustments are necessary to estimate ZLn and Zun, 
because it is not feasible to get desired data whose total consumption was equal to the food poverty line (Zf) or 
whose food expenditure was equal to the food poverty line. To avoid this problem, expectation should be taken 
for those households whose total consumption was less or equal to the food poverty line, in the computation of 
“lower” allowance for non-food consumption. Similarly, “upper” allowance can be computed by taking the 
expectation for those households whose food expenditure was less or equal to the food poverty line. 
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Poverty Gap and Squared Poverty Gap 
The poverty gap and squared poverty gap had been estimated using the Foster-Greer-Thorbecke (FGT) method 
(Poverty Manual, 2005). The estimating formulas is given below:   
Suppose, 𝑁𝑝 is the number of poor of the study population; 
    N is the total study population; 

   I (.) is an indicator function that takes on a value 1 if 𝑦𝑖 < 𝑧, and 0 otherwise; 
𝑦𝑖is the household expenditure; 
z is the food poverty at household level; 

The Head Count Index can be defined as 
𝑃0 = 𝑁𝑝

𝑁
= 1

𝑁
∑ 𝐼 (𝑦𝑖 < 𝑧)𝑁
𝑖=1 . 

The Poverty Gap Index can be defined by 
𝑃1 = 1

𝑁
∑ 𝐺𝑖

𝑧
𝑁
𝑖=1  , where 𝐺𝑖= (𝑧 − 𝑦𝑖). 𝐼 (𝑦𝑖 < 𝑧)is known as poverty gap score. 

The Squared Poverty Gap Index can be obtained as 

𝑃2 =
1
𝑁
�(

𝐺𝑖
𝑧

)2
𝑁

𝑖=1

 

3 Results and Discussions 
Poverty is defined in many ways, but more generally, it is lack of economic and social ability to satisfy socially 
determined minimum requirements. Poverty, as normally defined, means that the consumption or income level 
of a person falls below a certain threshold necessary to meet basic needs (Bhuiya et al., 2007). The minimum 
requirements, expressed in so-called poverty line are more commonly measured by income/expenditure or 
calorie intake. Moreover, in multi-dimensional approach, income or calorie intake is supplemented by other 
variables such as, health and sanitation, housing condition, security, public distribution system, participation in 
development and social welfare activities.  
3.1 Poverty Estimation 
Generally, two methods are used in estimating poverty. The first one is based on direct calorie intake (DCI) and 
the other one is the cost-of-basic needs (CBN) method. According to DCI method, a household is considered as 
‘hardcore poor’ with per capita calorie intake of less than 1,805 K.cal per day, and ‘absolute poor’ with less than 
2,122 K.cal per day. Measured by the CBN, a household is poor if its per capita expenditure lies below a given 
poverty line. In this method, poverty lines are used to find a poor household which represents the level of per 
capita expenditure at which the members of households can buy an exogenously set low-cost adequate diet plus 
other minimum basic requirements. In this study, both DCI and CBN method have been used to estimate the 
poverty line, and extent of poverty has been examined at household level. The depth and the severity of poverty 
have also been estimated by FGT method.  
Poverty Estimation using Costs of Basic Needs (CBN) Method 
It is documented that an adult person in Bangladesh requires an average minimum amount of 832 gm of food a 
day, which is converted to 2112 K.cal energy (BIDS, 1997). The food combination suggested by BIDS study 
was 397gm of rice, 40gm of wheat, 40 gm of pulse, 58gm of milk, 20gm of oil, 12 gm of meat, 48gm of fish, 27 
gm potato, 150gm of vegetables, 20gm of sugar, and another 20 gm of fruits. In practice, the rural people are 
dependent more on rice than on other items. In a study, the BBS has used a larger combination of food and per 
capita per day intake of rice was suggested as 455 gm (BBS, 2000). The per capita per day food combination for 
this study has been prepared by considering the food combination suggested by BBS (2000) and BIDS (1997). 
In the estimation, the per capita per day requirements of food intake were fixed as 824 grams containing 448 
grams of rice, which cost Tk.25.6 at the survey point in time. Using the food combination and price, the food 
poverty line had been estimated as Tk9329.4 per capita per year. The annual per capita “lower” and “upper” 
allowances had been estimated as Tk1230.0 and Tk3383.8 respectively, which were 13.2% and 36.3% of the 
food expenditure. The corresponding per capita “lower” and “upper” poverty lines had been estimated as 
Tk10559.4 and Tk12713.2 respectively. The non-food expenditure was found consistent with other studies of 
Bangladesh. Ravallion and Sen (1996) reported that the non-food expenditure was 15 to 40 percent of food 
expenditure and Rahman (1994) found non-food expenditure as 35% of food expenditure using HES 1988-89 
data. By converting the per capita poverty lines into household level, the “lower” and “upper” poverty lines for 
the study population had been estimated as Tk 56915.2 and Tk 68524.3 respectively. 
Figure 1 shows the incidence of poverty by CBN method in terms of head count ratio. The result suggests that 
about 29.6% households lie below the lower poverty line and about 43% below the upper poverty line. The 
incidence of poverty in the study population was found consistent with the national figures (28.6% by lower 
poverty line and 43.8% by upper poverty line for rural Bangladesh) reported by HIES-2005 (BBS, 2007). 
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Figure 1: Incidence of Poverty by CBN Method Figure 2: Incidence of Poverty by DCI Method 
 

Poverty Estimation using Direct Calorie Intake (DCI) Method 
Figure 2 presents the incidence of poverty by using direct calorie intake (DCI) method. Considering the average 
household consumption of food during the last three days prior to the survey, the average per capita calorie 
intake was estimated as 2237.0 K.cal. However, the average per capita intake of calorie was obtained as 1578.5 
K.cal and 1799.3 K.cal for the households fell below the hardcore and absolute poverty respectively. The head 
count ratio indicates that 18.1% households fell below the hardcore poverty line and 40.2% households below 
the absolute poverty line. The incidence of poverty was found remarkably lower by DCI method than the CBN 
method. The poverty rate estimated by DCI method was found lower than that of by CBN method may be 
because of ingestion of more rice generally containing higher calorie value than other items of food. 
Self-ranking of Household’s Socio-economic Status 
 
In addition to the assessment of the poverty level of the 
households by CBN and DCI methods, the study adopted a 
complementary self-assessment. In that assessment, the 
households were asked to rank their socio-economic status 
among other households in the village, using their judgment. 
Figure 3 shows their perceived position of socio-economic 
conditions. Of the surveyed households, about 19% identified 
themselves as ultra-poor and majority of them, 52.2% 
conceived themselves as poor. Only 8.7% wanted to put 
themselves as middle class and/or rich.Broadly speaking, 71% 
households were poor and 29% non-poor according to the self-
ranking perception. 
Comparison of the incidence of poverty by three methods 
Table 1 demonstrates the comparison of the incidence of poverty estimated by CBN method and DCI method 
with that of self-ranking assessment. It is observed that 1528 households were commonly identified as ultra-
poor/poor and 963 households as non-poor by both the self-ranking and CBN methods (upper poverty line), 
while 218 household heads ranked them as non-poor though they were identified as poor by CBN method. On 
the other hand, 1356 households were identified as ultra-poor/poor by self-ranking method, while they were 
identified as non-poor by CBN method. The incidence of poverty of these households is actually overestimated 
by the self-ranking method in contrast with CBN method but underestimated by the CBN method in contrast 
with self-ranking method. The same interpretation applies for the above mentioned 218 households but in the 
reverse direction. This clearly reveals that there remains some problem in estimating the incidence of poverty by 
both of the methods in contrast with each other. The same thing happens to the comparative analysis of the 
findings from DCI and self-ranking methods.  
The socio-economic status of the households ranked by the household heads indicates that a larger proportion of 
households fell below the poverty line than that of estimated by the CBN and DCI methods. That is, the results 
of CBN and DCI methods may not reflect the true poverty situation of the haor people, because they are used to 
take more coarse rice in their food bundle - declining the cost in the CBN method and increasing the calorie 
intake in the DCI method. Similarly, the findings from self-ranking method are also misleading in the sense that 
the respondents could overestimate their poverty because of their misperception and/or manipulating attitude for 
some hidden reasons. The other indicators found in this study influencing the life and livelihood of surveyed 
people clearly revealed that the poverty situation might be different from or most probably worse than what had 
been estimated. 
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Table 1: Comparison of the incidence of poverty by CBN method and DCI method with self-ranking assessment 
 Self-ranking Assessment 
CBN Method (Upper poverty line) Ultra-poor Poor Non-poor Total 
Poor  503 1025 218 1746 
Non-poor 259 1097 963 2319 
DCI Method (Absolute poverty line) Ultra-poor Poor Non-poor  
Poor 355 870 410 1635 
Non-poor 407 1252 771 2430 
Total 762 2122 1181 4065 

3.2 Poverty Gap and Squared Poverty Gap 
The poverty gap and squared 
poverty gap have been 
computed by FGT method 
using the lower and upper 
poverty lines set by CBN 
estimation and the results are 
given in Table 2. The value of 
the poverty gap reflects the 
depth of poverty of the 
sampled households, which 
means that the higher the 
value, the deeper the poverty. 
Using the lower and upper 
poverty lines, the overall 
poverty gaps were estimated as 
7.6% and 12.4%, respectively 
measuring the depth of poverty 
by the two lines. These values 
of poverty gaps can be used to 
estimate the total budget to 
raise the poor households out 
of poverty defined by the 
poverty lines2.  
The overall squared poverty gaps were obtained as 3.0% and 5.2% for the corresponding lower and upper poverty lines, 
measuring the severity of the poverty. The higher the value of the squared poverty gap, the more severe the poverty position 
of the population under consideration is. Both the poverty gap and squared poverty gap were found remarkably higher for the 
study population than the corresponding national figures for rural households as HIES –2005 reported that the poverty gaps 
were 5.3% and 9.8% for lower and upper poverty lines, respectively and the corresponding squared poverty gaps were 1.5% 
and 3.1%. These findings clearly revealed that the poverty level of the haor people is both deeper and more severe than that 
of the remaining part of rural population of Bangladesh. 
Comparison by districts and household occupation 
Furthermore, for making a district-wise and occupation-wise comparison of the depth and the severity of poverty, the 
poverty gap and squared poverty gap were estimated accordingly. The results depicted in Table 2 revealed that on the basis 
of the value of both the poverty gap and the squared poverty gap, Netrokona district ranks first followed by Kishorgonj 
district i.e., the poverty in these two districts is deeper than that in other districts under the study. On the other hand, 
according to the value of squared poverty gap, the poverty-stricken people of Netrokona and Kishorgonj districts are worse 
positioned than those of other surveyed districts in terms of the severity of poverty. It was also found out that the poverty-
stricken people of other districts of Sylhet division are in the best position both in depth and severity measures. The 
occupation-wise comparison explores that the poverty-stricken people of labor class, both agricultural and non-agricultural, 
are in worse position in terms of the depth and the severity of poverty than those of other professions under consideration. In 
this regard, the agriculture owners are in the best position with the lowest values of both the poverty gap and the squared 
poverty gap. The exploration of the findings suggests for more attention and pragmatic actions from public and private 
sectors for poverty alleviation especially for the labor class and in Netrokona and Kishorgonj districts.  
  

                                                            
 

Table 2: Poverty Gap and Squared Poverty Gap by FGT Method using the 
 Lower and Upper Poverty Lines of CBN Estimation (in percent) 
 

 Poverty Gap (%) Squared Poverty Gap (%) 
Lower Upper Lower Upper 

Overall 7.8 12.4 3.0 5.2 
Districts 
Sunamgonj 6.8 1.1 2.7 4.7 
Other Districts of 
Sylhet 

6.1 10.8 2.4 4.3 

Kishoregonj 7.5 12.2 3.1 5.2 
Netrokona 10.2 16.1 3.9 6.8 
Occupation of Household Head 
Agriculture (owner) 2.1 4.4 0.7 1.5 
Business & Service 6.6 11.1 2.6 4.6 
Fisherman 6.1 11.9 1.9 4.2 
Agri-labourer 11.2 18.1 4.2 7.5 
Non-agrilabourer 12.6 19.1 4.5 7.9 
Others 12.6 17.9 6.1 9.0 
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3.3 Coping Strategies and necessary measures including Safety Nets and IGAs 
Food insecurity striken households always try to cope with the situation adopting various strategies. Two of 
types of coping strategies are usually adopted by the victims of food insecurity: one to address the food 
insecurity in the short-run and another to tackle it in the long-run. This section discusses the short-run strategies 
termed as specific and immediate measures and the long-run strategies termed as general coping strategies. 
Immediate Measures for Overcoming the Food Insecurity Situation 
The respondents reported to suffer from normal food insecurity during three months prior to the survey were 
asked whether they had taken some specific measures during that period. The immediate measures include 
taking a loan, borrowing food items from relatives, sale/mortgage of household assets and reduction of the 
familial expenses. Figure 5.3 illustrates the measures taken for overcoming the food insecurity situation during 
the period mentioned earlier. Over four- fifths of the respondents admitted to resort to loans for buying food, 
while three-fifths to borrowing food items from kith & kin, only one in twenty to sale/mortgage of household 
assets and over three-fifths to reduction of other familial expenses. Selling household assets as a measure of 
tackling food insecurity is minimal mostly likely due to the limited ownership of assets by households. On the 
other hand, reliance on loans for combating food insecurity clearly indicates the scope for malpractice from 
money-lenders in hoar areas as this method is apparently convenient for survival but ultimately perpetuates a 
cycle of impoverishment overtime. 
General (Long-run) Coping Strategies for Food Insecurity Situation 
The interviewees were asked about the strategies they usually adopt to cope with food insecurity. They 
spontaneously expressed the strategies they resorted to during different periods of time over their life span 
(Figure 5). Very interestingly, here too, the highest percentage of respondents (79.3%) reiterated their reliance 
upon borrowing money for coping with food insecurity problem obviously bearing the testimony of pervasive 
existence of exploiting money-lending culture in the survey areas in almost absence of access to formal credit. 
The second and the third highest percentages of respondents (55.3% & 42.4%, respectively) hinged upon 
reducing food cost and wanting help from relatives as they reported for coping with food insecurity. Though the 
second largest adopted strategy is at their disposal, it results in hazards on their health in terms of hunger and 
malnutrition in future leading less productivity for the economy; while the third largest strategy undermines 
their prestige and causes indirect moral captivity to their relatives. In the midst of most of the pessimistic 
strategies, a highly optimistic strategy taken by a considerable percentage of respondents (18.5%) deserves 
special mention, which is internal out-migration to other places for livelihood adding some value to GDP 
through participating and/or generating temporary economic activities for food insecure people. Further, a 
significant percentage of respondents rely on help from communal leaders (20.7%) and from NGOs (9.4%) in 
resilience with food insecurity. 
In summary, we find that the prime strategies for coping with food insecurity for the haor people are borrowing 
money and food, reducing familial expenditure, specially on food, and out-migration (particularly temporarily 
internal migration) in both short run and long run. It is worth mentioning that the coping strategies that deplete 
the productive assets indirectly are reducing familial expenditures and borrowing money; moreover, the sale of 
land or household assets depletes the productive assets directly.  
 

 
 

Figure 4: Immediate Coping Strategies Figure 5: General Coping Strategies 
Necessary Measures for Household Food Security 
The food insecure respondents were invited to express their perceptions regarding actions/measures for ensuring 
food security. Table 3 shows those perceived actions to be taken to maintain household food security. Over two-
thirds of the respondents mentioned the need for additional work opportunities all the seasons and more than 
three-fourths strongly opted for government support programs.  
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Slightly higher than two-fifths responses advocated for provision of funds for alternative income generating 
activities & membership under safety net food program while above one-third for introducing food-bank and 
appropriate actions from NGOs to ensure food security. From the results, it can easily be inferred that provision 
of government interventions is a must for a secure food situation in haor areas along with private sector’s, 
especially NGOs’, complementary supportive programs. In this context, public-private partnerships can apply.      
Table 3: Necessary Actions to be taken to maintain Households’ Food Security 

Necessary Actions No. of Households % of Households 
Ensuring work opportunity in all seasons 1238 67.8 
Introducing food bank for ensuring food security during crisis period 681 37.3 
Providing fund for alternative IGA 843 46.2 
Membership under the safety net food  program 732 40.1 
NGOs should adopt appropriate action for tackling the situation 672 36.8 
Government support program is a must 1383 75.8 
Others  102 5.6 

4 Conclusions and Recommendations 
The incidence of poverty by CBN method was found higher than that by the DCI method, while the highest 
incidence was observed by the self-ranking method. The incidence of poverty at household level varied 
significantly according to some selected characteristics such as landholdings, occupation and education of the 
household head and family size. The depth and the severity of poverty were higher for the laborer-headed 
households and for the poverty-stricken households of Netrokona and Kishoregonj districts.   
This study discovers that the major coping strategies the haor people adopt are borrowing money and food, 
reducing familial expenses and internal out-migration both in short run and long run. The impact of borrowing 
sometimes renders people destitute being entrapped by a vicious cycle of debt because of their low capacity for 
repaying loan and infavourable terms and conditions of the loan. The adopted general coping strategies were 
also examined according to the households’ economic condition defined by self-ranking as well as CBN upper 
poverty line. The findings did not show any considerable difference in adopting coping strategies by the poor 
and the non-poor. It is also observed that creation of employment opportunities throughout the year, especially 
in the lean season, government support, non-execution of present leasing system of waterbodies are suggested to 
tackle the food insecurity problems for the haor people.  
The recommendations regarding the food security strategies of the haor people were made from the perspective 
of short-run and long run plan of action. The short-run plan of actions might include (i) increase the coverage of 
safety nets programs in haor regions, making sure that the actually needy households are included into the 
programs, and prioritize the haor people in the allocation and distribution of the relief materials from the 
government, NGOs and international organizations/communities; (ii) create the alternative income generating 
activities such as handicraft, tailoring, embroidering, poultry, livestock etc. through appropriate training, 
according to the facilities available in the locality, for the haor people, specially for women throughout the year. 
In this regard the participation of different NGOs should be encouraged and public-private partnership 
arrangements can apply; (iii) introduce modern and scientific production system (especially in agriculture) such 
as floating vegetable garden for tomatoes, ladies finger, etc.; fish culture using fish pen or net; duck raising; 
food or fruits preservation and storage; taking preventive and curative measures for natural calamities; (iv) 
redesign the existing leasing systems of water-bodies for ensuring free & open access to fishing facilities of the 
villagers so that they can earn livelihood for food security without artificial interruption; (v) regulate the existing 
money-lending system to save the borrowers from the exploitation of the system and create parallel credit, 
particularly micro-credit, facilities through formal financial institutions by controlling un-head payment and 
easing the hassle of document-related complexity; (vi) launch a program to repair the existing embankments by 
attaching the respective villagers so that the height and strength of the embankment might be ensured to protect 
the crops from untimely heavy downpour. On the other hand the long-run plan of actions might include (i) make 
comprehensive and sustainable arrangements for education, both formal and informal, for the haor people to 
alleviate poverty and hence to combat food insecurity in the long run; (ii) provide health care facilities at the 
doorsteps of the haor people in a cost-effective way and implement family planning program very effectively to 
reduce the family size in the haor region; (iii) introduce food bank (a non-profit and charitable organization that 
collects food aid either in-kind or in-cash from different sources and distributes to different food insecure 
communities through public or private organizations) to support the food insecure households, particularly in the 
lean season. 
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A Comparative Study of Consumer Demand on Food across Different Socio-Economic Groups in Rural 
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Abstract. The study of consumer behavior is fundamental to the understanding of demand side of the market. 
The present study is intended to explore the consumer demand behavior in rural Bangladesh across different 
socio-economic groups. The study is based on budget data of 1282 households selected from the poverty-
stricken rural region of Bangladesh and the key feature of the data is the existence of four dynamic socio-
economic groups under study – Non poor, Ascending poor, Descending non-poor and Chronically poor. The 
selected food items are: cereal, pulse, oil, meat and fish, vegetable, fruit and other food items. An extended 
version of Almost Ideal Demand System (AIDS) Model has been considered for estimating and comparing the 
demand pattern of these distinguished groups. In order to observe the impact of per capita monthly expenditure 
on the budget share, the AIDS model has been extended by simultaneously incorporating various household 
characteristics such as household size, dependency ratio, age, sex, occupation and education of household head. 
The most parsimonious set of explanatory variables have been selected for each group through statistically 
significant way. Ordinary Least Square and Tobit Regression Method are the two estimation techniques using in 
this study. Tobit regression has been used for only those items for which zero expenditure is 25 percent or more. 
The data are cross-sectional and have not been affected by severe multicollinearity detected through Variance-
Inflation Factor (VIF). For getting rid of heteroscedasticity problem, a transformed model: regression-through-
origin has been performed. By analyzing the demand behavior of four groups of people, a serious discrimination 
and deprivation has been observed implicit in our society. Throughout the study, just an intrinsic chronological 
order in demand pattern has been observed according to the hierarchy of socio-economic groups. The most 
necessary goods of the rich are found as the most luxury one to the poor. The study also offers the change of 
demand pattern in case of the transitory state people. And lastly, this study can be viewed as a lively portrait of 
the most vulnerable situation of the chronically poor people in rural Bangladesh. 
Keywords: Food Consumption, Demand Model, Socio-economic grouping, Poverty, Rural Bangladesh. 
1  Introduction 
Actually there are few areas of human behavior which are as diverse, multi-dimensional and socially significant 
to study as the area of consumer demand behavior which is involving with all the purchasing and consumption 
related activities of the people. Consumer demand behavior is a diverse kind of study that sketches the picture of 
real world and reveals the situation of common people and their way of living. This practical field is concerned 
with the examination of everyday life of human being and thus has a mutual attachment with household budget 
data. Our present concern is studying the food consumption pattern across different socio-economic groups of 
people through the examination of household budget data from 1282 households and makes a comparative 
analysis among those. The study consists of four dynamic groups of people and on an average 1 to 10 years 
period has been considered as the duration of changing the economic status. Non poor people are referred those 
whose mean income or expenditure is always above the poverty line. During the considered period of changing 
economic status, two cases of shifting have been observed. The households having the mean income or 
expenditure above poverty line once but now slides below the poverty line between last 10 years is considered 
as descending non-poor. Similarly if any households move out of poverty and crossed the poverty line during 
that time is deemed as ascending poor. And, the chronically poor households inherited poverty generation by 
generation and remain poor for more than 10 years. The exploration of demand behavior across these different 
dynamics of groups seems to represent the dispossession implicit in the social structure and the aim of study has 
been to observe and contrast the nature of consumption pattern among them. An empirical analysis of consumer 
behavior can be best achieved through the specification and estimation of demand model. Now, this 
specification of demand model depicts the picture of concerned target population and thus the mathematical 
formula depends on the nature of the population. Searching of the most parsimonious set of variables and the 
most appropriate form of demand function for a particular case of situation is the basic operation of any 
researcher. This endless searching procedure originates from Ernst Engel in 1857.  
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One of the most consistent patterns of consumer demand has been found is the Engel’s Law suggesting that as 
income rises, the budget spent on food tends to decline. A related pattern has also been suggested by Bennett. 
Estimation of complete demand system within a framework consistent through classical demand theory was 
originated with Stone’s pioneering contribution (1954) and now constitutes a large body of theoretical and 
applied literature. Many models have been proposed so far, but perhaps the most important in current use, apart 
from the original Linear Expenditure System (LES), Rotterdam model (Theil, 1965; Barten, 1969)and the 
Translog model(Christensen et al., 1975) is the Almost Ideal Demand System (AIDS), introduced by Deaton 
and Muellbauer (1980). The AIDS model has been extensively estimated and, in addition, has been extended 
including household characteristics by many researchers as the households with different composition can be 
regarded as the point of convergence of many kind of social and economical knowledge.  
The present study endeavors to estimate an extended version of AIDS model simultaneously incorporating 
various household characteristics for four different socio-economic groups of some selected rural area of 
Bangladesh for some selected food items and compare their demand pattern. 
2 Data and variables of the study 
A three-stage stratified random sampling design has been followed for selecting final sampling unit i.e. the 
households under study. At the first stage 8 most vulnerable and least developed districts have been selected. 
The administrative division has been considered as the criterion of stratification at the first stage. In order to 
select the least developed district, a composite index has been computed on the basis of three simple indicators 
such as percentage of agriculture labor, landless household and cropping intensity to capture at least a part of 
reality of development of 64 districts of the country. Two least developed districts have been, then, selected 
based on the composite index from each division. At the second stage, from each selected district, 4 villages 
were selected with “Probability Proportional to Size (PPS)” method. Thus a total of 32 villages have been 
chosen for the study. At the third stage the criterion of stratification being the economic status of households. In 
each selected village, a complete list of household has been prepared with certain indicators such as income, 
household size, landholding size, education, poverty status etc. These indicators along with opinion of 
household heads have been used to classify households into four economic categories. From the list of 
households of each category 10 non-poor households, 7 descending non-poor, 7 ascending poor and 16 
chronically poor households have been selected at random from each selected village and the complete list of 
household in a village by category has been treated as sampling frame. A total of 1282 households of four 
categories have been selected at random among which 320 households were non-poor, 225 were ascending poor, 
227 were descending non-poor and 510 were chronically poor. The survey team has administered the data 
collection process during December 2010 and January 2011 and the study is based on this entire cross-sectional 
data. Two sets of questionnaires have been prepared for this study in order to facilitate the data collection at the 
village and household level. Personal interview as well observational approach has been adapted for collection 
of primary data. the present study, budget share for a specific commodity is considered as the dependent 
variable which can be derived by dividing the total per capita expenditure for this item by the total per capita 
household expenditure. The predictors of the study are log of per capita total monthly household expenditure, 
log of household size, dependency ratio, age of household head, sex of household head, year of schoolingof 
household head and occupation levels of the household head. The selected food items are cereal, pulse, oil, meat 
and fish, vegetable, fruit and other food items. 
3 Theoretical Background of AIDS Model: 
The AIDS Model is the time series counter part of the Engel Function. This model can give an arbitrary first-
order approximation to any demand system and aggregates perfectly over consumers without invoking parallel 
linear curves. The AIDS Model has a functional form which is consistent with known household budget data, it 
is simple to estimate, largely avoiding the need for non-linear estimation and it can be used to test the 
restrictions of homogeneity and symmetry through linear restrictions on fixed parameters Although many of 
these properties are possessed by one or other of Rotterdam or Translog models, neither possess all of them 
simultaneously. For the development of the AIDS model, Deaton and Muellbauer started from a specific class of 
preference, which permits exact aggregation over consumers, the representation of market demands as if they 
were outcome of decision made by some rational consumer. These preferences are represented via cost or 
expenditure function which defines the minimum expenditure necessary to attain a specific utility level at given 
prices. The function is denoted by c(u,p) and the preferences is known as Price Indifference generalized LOG or 
simply PIGLOG class. The PIGLOG class is defined by – 
 
 
Where u stands for utility and p stands for price vector. Here 0<u<1, u=0 interprets as subsistence and u=1 
interprets as bliss. Hence the functions a(p) and b(p) are the costs of subsistence and of bliss. 
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Specific functional forms log (a(p)) and log(b(p)) are then taken, where  
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2
1log)(log 0 kkk

k
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k
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So, the AIDS cost function is written as           
                                                                                                                …….………….. (3.4)    
where, ijii γβα ′,,  are parameters. Here, c(u,p) is linearly homogeneous in p. 
The demand functions are directly derived from equation (3.4). It is fundamental property of the cost function 
that its price derivatives are the quantities demanded. 

          , multiplying both sides by
),( puc

pi , we have,                                         

Where iw  is the budget share of the good i and iq  is the quantity of good i consumed. 
Hence by taking the differentials of the logarithmic function in (3.9) we get the budget shares as a function of 
prices and utility –  
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For the utility maximizing consumer, the total expenditure x is equal to c (u,p) and this equality can be inverted 
to give u a function of p and x; these are the AIDS demand function in the budget share form, 
 
 
Where p is price index defined by, 
The inclusion of demographic variables in the analysis of consumption patterns is desirable in many cases 
because there are likely to be systematic differences to the consumption behavior of the households with 
different demographic characteristics. Demographic variables have traditionally played a major role in the 
analysis of household budget dataand the method of bringing demographic variables into demand systems have 
been employed in several studies.Family size and composition, race and religion, age and education have all 
been used as demographic variables in demand studies. The AIDS model in (3-7) does not portray household 
characteristics such as family size, sex, age and occupation of household head explicitly. Ranjan Ray (1980) 
used Barten (1964) type utility function to introduce family size. He replaced P in (3-7) by a normalized price 
vector, where z denotes family size. Barten’s suggested model was- 
 
Where x= (X/z) is the per capita household expenditure and z represents the effect the family size. The use of 
family size as a deflator for X follows Houthakker (1967), Weiskoff (1971) and Sener (1979). 
 Newer variables as age, sex and occupation of household head, dependency ratio etc. have been incorporated 
into the AIDS Model by RezinaFerdous (1994). Due to lack of price data it was assumed that all the households 
experienced the same price changes. Considering the fact that rural cross-section data of only one year was 
taken into account, the assumption of no price change did not affect results too much. Thus equation (3-8) 
becomes –  
or,                                       …………….(3-9)  
where, kii +=′ αα   and *loglog ppk ijij βγ −= ∑ …………………………….…. (3-10) 
Then, the other incorporated variables as mentioned earlier into the budget share equation. The resulting 
equation was -  
Where, A=age of the household head, DR=dependency ratio, Z=Household size, S and D are the sex and 
occupation dummies of the household head, respectively. 
4 Methodology 
4.1 Model Specification 
Now, in case of performing AIDS model for four socio-economic groups - non-poor, ascending poor, 
descending non-poor and chronically poor, the set of predictors must be assessed by the statistical method. To 
find the most parsimonious set of variables for each segment of population, a stepwise regression has been 
executed for each of the food items. The model containing explanatory variables that are significant for most of 
these items has been considered ultimately for each of the four groups. Again, in order to improve the model an 
attempt has been considered. Four more independent variables have been chosen in this case to improve the 
current model those are – ‘household size’, ‘log of dependency ratio’, ‘log of quadratic per capita total 
expenditure’ and ‘square of age of household age’. In one particular group, for all the items, each of the above 
regressors is tested by running the regression model with and without the regressors.  

∏∑∑∑ +++= k
kjk

k j
kjk

k
k puppppuc ββγαα 00 loglog

2
1log),(log

)5.3........(
),(log

),(log
i

ii

i

w
puc

qp
p

puc
==

∂
∂

i
i

q
p

puc
=

∂
∂ ),(

( )7.3..........,......2,1);/log(log njipXpW ij
j

ijii =++= ∑ βγα

jk
j k

kjk
k

k pppp log
2
1loglog 0 ∑∑∑ ++= γαα

)8.3......(..........loglog)log( * zp
p
xW ij

j
ijiii δγβα +++= ∑

zxW iiii loglog δβα ++′=kzxW iiii +∂++= loglogβα



507 
 

All the regressors are insignificant for most of the cases and finally it does not seem to have a notable influence 
on the model. The final AIDS model for non-poor, ascending poor, descending non-poor and chronically poor 
are naturally different expressing the inequity of the society. 
Final Models for non-poor, ascending-poor, descending non-poor can be viewed as - :      
 
 
Final Models for chronically poor can be viewed as - :      
 
 
Where, 
x = Per capita total expenditure, z  = household size, DR = Dependency ratio, A  = Age of Household head, 
S = sex of household head, E  = Year of schooling,  
For occupation dummy variable O,  

non-poor Ascending poor Descending non-poor chronically poor 
11O  = AW 

12O  = SM 

13O  = BM 

21O = AW 

22O =SM & Non - AW 

23O =BM 

31O = AW 

32O = SM & BM, 

33O = Non-AW and others 

41O = AW 

42O = SM & BM 
43O = Non-AW and others 

Abbreviation: AW: Agricultural worker, Non-AW: Non-agricultural worker, SM: Serviceman and BM: 
Business Man 
4.2 Estimation Methods 
The econometric validation has been checked in case of each individual model as without possessing the 
econometric criteria the theoretical model may not perform well enough. For checking the multicollinearity 
problem, the value of Variance Inflation Factor (VIF) has been computed for all predictors in each model of all 
the considered items. In all cases, the value has been observed less than 10 indicating that the predictors of the 
model under study are not collinear and no transformation is needed in this case. Another violation of 
assumption heteroscedasticity has been checked throughout the considered model as the concerned data is cross-
sectional. After performing the Breusch-Pagan Godfrey (BPG) test especially appropriate for large sample or an 
asymptotic test, a number of models have been found encountered by this problem.To get rid of the problem, 
AIDS model has been divided through the square root of per capita total expenditure ( x ) that makes the 
Heteroscedastic models into regression-through-origin models. Two kinds of regression method have been 
considered for the estimation procedure according to the nature of consumption.Present study includes 2 food 
items: pulse and fruit for which zero expenditure is more than 25 percent. To estimate the corresponding 
demand ‘Tobit regression model’ (Tobin, 1958) has been applied. For the remaining 5 items the zero 
expenditure is much lower than 25 percent and OLS (Ordinary Least Square) method for multivariate regression 
model has been used. 
The multiple linear regression models are used to study the relationship between a dependent variable and 
several independent variables. The generic form of the k- variable linear regression model involving the 
dependent variable Y and k-1 independent or explanatory variables X2, X3 ………..Xk is - 
 
 
 
Where, jβ  are the partial regression coefficients of Y on Xj. 
The Tobit estimation is related to the estimation of censored and truncated normal distributions. The model 
supposes that there is a latent (i.e. unobservable) variable *

iy . This variable linearly depends on ix  via a 

parameter (vector) β  which determines the relationship between the independent variable (or vector) ix  and 

the latent variable *
iy  (just as in a linear model). In addition, there is a normally distributederror term iu  to 

capture random influences on this relationship. The observable variable iy  is defined to be equal to the latent 
variable whenever the latent variable is above zero and zero otherwise. 
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Statistical software R has been used in this study to perform the Tobit model. 
4.3 Elasticity Formulae 
Expenditure Elasticity of demand (EE) measures the percentage change in the amount of a commodity 
purchased per unit of time resulting from a given percentage change in consumers expenditure:  
Here, iqδ refers the change in quantity demanded for the i-th item, ixδ refers the change in per capita total 

expenditure, x  represents per capita total expenditure and iq  is the quantity demanded for the i-th item. 

Then, the Budget Share, )2.3.4....(....................
nx

qp
X
qp

W iiii
i == , Here, X is total household expenditure, n is 

household size and thus x = X/n representing the per capita household expenditure. 
Thus expenditure elasticity of AIDS model becomes )3.3.4.........(..........1

W
EE β

+= , Where, β  is the coefficient 

of x, i.e. per capita household expenditure. 
5 Results and Discussion: 
Present study portrays the consequences of total 1280 households and the table show the estimated value of OLS 
and Tobit parameters where the p-values are given in the parenthesis. All models of non-poor groups have been 
found as Heteroscedastic except cereal while no model from chronic poor groups has showed this consequence. 
In case of transitory stated people – ascending poor and descending non-poor groups, still an order has 
possessed. As income grows, people have more ‘discretionary income’ and hence more scope for choice. The 
adjusted 2R  values imply that the AIDS model fits better for cereal in all groups. According to this criterion, 
models of chronic poor groups fit better than any other groups. 
5.1 Estimation of parameters 
By observing the values of Coefficient of log of per capita total household expenditure ( β  ), it is revealed that 
budget share of all items are responsive to the expenditure variable significantly in the entire demand models for 
every segment of people in the society. The OLS models suggest that, all food items can be considered as 
necessary goods for the non-poor people as in every case the estimated value of the coefficient has been found 
as negative. The extent of necessity is, of course, not same for all the items that can only be measured through 
studying the corresponding elasticity. For ascending poor people, meat and fish is found as luxury items 
whereas for descending non-poor people, this list is extended by adding one more items – other food that 
reflects their inferior position than the former. Finally, the group that is beyond comprehension of all 
development initiatives – chronically poor people conveys the harsh truth in case of consumption of foods for 
their survival. Only cereal and pulses are necessary items for the chronic poor households. According to the 
Tobit regression model, fruit is considered as luxury for ascending poor and descending non-poor people. For 
chronic poor people, all the considered items are far away from their capacity and luxury in economical sense.   

 



Table: 1: Parameter Estimation of OLS Demand model  
    ( ) ( ) ( iτ ) ( ) ( ) )( 1iθ  )( 2iθ  )( 3iθ   

Cereal Non poor - 1.2611 
(0.000) 

-0.2360 
(0.000) 

0.0299 
(0.000) 

0.0036 
(0.029) 

0.0065 
(0.002) 

0.0004 
(0.791) 

0.0001 
(0.006) 

0.0008 
(0.756) 

0.0002 
(0.214) 

0.772 

Ascending poor 1.382 (0.000) - -0.2505 
(0.000) 

0.0385 
(0.017) 

0.0022 
(0.033) 

0.0012 
(0.089) 

-0.0031 
(0.032) 

0.0012 
(0.008) 

0.0002  
(0.561) 

0.0001 
(0.771) 

0.768 

Descending Non-poor 1.244 
(0.000) 

- -0.2091 
(0.000) 

0.0345 
(0.003) 

0.00213 
(0.013) 

0.0005 
(0.015) 

-0.00156 
(0.012) 

0.0012 
(0.077) 

0.0091 
(0.071) 

0.0081 
(0.002) 

0.613 

Chronically poor 1.261 
(0.000) 

- -0.0778 
(0.000) 

0.0671 
(0.000) 

0.0121 
(0.002) 

0.0002 
(0.041) 

0.0016 
(0.041) 

0.0085 
(0.006) 

0.0213 
(0.045) 

0.0014 
(0.009) 

0.976 

Oil Non poor - 0.1402 
(0.000) 

-0.0127 
(0.002) 

-0.00316 
(0.216) 

-0.0003 
(0.000) 

0.0059 
(0.234) 

-0.0003 
(0.045) 

0.0023 
(0.073) 

0.0013 
(0.008) 

0.0008 
(0.112) 

0.266 

Ascending poor - 0.1441 
(0.000) 

-0.0094 
(0.000) 

0.0021 
(0.012) 

0.0028 
(0.045) 

0.0026 
(0.002) 

-0.0054 
(0.016) 

0.0054 
(0.036) 

0.0023  
(0.001) 

0.0023 
(0.001) 

0.215 

Descending Non-poor  - -0.172 
(0.000) 

-0.0041 
(0.025) 

0.0021 
(0.056) 

-0.0012 
(0.023) 

-0.0007 
(0.003) 

0.00071 
(0.965) 

0.0043 
(0.006) 

0.0001 
(0.093) 

0.0078 
(0.093) 

Chronically poor 0.129 
(0.005) 

- 0.0088 
(0.002) 

-0.0036 
(0.005) 

-0.0002 
(0.005) 

0.0027 
(0.002) 

0.0158 
(0.000) 

0.0061 
(0.026) 

0.0036 
(0.726) 

0.0047 
(0.328) 

0.851 

Vegetable Non poor - 18.1603 
(0.000) 

-0.0535 
(0.000) 

-0.00351 
(0.291) 

0.0043 
(0.018) 

0.0016 
(0.065) 

-0.0021 
(0.018) 

-0.0013 
(0.506) 

0.0010 
(0.010) 

0.0005 
(0.002) 

0.509 

Ascending poor 0.1032 
(0.077) 

- -0.0539 
(0.022) 

0.0068 
(0.090) 

-0.0002 
(0.009) 

0.0040 
(0.080) 

-0.0033 
(0.074) 

0.0067 
(0.039) 

0.0028  
(0.011) 

0.0023 
(0.211) 

0.775 

Descending Non-poor 0.1621 
(0.000) 

- -0.0392 
(0.000) 

0.0032 
(0.005) 

0.00578 
(0.008) 

-0.0045 
(0.057) 

0.00126 
(0.014) 

0.0011 
(0.067) 

0.0009 
(0.001) 

0.0031 
(0.082) 

0.478 

Chronically poor 0.0204 
(0.675) 

- 0.0037 
(0.010) 

-0.0038 
(0.031) 

-0.0005 
(0.008) 

-0.0006 
(0.033) 

0.0051 
(0.045) 

0.0038 
(0.325) 

0.0017 
(0.015) 

0.0035 
(0.031) 

0.810 

Meat-fish Non poor - 50.7386 
(0.002) 

-0.0071 
(0.012) 

0.06852 
(0.038) 

0.0243 
(0.032) 

0.0023 
(0.018) 

0.0009 
(0.597) 

0.0033 
(0.048) 

0.0033 
(0.078) 

0.0009 
(0.012) 

0.684 

Ascending poor - -7.060 
(0.000) 

0.0036 
(0.055) 

-0.0642 
(0.022) 

0.0023 
(0.009) 

0.0010 
(0.021) 

0.3971 
(0.000) 

0.0081 
(0.086) 

0.0067  
(0.048) 

0.0087 
(0.011) 

0.685 

Descending Non-poor - -0.5631 
(0.017) 

0.0069 
(0.039) 

-0.0087 
(0.011) 

-0.0101 
(0.022) 

-0.0002 
(0.031) 

0.00198 
(0.035) 

0.0021 
(0.003) 

-0.0028 
(0.255) 

0.0072 
(0.021) 

0.503 

Chronically poor -0.3361 
(0.000) 

- 0.1946 
(0.000) 

-0.0875 
(0.006) 

0.0045 
(0.274) 

0.0026 
(0.112) 

0.0092 
(0.597) 

-0.0034 
(0.994) 

0.0026 
(0.556) 

0.0213 
(0.445) 

0.760 

Other food Non poor - 0.0115 
(0.023) 

-0.0081 
(0.037) 

0.00354 
(0.021) 

0.0045 
(0.000) 

0.0002 
(0.006) 

0.0099 
(0.020) 

0.0098 
(0.021) 

0.0089 
(0.129) 

0.0004 
(0.023) 

0.366 

Ascending poor - 0.0007 
(0.000) 

0.0037 
(0.023) 

0.0012 
(0.000) 

-0.0021 
(0.023) 

0.0019 
(0.046) 

0.2355 
(0.066) 

0.0056 
(0.012) 

0.0018  
(0.059) 

0.00132 
(0.412) 

0.456 

Descending Non-poor 0.0413 
(0.512) 

- 0.0691 
(0.000) 

-0.0012 
(0.042) 

-0.0001 
(0.026) 

-0.0001 
(0.007) 

0.00695 
(0.038) 

-0.0028 
(0.556) 

0.0022 
(0.223) 

-0.0091 
(0.310) 

0.317 

Chronically poor -0.0198 
(0.006) 

- 0.2104 
(0.005) 

0.0062 
(0.238) 

-0.0002 
(0.041) 

0.0003 
(0.445) 

0.0005 
(0.010) 

0.0035 
(0.038) 

-0.0078 
(0.691) 

0.0017 
(0.895) 

0.776 

 

iα ′ iα ′ iβ i∂ iλ iϕ
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Table: 1: Parameter Estimation of Tobit Demand model  
    ( ) ( ) ( iτ ) ( ) ( ) )( 1iθ  )( 2iθ  )( 3iθ  

Pulse Non poor - -0.0226 
(0.023) 

-0.0091 
(0.010) 

-0.00459 
(0.812) 

0.0068 
(0.007) 

0.0025 
(0.061) 

0.0195 
(0.737) 

0.0022 
(0.992) 

0.0005 
(0.089) 

0.0009 
(0.009) 

 Ascending poor - 0.0874 
(0.0539) 

-0.0073 
(0.000) 

0.0022 
(0.062) 

0.0081 
(0.354) 

0.0002 
(0.012) 

-0.0082 
(0.299) 

0.0022 
(0.223) 

-0.0011 
(0.229) 

0.0005 
(0.004) 

 Descending Non-poor - -0.0536 
(0.006) 

-0.0049 
(0.025) 

-0.0012 
(0.000) 

-0.0095 
(0.036) 

0.0021 
(0.039) 

0.00285 
(0.214) 

0.0022 
(0.011) 

0.0012 
(0.090) 

0.0021 
(0.145) 

 Chronically poor 0.1759 
(0.022) 

- -0.0006 
(0.000) 

-0.0004 
(0.086) 

0.0039 
(0.005) 

0.0039 
(0.009) 

0.0083 
(0.032) 

-0.0022 
(0.221) 

0.0447 
(0.672) 

0.0034 
(0.011) 

Fruit Non poor - 0.0365 
(0.00) 

-0.0068 
(0.000) 

0.00031 
(0.041) 

0.0087 
(0.045) 

0.0015 
(0.012) 

0.0656 
(0.025) 

-0.0591 
(0.236) 

0.0018 
(0.323) 

0.0008 
(0.321) 

 Ascending poor - -0.2663 
(0.0118) 

-0.0007 
(0.000) 

-0.0001 
(0.012) 

-0.0026 
(0.012) 

0.0004 
(0.005) 

0.0026 
(0.126) 

-0.00331 
(0.561) 

-0.0041 
(0.068) 

0.0091 
(0.931) 

 Descending Non-poor 0.0253 
(0.015) 

- 0.0008 
(0.023) 

-0.0699 
(0.088) 

-0.0036 
(0.003) 

-0.0004 
(0.028) 

0.00372 
(0.005) 

0.0036 
(0.031) 

-0.0122 
(0.089) 

 

0.0061 
(0.000) 

 Chronically poor 0.7659 
(0.000) 

- 0.0027 
(0.000) 

0.0039 
(0.351) 

0.0028 
(0.351) 

-0.0007 
(0.014) 

0.0018 
(0.325) 

-0.0031 
(0.913) 

0.0631 
(0.457) 

0.0069 
(0.345) 

Notations: 
Constant  coefficient of 

 

Coefficient of 
Log of per 
capita total 
exp 

Coefficient of 
Log of 
Household 
size 
 

Coefficient of 
dependency 
ratio 

Coefficient of 
Age of 
household head 
 

Coefficient of 
Sex of 

household 
head 

Coefficient 
of 
Agricultural 
Worker 

Coefficient of 
Service man 
and Business 
man 

Coefficient of Non-
Agricultural 
worker 
and others 

    iτ   iη  )( 1iθ  )( 2iθ  )( 3iθ  

iα ′ iα ′ iβ i∂ iλ iϕ

x
1

iα ′ iα ′ iβ i∂ iλ
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Household size is a vital predictor from the socio-demographic view for sketching the demand pattern of a family 
belong any economic group. The positive value of the corresponding coefficients ( i∂ ) suggests the increased 
amount of consumption due to the increased size of the family and for the negative value, vice-versa. For the non-
poor families, enlarging size has enhanced the amount of consumption in case of meat-fish and other food items and 
for the staple food – cereal in OLS model. In Tobit model also, the values for fruit achieved positive that may be 
comparatively superior to pulse. In case of ascending poor families, positive value of parameters has been observed 
in case of cereal, oil and other food but negative value has been found for meat-fish and fruit in Tobit model. 
Positive valued parameters has now narrower their area in case of descending non-poor families and the elements 
are comparatively necessary – cereal and vegetables, whereas negatively parameter expanded their part by attending 
meat-fish, other food also for even pulse. For chronic poor households, the illustrations are the easiest one. The sign 
of coefficient has been found as negative for all of the items - oil, vegetables, meat-fish, and pulse and found 
positive for cereal only. This result reflects the picture that increasing household size causes significant growing 
amount of consumption in the upper economic class. As the economic position goes downward this increasing 
amount turn to be negative and in severe case it strike even at the most essential level. The non-poor families can 
enjoy more on luxury items but chronic poor families have to cut down the costs from some necessary items for 
larger size of household. 
Dependency Ratio of any household measuring the proportion of dependent person to the independent in that family 
also offers important information that can be used to imagine the domestic demand behavior. The corresponding 
coefficient  ( iτ ) has been found significant among non-poor families for all food items except oil in OLS model and 
the impact has been found as positive. Positive valued parameter now reduced in number for ascending poor 
families again and positivity has been found in food items except vegetables, other food and fruit. A further reducing 
has been noticed for descending non-poor people as negative valued parameter found for oil, meat-fish, other food, 
pulse and fruit. In this case, positive sign possess for cereal and vegetables only. Finally, the chronic poor families 
can consume more amounts on cereal and pulse for larger dependency ratio. Simultaneously the consumed amount 
of vegetables, oil, and other food has been shrinking. Here, the mean income or expenditure of non-poor people 
families is always above the poverty line during last ten years and dependency ratio is not a serious criterion for 
them. This variable is significantly positive for them for comparatively luxury items and thus they have been proved 
to have the effort to fulfill this extra need of their dependent person. For people staying in the transitory state, the 
increasing dependency ratio left a significant effect on the food item. It is the case of disproportion, these kinds of 
families have to meet the need of necessary items - like cereal and oil for their children and aged persons and in cost 
they have to give up the need of luxury food items. For the case of chronically poor people, dependency ratio has a 
severe affect for consumption as for larger dependency these kinds of families have to sacrifice the basic need of 
family members.  
Age of household head is another socio-demographic variable that can influence the demand outline of the family. In 
case of OLS model of non-poor people, consumption on the items like cereal, meat-fish, and other food items have 
been found as increased with the increase of age of the household head. The Tobit model suggests that expenditure 
has been increased for fruit in the household having older head. The ascending poor people had been travelling the 
way of poverty and then, have achieved progress during last ten years. Age of the household head then appeared a 
significantly important variable for them and is acting like a supportive factor. The corresponding coefficient is, 
then, found positive in the case of oil, meat-fish and other food items at OLS model and for fruit and pulse at Tobit 
model. The reverse feature has been observed in descending non-poor households. OLS model suggests that, 
positive response comes only from the cereal whereas it turns around the negative sign for items – oil, meat-fish and 
other food. Tobit models gives the information the sign is positive for pulse but negative for fruit. For chronic poor 
households, the consumption has been increased for cereal, oil, pulse and fuel and decreases for vegetables and fruit 
with the growing age of head. 
The sex of household head ( )η , a socio-demographic variable, has been found as significant only in the AIDS model 
of chronically poor households. It may be the case that, the sex of head does not have such a severe and adverse 
affect for the other segment of people in the society as in the chronic poor. Moreover the frequency of female –
headed families is the highest in the chronically poor groups among all the sections. OLS parameters of AIDS model 
for chronically poor households revealed that sex dummy variable of household head is significant for cereal, oil, 
vegetable and other food items.  
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Again, in case of Tobit parameters of the model shows the result that sex dummy is significant for pulse only. For all 
the cases, the sign of estimated coefficient is positive. Here, almost all the items are extremely vital and only 
accessible for the chronic poor people. From this upshot it can be realized that in the chronically poor group, the 
female-headed families have to consume fewer amounts of all these necessary items than the male headed families 
and the parameters have been found insignificant for the other items as they are beyond the territory of them. Thus 
female-headed chronic poor families are in most deprived position which can be viewed as the interaction effect of 
both gender and poverty discrimination. 
The coefficient of year of schooling (ϕ ) has been found as negative in non-poor people for oil and vegetables 
whereas positive for other food in OLS model and fruit in Tobit model. In case of ascending poor people, the 
negative valued parameter list contains cereal including the previous items and as we know cereal is comparatively 
necessary item. Again, positive valued list consists of meat-fish rather than other food items. For the descending 
non-poor people, negative parameter has been found for only the staple food – cereal. This consumption model 
offers a new list of positive valued parameter for items – vegetables, meat-fish and other food for OLS model and 
fruit for Tobit model. These findings present a picture how education is related with the changing of position in 
social and economical aspect through the consumption behavior. In each of the groups, as the educational 
achievement rises, the economic position also rises, and then the consumption of necessary items decreases. In the 
same way, for upward achievement in education, consumption of some comparatively luxury items increases. This 
discussion does not take into account the consumption about chronically poor people as it is just worthless to talk 
about them in this case. The educational background of the household head of chronically poor families is very poor 
and in most of the cases they are illiterate also and this variable has been found insignificant for the consumption 
model of chronically poor families. 
The occupation status of household head has to be fragmented into specific sections and obviously these sections are 
different from each other at different economic groups as the composition is quite dissimilar from class to class. The 
occupational position is a dummy variable where the base category is considered as the unemployed household head 
and the positive value of parameter ( iθ ) indicates increased consumption of commodity of the household under 
study comparing to the base level. The household having head as the agricultural worker has expend more on cereal, 
meat-fish and other food compare to the base category in non-poor groups. This set includes oil and vegetables 
instead of meat-fish in case of same profession for ascending poor groups. Positive response comes from oil, meat-
fish, pulse and fruit among descending non-poor groups. In case of chronic poor families, the positive value 
observed only for cereal, oil and other food. The next group represents the service holder household head where 
non-agricultural workers also have been merged in case of ascending poor group. Again, the lower two groups 
accumulate business man in this group. The coefficient at OLS model is found positive for just oil and vegetables in 
non-poor and this set is prolonged by adding meat-fish for the ascending poor people while descending poor families 
has expend more on other food rather than oil. Chronically poor people, ruthless to say, can consume more amount 
of cereal and vegetables only. The linked sections are non-poor and ascending poor families with head business man 
and theses have been regarded as single considering their contribution to the whole composition. OLS model implies 
that positive reaction of coefficient is found for meat-fish, vegetables and other food in non-poor families and so 
also for oil and meat-fish for ascending poor families. Tobit gives the details that consumption on pulse has been 
increased in both cases. Again, other two fragments consist of household head being nonagricultural worker and 
other occupations for the two tail-ender groups – descending non-poor and chronically poor. The descending non-
poor people having such a head can consume more on items cereal and meat-fish while in case of chronic poor 
people meat-fish is replaced by vegetables in OLS model. By observing the Tobit model, it can be said that 
consumption share has been found larger on fruit and pulse for these lower end respectively. 
5.3 Estimates of Elasticity 
The following table shows expenditure elasticity of four dynamics of people – 

Table 5.3: Expenditure Elasticity 
Item Non-poor Ascending poor Descending non-poor Chronically poor 
Cereal 0.1628 0.2985 0.4583 0.8254 
Pulse 0.2319 0.4516 0.4923 0.9346 
Oil 0.6529 0.7283 0.8596 1.0258 
Vegetable 0.2381 0.3759 0.5528 1.0136 
Meat and Fish 1.0261 1.2733 1.5922 2.9256 
Fruit 0.4562 0.8852 1.2300 1.9230 
Other Food 0.7084 0.8092 1.0030 1.5640 
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The value of expenditure elasticity of any item which is beyond zero to one is considered as necessity and for which 
items this elasticity is more than one is considered as luxury item. Under this regulation, cereal and pulse is 
necessary for all. Oil is luxury for chronically poor people only. Vegetable is luxury item for only chronic poor 
section. Meat fish is, logically luxury for all.  Fruit and other food are necessary for non-poor and ascending poor 
people but luxury for other two dynamic groups.  
6 Conclusion 
By studying this demand analysis across different socio-economic groups reflect the discrimination implicit in the 
society and the most inferior position of the chronic poor groups. The expenditure pattern portrays the view of 
people hanging about this situation. The set of necessary and luxury items of the ordered groups expresses the 
sequential inequity inherited by the economic structure. Larger household size and dependency ratio accelerate 
inferior condition of the lower income groups. Age of household head, in some way; significantly affect the 
transitory stated people. Most female-headed households belong to the chronic poor groups perceiving the gender 
biasness of society. Moreover, the occupation status of these people is distinctly inferior to the upper class. The lack 
of price information in the data it was not possible to focus on some other important aspects of demand analysis. 
Moreover, further household composition effects could not be considered in AIDS model due to data deficiency. 
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On Optimality Conditions in Smooth Convex Optimization with Nonconvex Inequality 
Constraints 
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Abstract. We consider a convex optimization problem that minimizes a smooth convex objective function over a 
convex set bounded by smooth inequality constraints not necessarily convex. Conventionally, convex set formed by 
convex inequality constraints are considered in convex programming where under Slater’s condition Karush-Kuhn-
Tucker (KKT) optimality conditions are both necessary and sufficient. A recent approach in the field is that the KKT 
optimality conditions remain both necessary and sufficient for a smooth convex optimization problem even if some 
constraint functions are not convex if along with Slater’s condition a non-degeneracy condition is gratified. We 
review this phenomena, clarify the complexity and verify the result by some new concrete examples and show that 
in each case a global minimum is a KKT point and vice versa. 

Keywords: Convex Optimization, Convex Programming, Fritz-John optimality conditions, Karush-Kuhn-Tucker 
optimality conditions, Slater’s condition. 

1 Introduction 

Convex optimization has a wide range of applications especially in automatic control system, estimation and signal 
processing, communication and network, electronic circuit design, combinatorial optimization,  robust optimization, 
global optimization, Euclidean distance geometry, data analysis and modeling, finance, and  machine learning [3; 5; 
8] and there is a is believe that a lot others to be discovered in near future [3]. Basically, it deals with the 
optimization of a convex objective function over a convex feasible set [2, Definition 5.1.1]. An interesting feature in 
a convex optimization problem is that each local minimum is a global minimum [1, Theorem 3.4.2]. In contrast, 
convex programming refers to the minimization of a convex objective function over a convex feasible set 
traditionally bounded by convex constraint functions [3, p. 7]. In convex programming if all the problem defining 
functions are differentiable and the constraint functions obey the Slater’s condition, then Karush-Kuhn-Tucker 
(KKT) optimality conditions are both necessary and sufficient [3, p. 244]. These types of problems can be solved 
very rapidly and efficiently by many recent developed algorithms especially by interior point methods [2, p. 378; 3]. 
It is obedient that convex constraint functions in convex programming necessarily form a convex feasible set [3, 
p.137]. However, to form a convex feasible set the boundary functions need not necessarily be convex [4]. We keep 
our attention on this. 

Motivated by Lasserre [4], we deal here with convex optimization problem  

P: min𝑥{𝑓(𝑥): 𝑥 ∈ 𝑆}, with 𝑆 = {𝑥 ∈ ℝ𝑛:𝑔𝑖(𝑥) ≤ 0, 𝑖 = 1,2, . . . ,𝑚}, 

where𝑓,𝑔𝑖:ℝ𝑛 → ℝ are all differentiable, 𝑓 is a convex function and 𝑆 is a convex set with not all  𝑔𝑖  are convex.  

Lasserre [4] proved that in problem P if along with Slater’s condition a mild nondegeneracy condition is satisfied 
then the KKT optimality conditions are both necessary and sufficient. L asserre further showed that in problem P if 
the constraints 𝑔𝑖 are all convex then under the slater’s condition the nondegeneracy condition automatically holds. 
In his article [4], Lasserre showed a sample example but did not provide any particular objective function and 
constraints so that the results of the theorem can be shown to hold clearly. 

The aim of this paper is to set some new concrete examples following all the assumptions taken by Lasserre [4] to 
show the strength of the assumptions and under the satisfaction of all these, the results of the main theorem hold i.e., 
each optimal point is a KKT point and vice-versa.   

The outline of this paper is as follows: Section 2 is devoted to some definitions and preliminary theorems relating 
differentiability and convexity. Besides some essential constraint qualifications and optimality conditions are stated 
there. In section 3, we provide the main results of Lasserre with a detail proof of the main theorem of Lasserre based 
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on which we set our examples. The examples are given with their characteristics and results (calculations in the 
appendix) in section 4. Finally, we give some conclusions in section 5.  

2 Preliminaries 

We introduce some definitions, and some basic theorems, relating convexity and differentiability, without their 
proof. These are essential to prove the theorem given by Lasserre [4]. Beside these, some constraint qualification 
conditions and optimality conditions are also sated here. These conditions are used frequently in the rest of the 
paper.   

Definition 2.1 (Affine set) [3]:A set 𝑆 in ℝ𝑛 is called affine if the entire line through any two of its points lies in 𝑆. 
In other words 𝑆 is affine if for any pair of points 𝑥,  𝑦 ∈ 𝑆, and for any real scalar 𝜆, point  λ𝑥 + (1 − λ)𝑦 ∈ 𝑆.   

Definition 2.2 (Affine hull) [3]:For a set 𝑆in ℝ𝑛, the smallest affine set containing 𝑆 is called the affine hull of 𝑆. It 
is denoted by 𝐚𝐟𝐟 𝑆.  In other words,  𝐚𝐟𝐟 𝑆 is the affine combination of elements of 𝑆. i.e., 

𝐚𝐟𝐟 𝑆 = �𝑥 ∈ ℝ𝑛: 𝑥 = ∑ 𝜆𝑗𝑥𝑗𝑙
𝑗=1 ,   𝑥𝑗 ∈ 𝑆,  𝜆𝑗 ∈ ℝ,  𝑗 = 1,2, … , 𝑙,  ∑ 𝜆𝑗𝑙

𝑗=1 = 1�. 

Definition 2.3 (Relative interior) [6]:Let 𝑆 be a set in ℝ𝑛. Then interior of 𝑆, denoted by 𝐢𝐧𝐭 𝑆, and relative interior 
of 𝑆, denoted by 𝐫𝐞𝐥𝐢𝐧𝐭 𝑆 is defined respectively by 

𝐢𝐧𝐭 𝑆 = {𝑥 ∈ 𝑆:𝐵(𝑥; 𝑟) ⊂ 𝑆 for some 𝑟 > 0}and 

𝐫𝐞𝐥𝐢𝐧𝐭 𝑆 = {𝑥 ∈ 𝑆:𝐵(𝑥; 𝑟) ∩ 𝐚𝐟𝐟 𝑆 ⊂ 𝑆 for some 𝑟 > 0}. 

Example 2.1: Suppose the set 𝑆 = {(𝑥1, 𝑥2): 𝑥1 + 𝑥2 = 1, 𝑥1 ≥ 0, 𝑥2 ≥ 0}in ℝ2. We observe that (1, 0), (0, 1) ∈ 𝑆, 
but for λ = 2, the point2(1, 0) + (1 − 2)(0, 1) = (2,−1) ∉ 𝑆. Therefore, 𝑆 is not an affine set. And, in fact affine 
hull of 𝑆is 𝐚𝐟𝐟 𝑆 = {(𝑥,𝑦): 𝑥 + 𝑦 = 1}.  Further, we see that 𝐢𝐧𝐭 𝑆 = ∅, but 𝐫𝐞𝐥𝐢𝐧𝐭 𝑆 = {(𝑥1, 𝑥2): 𝑥1 + 𝑥2 = 1, 𝑥1 >
0, 𝑥2 > 0}. 

Definition 2.4 (Convex set) [3]:A set 𝑆 in ℝ𝑛 is called convex if the line segment through any two of its points lies 
in 𝑆. In other words, 𝑆 is convex if for any pair of points 𝑥,𝑦 ∈ 𝑆, and any real scalar 0 ≤ 𝜆 ≤ 1, point 𝜆𝑥 +
(1 − 𝜆)𝑦 ∈ 𝑆. 

Example 2.2: The set  𝑆 = �(𝑥1, 𝑥2): 𝑥1 − 𝑥2(1 − 𝑥12) ≤ 0, 𝑥2 −
2
3
≤ 0, 𝑥1 ≥ 0, 𝑥2 ≥ 0� in ℝ𝑛 is convex, but the 

set 𝑆 = {(𝑥1, 𝑥2): 1 ≤ 𝑥12 + 𝑥22 ≤ 2} is not convex. 

Definition 2.5 (Convex function) [3]:A function 𝑓:ℝ𝑛 → ℝ is said to be convex on its domain 𝐝𝐨𝐦 𝑓 if 𝐝𝐨𝐦 𝑓 is 
convex and for all 𝑥,  𝑦 ∈ 𝐝𝐨𝐦 𝑓, and any 0 ≤ 𝜆 ≤ 1, we have 

𝑓(𝜆𝑥 + (1 − 𝜆)𝑦) ≤ 𝜆𝑓(𝑥) + (1 − 𝜆)𝑓(𝑦) 

And if the forgoing inequality is strict for all 𝑥,  𝑦 ∈ 𝐝𝐨𝐦 𝑓 with 𝑥 ≠ 𝑦 and for any 0 < 𝜆 < 1, then 𝑓 is called 
strictly convex on its domain. 

Theorem 2.1 (Convexity and first differentiability) [1]:Let 𝑆 be a nonempty open convex set in ℝ𝑛 and 𝑓:ℝ𝑛 → ℝ 
be differentiable on 𝑆. Then 𝑓 is convex if and only if for any 𝑥 ∈ 𝑆,  𝑓(𝑦) − 𝑓(𝑥) ≥ 〈𝛻𝑓(𝑥), (𝑦 − 𝑥)〉 for each 
𝑦 ∈ 𝑆. 

Proof The proof of this theorem can be founded in ([1, Theorem 3.3.3]) 

Theorem 2.2 (Convexity and second differentiability)[1]:Let 𝑆 be a nonempty open convex set in ℝ𝑛 and 𝑓:ℝ𝑛 → ℝ 
be twice differentiable on 𝑆. Then 𝑓 is convex if and only if the Hessian matrix 𝑯 is positive semi definite at each 
point of  𝑆. 

Proof The proof of this theorem can be founded in ([1, Theorem 3.3.7]) 

Example 2.3: A linear function as well as an affine functions is convex but not strictly convex, since their Hessian 
matrix is always positive semidefinite but not positive definite. For instance, in ℝ2, the functions𝑔1(𝑥) = 𝑥2 −

2
3
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and 𝑔2(𝑥) = 2 − 𝑥1 − 𝑥2 are both convex, but 𝑔3(𝑥) = 𝑥1 − 𝑥2(1 − 𝑥12) is not convex as its Hessian 𝐇 =

�2𝑥2 2𝑥1
2𝑥1 0 � is not positive semidefinite.   

Assumption 2.1 (Slater’s condition)[3]: In problem P, for the convex feasible set  𝑆 = {𝑥 ∈ ℝ𝑛:𝑔𝑖(𝑥) ≤ 0, 𝑖 =
1,2, . . . ,𝑚}in ℝ𝑛, there exist 𝑥 ∈ 𝐫𝐞𝐥𝐢𝐧𝐭 𝑆 such that for each 𝑖 = 1,2, … ,𝑚, 𝑔𝑖(𝑥) < 0.  

Assumption 2.2 (Nondegeneracy condition) [4]: In problem P, for the convex feasible set  𝑆 = {𝑥 ∈ ℝ𝑛:𝑔𝑖(𝑥) ≤ 0,
𝑖 = 1,2, . . . ,𝑚}in ℝ𝑛, for every 𝑖 = 1,2, . . . ,𝑚, ∇𝑔𝑖(𝑥) ≠ 0 whenever 𝑥 ∈ 𝑆 and𝑔𝑖(𝑥) = 0. 

Assumption 2.3 (Fritz-John (FJ) optimality conditions)[1]:In problem P, there exist point 𝑥 ∈ 𝑆 and scalars 
𝜆0, 𝜆𝑖 ≥ 0 for all 𝑖 = 1,2, . . . ,𝑚, with at least one of the scalars is nonzero such that 𝜆0∇𝑓(𝑥) + ∑ 𝜆𝑖∇𝑔𝑖(𝑥)𝑚

𝑖=1 = 0 
and 𝜆𝑖𝑔𝑖(𝑥) = 0 for all  𝑖 = 1,2, … ,𝑚.  

And any point 𝑥 ∈ 𝑆 satisfying the above is called a FJ point. 

Assumption 2.4 (KKT optimality conditions)[5]:In problem P, there exist point 𝑥 ∈ 𝑆 and scalars 𝜆𝑖 ≥ 0 for all 
𝑖 = 1,2, . . . ,𝑚, such that ∇𝑓(𝑥) + ∑ 𝜆𝑖∇𝑔𝑖(𝑥)𝑚

𝑖=1 = 0 and 𝜆𝑖𝑔𝑖(𝑥) = 0 for all  𝑖 = 1,2, . . ,𝑚.   

And any point 𝑥 ∈ 𝑆 satisfying the above is called a KKT point.  

3 Main Results of Lasserre[4]: 

We summarize all the work of Lasserre [4] in a lemma and a theorem with its detail as in below: 

Lemma 3.1:Let 𝑆 = {𝑥 ∈ ℝ𝑛:𝑔𝑖(𝑥) ≤ 0, 𝑗 = 1,2, . . . ,𝑚} be a subset of  ℝ𝑛, where for all 𝑖 = 1,2, . . ,𝑚, constraint 
functions 𝑔𝑖:ℝ𝑛 → ℝ are all differentiable and not all of the constraint functions  are convex. Further let Slater’s 
condition (Assumption 2.1) and nondegeneracy condition (Assumption 2.2) hold simultaneously for 𝑆. Then 𝑆 is 
convex if and only if for each  𝑖 = 1,2, . . . ,𝑚 

〈𝛻𝑔𝑖(𝑥), (𝑦 − 𝑥)〉 ≤ 0for all 𝑥,𝑦 ∈ 𝑆 with 𝑔𝑖(𝑥) = 0 

Proof  see [4, Lemma 2.1] and [7, Theorem 1.3.3]  

Theorem 3.2:In problem P, if the Slater’s condition (Assumption 2.1) and nondegeneracy condition (Assumption 
2.2) hold simultaneously, then every minimizer is a KKT point and vice versa.    

Proof (Necessary part): Assume that in problem P, Slater’s condition (Assumption 2.1) and nondegeneracy 
condition (Assumption2.2) hold simultaneously. Further say �̅� is a local, hence global minimizer. Accordingly FJ 
optimality conditions (Assumption 2.3) must be satisfied at �̅� [see 1, Theorem 4.2.8], that is, there exist scalars 
𝜇0,𝜇𝑖 ≥ 0 for all 𝑗 = 1,2, . . . ,𝑚, of which at least one is  nonzero, to satisfy the following two equalities 

𝜇0∇𝑓(�̅�) + ∑ 𝜇𝑖 ∇𝑔𝑖(�̅�)𝑚
𝑖=1 = 0 (1) 

𝜇𝑖𝑔𝑖(�̅�) = 0      (2) 

for all  𝑖 = 1,2, . . . ,𝑚. Now in (1), 𝜇0 ≠ 0; Otherwise for 𝜇0 = 0, at least one 𝜇𝑖 ≠ 0 and therefore the set 𝐼 = {𝑖 ∈
{1,2, . . . ,𝑚}:𝜇𝑖 > 0} ≠ 𝜙 and hence (1) follows  

∑ 𝜇𝑖 ∇𝑔𝑖(�̅�)𝑖∈𝐼 = 0     (3) 

Now, according to Slater’s condition (Assumption 2.1), say there exist 𝑥0 ∈ 𝐫𝐞𝐥𝐢𝐧𝐭 𝑆 such that 𝑔𝑖(𝑥0) < 0 for all 
𝑖 = 1, 2, … ,𝑚, and, in fact, we have a number 𝑟 > 0, such that 𝑔𝑖(𝑦) < 0 for all 𝑖 ∈ 𝐼 and 𝑦 ∈ 𝐵(𝑥0; 𝑟), where 
𝐵(𝑥0; 𝑟) = {𝑦: ‖𝑦 − 𝑥0‖ < 𝑟} ⊂ 𝑆. Thus for all 𝑦 ∈ 𝐵(𝑥0; 𝑟), (3) implies that  ∑ 𝜇𝑖〈∇𝑔𝑖(�̅�),𝑦 − �̅�〉𝑖∈𝐼 = 0. Since 
𝜇𝑖 > 0 for all 𝑖 ∈ 𝐼, and also 𝑆 is convex, thus by Lemma 3.1, 〈∇𝑔𝑖(�̅�),𝑦 − �̅�〉 = 0 for every 𝑖 ∈ 𝐼 and for every 
𝑦 ∈ 𝐵(𝑥0; 𝑟). But it follows that ∇𝑔𝑖(�̅�) = 0 for every 𝑖 ∈ 𝐼, and for at least one  𝜇𝑖 > 0, (2) implies that 𝑔𝑖(�̅�) = 0 
for the corresponding 𝑖. This is a contradiction with the nondegeneracy condition (Assumption 2.2). Hence  𝜇0 > 0 
and considering  

𝜇𝑗
𝜇0

= 𝜆𝑖 for all  𝑖 = 1,2, . . . ,𝑚, (1) and (2) implies that ∇𝑓(�̅�) + ∑ 𝜆𝑖 ∇𝑔𝑖(�̅�)𝑚
𝑖=1 = 0 and 𝜆𝑖𝑔𝑖(�̅�) =

0 for all  𝑖 = 1,2, . . . ,𝑚. Thus the minimizer  �̅� is a KKT point.  
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 (Sufficient part): Let in problem P, Slater’s condition (Assumption 2.1) and nondegeneracy condition (Assumption 
2.2) hold simultaneously.  Moreover, suppose that 𝑥 ∈ 𝑆 is a KKT point; i.e., there exist scalars 𝜆𝑖 ≥ 0 for all  
𝑖 = 1,2, . . . ,𝑚, satisfying the following two equalities 

∇𝑓(𝑥) + ∑ 𝜆𝑖 ∇𝑔𝑖(𝑥)𝑚
𝑖=1 = 0   (4) 

 

𝜆𝑖𝑔𝑖(𝑥) = 0     (5) 

for all  𝑖 = 1,2, . . ,𝑚. If possible, say there is an 𝑦 ∈ 𝑆, such that 𝑓(𝑦) < 𝑓(𝑥). Then, we have 

0 > 𝑓(𝑦) − 𝑓(𝑥) ≥ 〈∇𝑓(𝑥), (𝑦 − 𝑥)〉[ By convexity of 𝑓 (Theorem 2.1) ] 

= −∑ 𝜆𝑖 ∇𝑔𝑖(𝑥)𝑚
𝑖=1 〈∇𝑔𝑖(𝑥),𝑦 − 𝑥〉[ by (4) ] 

    ≥ 0[ By (5) and Lemma 3.1 ], 

which is clearly a contradiction. Hence 𝑥 is a global minimizer. 

4 Examples 

We provide two new concrete examples of our own in this section.  Each of the examples is a convex optimization 
problem of type P. First we make sure that these satisfy all the assumptions of theorem 3.2. Then our motive is to 
show that KKT points and optimal points are identical.  

Example 4.1 

min
𝑥∈ℝ2

�−𝑥1: 𝑥1 − 𝑥2(1 − 𝑥12) ≤ 0, 𝑥2 −
2
3
≤ 0,−𝑥1 ≤ 0,−𝑥2 ≤ 0� 

A simple observation shows that the feasible point �̅� = �1
2

, 2
3
�  is the optimum solution with the optimum value −1

2
. 

But this problem is not a convex programming problem as the constraint function 𝑔1(𝑥1, 𝑥2) = 𝑥1 − 𝑥2(1 − 𝑥12) is 
not convex in the feasible region of the problem. However, all other functions in the problem are convex and 
differentiable and even the feasible set is convex.  Besides, Slater’s condition as well as thenondegeneracy condition 
holds here. Consequently, we see that the KKT optimality conditions also hold at the optimum point [see appendix 
1].  

Conversely, we observe that the point �1
2

, 2
3
� is the unique point satisfying the KKT optimality conditions [see 

appendix 1]; hence gives a correspondence between the KKT point and the global optimal point. 

Example 4.2 

min
𝑥∈ℝ2

{𝑥2: 𝑥1 − 𝑥2(2 − 𝑥12) ≤ 0, 2 − 𝑥1 − 𝑥2 ≤ 0,−𝑥1 ≤ 0} 

Clearly, the feasible point �̅� = (1,1) is the optimum solution. And, alike Example 4.1, it is not a convex 
programming problem. But, differentiability of all the functions, convexity of the objective function with convexity 
of the feasible set and satisfaction of Slater’s condition as well as the nondegeneracy condition implies similarity 
between the KKT point and the global optimal point [see appendix 2].  

5 Conclusion 

This paper reviewed the theorem given by Lasserre on a special type of convex optimization problem and set some 
effective examples to show the success of the theorem. 
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Appendix 1 (Example 4.1) min𝑥≡(𝑥1,   𝑥2)∈ℝ2 �−𝑥1: 𝑥1 − 𝑥2(1 − 𝑥12) ≤ 0, 𝑥2 −
2
3
≤ 0,−𝑥1 ≤ 0,−𝑥2 ≤ 0� 

Here the objective function is (𝑥1, 𝑥2) = −𝑥1 , and the constraints are 𝑔1(𝑥1, 𝑥2) = 𝑥1 − 𝑥2(1 − 𝑥12) ≤ 0, 
𝑔2(𝑥1, 𝑥2) = 𝑥2 −

2
3
≤ 0 , 𝑔3(𝑥1, 𝑥2) = −𝑥1 ≤ 0 and 𝑔4(𝑥1, 𝑥2) = −𝑥2 ≤ 0. Analysing the problem, the entire 

problem defining functions, except 𝑔1, are linear, therefore convex and differentiable. Furthermore, the feasible set 
𝑆 = �𝑥 ≡ (𝑥1, 𝑥2) ∈ ℝ2: 𝑥1 − 𝑥2(1 − 𝑥12) ≤ 0, 𝑥2 −

2
3
≤ 0,−𝑥1 ≤ 0,−𝑥2 ≤ 0� is convex. However, the constraint 

𝑔1(𝑥1, 𝑥2) = 𝑥1 − 𝑥2(1 − 𝑥12) is not convex in 𝑆 as its Hessian 𝐇 = �2𝑥2 2𝑥1
2𝑥1 0 � is not positive semidefinite in 𝑆; 

particularly for �̅� = �1
2

, 2
3
�, 2𝑥2 = 4

3
≥ 0, but  |𝐻| = −1 ≱ 0. Besides for the feasible point �1

3
, 1
2
� ∈ 𝐫𝐞𝐥𝐢𝐧𝐭 𝑆, 

𝑔1 �
1
3

, 1
2
� = −1

9
< 0,  𝑔2 �

1
3

, 1
2
� = −1

6
< 0, 𝑔3 �

1
3

, 1
2
� = −1

3
< 0, 𝑔4 �

1
3

, 1
2
� = −1

2
< 0. Therefore, the Slater’s 

condition holds here. Moreover, among the four constraints, 𝑔1 �
1
2

, 2
3
� = 0 and 𝑔2 �

1
2

, 2
3
� = 0 and for these, we have   

∇𝑔1 �
1
2

, 2
3
� = � 5/3 

−3/4� ≠ 0and∇𝑔2 �
1
2

, 2
3
� = �0 

1� ≠ 0. Thus, the mild nondegeneracy condition is satisfied. Now we 

will show that the KKT optimality conditions must hold at �1
2

, 2
3
�. 

∇𝑓(�̅�) + ∑ λ𝑖∇𝑔𝑖(�̅�)4
𝑖=1 = 0, λ𝑖𝑔𝑖(�̅�) = 0 for 𝑖 = 1,2,3,4 

⇒ �−1
0 � + λ1 �

5
3

− 3
4

� + λ2 �
0
1� + λ3 �

1
0� + λ4 �

0
1� = �0

0�, λ1. (0) = 0, λ2. (0) = 0, λ3. �− 1
2
� = 0, λ4. (−2

3
) = 0 

⇒ 𝜆1 = 3
5
 ,  𝜆2 = 9

20
, λ3 = 0, λ4 = 0 

Therefore the optimal point �1
2

, 2
3
� is a KKT point. It is rest to show that KKT optimality conditions imply only this 

unique feasible point. 

∇𝑓(𝑥) + ∑ λ𝑖∇𝑔𝑖(𝑥)4
𝑖=1 = 0, λ𝑖𝑔𝑖(𝑥) = 0 for 𝑖 = 1,2,3,4  ⇒ �−1

0 � + λ1 �
1 + 2𝑥1𝑥2
𝑥12 − 1 � + λ2 �

0
1� + λ3 �

−1
0 � +

λ4 �
0
−1� = �0

0�,  

λ1. (𝑥1 − 𝑥2(1 − 𝑥12)) = 0, λ2. �𝑥2 −
2
3
� = 0, λ3. (−𝑥1) = 0, λ4. (−𝑥2) = 0 

⇒

⎩
⎪
⎪
⎨

⎪
⎪
⎧
λ1(1 + 2𝑥1𝑥2) − λ3 = 1     (6)
λ1(𝑥12 − 1) + λ2 − λ4 = 0 (7)
λ1. �𝑥1 − 𝑥2(1 − 𝑥12)� = 0 (8)

λ2. (𝑥2 −
2
3

) = 0    (9)

λ3𝑥1 = 0       (10)
λ4𝑥2 = 0       (11)
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First of all,  λ1 ≠ 0; otherwise for  λ1 = 0, we see (6) ⇒ λ3 = −1, which is not possible. Secondly,  𝑥1 ≠ 0, 𝑥2 ≠ 0; 
otherwise for one of these is zero, because of  λ1 ≠ 0, (8) implies that other must be zero and consequently, 
(9)⇒ λ2 = 0 and with this,  (7) ⇒ λ1 + λ4 = 0 ⇒ λ1 = λ4 = 0, and therefore (6)⇒  λ3 = −1; impossible again. 
Thirdly, λ2 ≠ 0; otherwise for λ2 = 0, along with 𝑥1 ≠ 0 and 𝑥2 ≠ 0, (9) and (11) ⇒ λ3 = λ4 = 0. Therefore, 
(7)⇒ 𝑥1 = 1, and (8) ⇒ 𝑥1 = 0 ; a contradiction. Thus,𝑥1 ≠ 0, 𝑥2 ≠ 0,  λ1 ≠ 0 and λ2 ≠ 0 simultaneously, and for 
these, we have (9) ⇒ 𝑥2 = 2

3
 , and with this (6) ⇒ 𝑥1 −

2
3

(1 − 𝑥12) = 0 ⇒ 2𝑥12 + 3𝑥1 − 2 = 0 ⇒ 𝑥1 = 1
2
; [another 

solution −2 is infeasible]. Therefore 𝑥1 = 1
2
,  𝑥2 = 2

3
 , and from (6) and (7)  λ1 = 3

5
 and λ2 = 9

20
 . Hence the point 

�1
2

, 2
3
� is the unique feasible point satisfying KKT optimality conditions and gives a correspondence between the 

KKT point and the global optimum point. 

Appendix 2 (Example 4.2) min𝑥≡(𝑥1,   𝑥2)∈ℝ2{𝑥2:𝑥1 − 𝑥2(2 − 𝑥12) ≤ 0, 2 − 𝑥1 − 𝑥2 ≤ 0,−𝑥1 ≤ 0} 

Here the objective function is (𝑥1, 𝑥2) = 𝑥2 , constraints 𝑔1(𝑥1, 𝑥2) = 𝑥1 − 𝑥2(2 − 𝑥12) ≤ 0, 𝑔2(𝑥1, 𝑥2) = 2 − 𝑥1 −
𝑥2 ≤ 0 , and 𝑔3(𝑥1, 𝑥2) = −𝑥1 ≤ 0. We see that the feasible set 𝑆 = {𝑥 ≡ (𝑥1, 𝑥2) ∈ ℝ2: 𝑥1 − 𝑥2(2 − 𝑥12) ≤ 0, 2 −
𝑥1 − 𝑥2 ≤ 0,−𝑥1 ≤ 0} is convex. And alike Example 4.1, constraint 𝑔1 is not convex in 𝑆. Moreover, for the point 
(1,2) ∈ 𝐫𝐞𝐥𝐢𝐧𝐭 𝑆, 𝑔1(1,2) = 𝑔2(1,2) = 𝑔3(1,2) = −1 < 0. Therefore, the Slater’s condition holds here. And 
among the four constraints  𝑔1(1,1) = 𝑔2(1,1) = 0, and for these, we have, ∇𝑔1(1,1) = � 3 

−1� ≠ 0 and ∇𝑔2(1,1) =

�−1 
−1� ≠ 0,Thus, the mild nondegeneracy condition is satisfied.  To show that the KKT optimality conditions also 

hold at (1,1): ∇𝑓(�̅�) + ∑ λ𝑗∇𝑔𝑗(�̅�)3
𝑖=1 = 0, λ𝑖𝑔𝑖(�̅�) = 0 for 𝑗 = 1,2,3 ⇒ �0

1� + λ1 �
3 
−1� + λ2 �

−1
−1� + λ3 �

−1
0 � =

�0
0�, λ1. (0) = 0, λ2. (0) = 0,  ⇒ The unique solution: 𝜆1 = 1

4
, 𝜆2 = 3

4
, λ3 = 0 

We see this satisfied well. Therefore (1,1) is a KKT point. Now it is rest to show that this optimality conditions 
implies only this unique feasible point. 

∇𝑓(𝑥) + ∑ λ𝑗∇𝑔𝑗(𝑥)3
𝑖=1 = 0, λ𝑖𝑔𝑖(𝑥) = 0 for 𝑗 = 1,2,3 

⇒ �0
1� + λ1 �

1 + 2𝑥1𝑥2
𝑥12 − 2 � + λ2 �

−1
−1� + λ3 �

−1
0 � = �0

0�, λ1. (𝑥1 − 𝑥2(2 − 𝑥12)) = 0, λ2. (2 − 𝑥1 − 𝑥2) = 0, 

λ3. (−𝑥1) = 0 

⇒

⎩
⎪
⎨

⎪
⎧
λ1(1 + 2𝑥1𝑥2) − λ2 − λ3 = 0   (12)
λ1(𝑥12 − 2) − λ2 + 1 = 0         (13)
λ1�𝑥1 − 𝑥2(2 − 𝑥12)� = 0        (14)
λ2(2 − 𝑥1 − 𝑥2) = 0          (15)
λ3𝑥1 = 0 (16)

 

First of all,  λ1 ≠ 0; otherwise for λ1 = 0, (13)⇒ λ2 = 1 and consequently (12)⇒ λ3 = −1, which is not possible. 
Thus λ1 ≠ 0 and therefore (14) implies  𝑥2 = 𝑥1

(2−𝑥12)
        (17) 

Secondly, 𝑥1 ≠ 0; otherwise for 𝑥1 = 0, (17)⇒  𝑥2 = 0, but (0,0) is not feasible. Thus 𝑥1 ≠ 0 and for this  (16)⇒
 𝜆3 = 0 and consequently (12) implies  

𝜆2 = 𝜆1(1 + 2𝑥1𝑥2)        (18) 

Thirdly, since for feasibility, 1 + 2𝑥1𝑥2 ≠ 0, thus (18)⇒ λ2 ≠ 0 and thus (15) implies  

𝑥2 = 2 − 𝑥1         (19) 

Now (17) and (19) implies 𝑥1
(2−𝑥12)

= 2 − 𝑥1 and solving 𝑥1 = 1, 1+√17
2

, 1−√17
2

 implies three points(1,1), 

�1+√17
2

, 3−√17
2

� and �1−√17
2

, 3+√17
2

�, of which only (1,1) is feasible. Hence the point (1,1) is the unique point 
satisfying KKT optimality conditions and gives uniformity between the KKT point and the global optimum point. 
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Abstract. In statistics, there are collections of test statistics used in the analysis of stratified categorical data. One of 
these test statistics is the Mantel–Haenszel test, which allows the comparison of two groups on a dichotomous 
response. It is used when the effect of the explanatory variable on the response variable is influenced by covariates 
that can be controlled. Contrarily, logistic regression modeling allows researchers using qualitative measures of 
effectiveness and provides more advance analysis than two simpler types of analysis like chi-square and Mantel-
Haenszel test. To find the adjusted estimate of impact of the sex preference on desire for more children the study 
have been utilized the logistic regression and stratified classical approaches. The current study found the 
sophisticated and more robust logistic regression approach provides a first, effective and efficient estimate and test 
than those obtained from the classical approach for the risk factor sex preference. 

Keywords: Design variables, sex preference, odds ratio, confounder, stratification, risk factor 

1 Introduction 

In statistics, logistic regression is a type of regression analysis used for predicting the outcome of a categorical dependent 
variable based on one or more predictor variables. The probabilities describing the possible outcome of a single trial are 
modeled, as a function of explanatory variables, using a logistic function (Bhandari and Joensson, 2009). 

More specifically, binary logistic regression is currently a natural choice when the response variable is categorical 
with two possible outcomes and used for prediction of the probability of occurrence of an event by fitting data to a 
logit function or logistic curve. A logistic function or logistic curve is a common sigmoid curve, given its name in 
1844-45 by Pierre Francois Verhulst (Nelder and Wedderburn, 1972).  

Logistic Regression is a type of predictive model that can be used when the target variable is categorical with two 
categories. Logistic regression models or binary response models are powerful tools frequently used to predict a 
response variable from a set of predictors. Over the last decade, binary logistic regression model has become, in 
many fields, the standard method of data analysis. Thus they are widely used in a number of different contexts 
(Hosmer and Lemeshow, 2000).  

On the other hand, in statistics, a contingency table frequently referred to as cross tabulation or cross tab is a type of 
table in a matrix format that displays the frequency distribution of the variables. The term contingency table was 
first used by Karl Pearson in "On the Theory of Contingency and Its Relation to Association and Normal 
Correlation". Contingency table is also a fundamental statistical tool for the analysis of independence of attributes. 
Qualitative variables are in general known as attributes having several categories and hence nominated as 
categorical variable. Contingency table measures the association between the attributes and tests the significance of 
their independence (Agresti, 2002; Menard, 1995). 

A categorical variable is one for which the measurement scale consists of a set of categories that is non-numerical. 
There are two kinds of categorical variables namely nominal and ordinal. The first kind is nominal that has a set of 
unordered mutually exclusive categories. The number of occurrences in each category is referred to as the frequency 
count for that category. Nominal variables are invariant under any transformations that preserve the relationship 
between subjects and their identifiers provided we do not combine categories under such transformations. For 
nominal variables the statistical analysis remains invariant under permutation of categories of the variables. When 
nominal variables have only two categories we say that such variables are dichotomous or binary. This kind of 
variables has been sometimes referred to as the categorical dichotomous (Lawal, 2011; Sabin and Everitt, 2004). 
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The purpose of this paper is to explore the usability of logistic regression model in binary response variable over 
classical cross classification and study the efficiency of such model.  

2 Data and Methodology 

The Bangladesh Demographic and Health Survey (BDHS) is part of the worldwide Demographic and Health 
Surveys program, which is designed to collect data on fertility, family planning, maternal and child health. The 
Bangladesh Demographic and Health Survey are intended to serve as a source of population and health data for 
policymakers and the research community. The study will utilize data from the 2007 Bangladesh Demographic and 
Health Survey (BDHS) employed nationally representative, two stage sample that was selected from the master 
sample maintained by the Bangladesh Bureau of Statistics (BBS). The BDHS 2007 was conducted under the right of 
the National Institute for Population Research and Training (NIPORT) of the Ministry of Health and Family 
Welfare. The survey was implemented by Mitra and Associates, a Bangladeshi research firm located in Dhaka. 
Macro International Inc. of Calverton, Maryland, provided technical assistance to the project as part of its 
International Demographical and Health Surveys program and financial assistance was provided by The United 
States Agency for International Development (USAID), Bangladesh. A total of 10,819 households were selected for 
the sample, of which 10,400 were successfully interviewed. In those households, 11,178 women were identified as 
eligible for the individual interview (ever-married and age 10-49) and interviews were completed for 10,996 of 
them. But in this analysis there are only 2,212 eligible women those are able to bear and desire more children are 
considered. The women under sterilization, declared in fecund, divorced, widowed, having more than and less than 
two living children are not involved in the analysis. The women those have two living children and able to bear and 
desire more children are only considered here during the period of global two children campaign. 

In Bangladesh Demographic and Health Survey 2007, there are three types of questionnaires household’s, women’s 
and men’s. The information’s obtained from the field are recorded mainly in their respective data files. In this study, 
the information’s corresponding to the women’s data file is used. The variable region of residence, fertility 
preference and sex preference are considered in the analysis. The variable fertility preference involving responses 
corresponding to the question, would you like to have (a/another) child? The responses are coded 0 for ‘no more’ 
and 1 for ‘have another’. After minor scrutiny the variable is considered as desire for children which is the response 
variable (Y) in the analysis. The risk factor sex preference (X1) is coded 0 for ‘no preferences’ and 1 for 
‘preferences’ and the covariate region of residence (X2) is coded 1 for ‘Barisal, 2 for ‘Chittagong’, 3 for ‘Dhaka’ 4 
for ‘Khulna’ 5 for ‘Rajshahi’ and 6 for ‘Sylhet’. In the analysis, the dichotomous variable sex preference (X1) is 
considered as risk factor and the region of residence (X2) of respondents as covariate for response variable (Y). 

One of the more common applications in statistical analysis is to assess the degree of relationship of the two 
variables while controlling for one or more nuisance or control variables. A particular situation that has received a 
good deal of attention, particularly in Biostatistics, but lately also in numerous other areas such as Psychometrics, 
Demography is that of a relationship between two dichotomous variables controlling for one or more categorical 
factors. When there is only one control variable or when the relationship of 2×2 table is examined within each 
combination of the levels of the control variable, the result is a 2×2×k cross-classification where the k levels of the 
control variable or covariate are often referred to as strata. In this paper an attempt is made whether there is any 
association between the two main variables of interest after controlling for the stratification variable. 

The term confounder is used to describe a covariate that is associated with both the response variable and a primary 
independent variable or risk factor. When both associations are present then the relationship between the risk factor 
and the response variable is said to be confounded. Confounder is an extraneous variable in a statistical model that 
correlates (positively or negatively) with both the response variable and the risk factor. The methodologies of 
scientific studies therefore need to control for this covariate to avoid type 1 error; an erroneous ‘false positive’ 
conclusion that the response is in a causal relationship with risk factor. Thus, confounding is a major threat to the 
validity of inferences made about cause and effect, that is internal validity, as the observed effects should be 
attributed to the confounder rather than the risk factor. Also if the association between the covariate (i.e., region of 
residence) and the response variable is the same within each level of risk factor (i.e., sex preference), then there is no 
interaction between the covariate and the risk factor. When interaction is present, the association between the risk 
factor and the response variable differs, or depends in someway on the level of the covariate. That is, the covariate 
modifies the effect of the risk factor which is known as effect modifier. 
In the study, instead of two categories the covariate has six distinct values. The covariate regions of residence (X2) within Bangladesh 
have six divisions namely ‘Barisal’, ‘Chittagong’, ‘Dhaka’, ‘Khulna’, ‘Rajshahi’ and ‘Sylhet’. The covariate has a fixed number of more 
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than two discrete values and the scale of measurement is nominal. We know that it is inappropriate to model a nominal scale variable in 
logistic regression as if it were an interval scale variable. Therefore, we must form a set of design variables to represent the categories of 
the covariate. We create design variables for polychotomous independent variable using reference cell coding technique with the Dhaka 
as the reference region. The design variables for the region Barisal, Chittagong, Khulna, Rajshahi and Sylhet are denoted by Db, Dc, Dk, 
Dr and Ds respectively which are shown in the following table. 

Table 1. Specification of the Design Variables 

Region (code) Design variables 
Db Dc Dk Dr Ds 

Barisal (1) 1 0 0 0 0 
Chittagong (2) 0 1 0 0 0 

Dhaka (3) 0 0 0 0 0 
Khulna (4) 0 0 1 0 0 

Rajshahi (5) 0 0 0 1 0 
Sylhet (6) 0 0 0 0 1 

In the present study, we have performed stratified analysis of 2×2 tables to assess interaction and to control confounding. The 
essential objective of such analysis is to determine whether the odds ratios are constant or homogeneous, over the strata. If the 
odds ratios are constant, then the stratified common odds ratio estimator such as the Mantel-Haenszel estimator or the weighted 
logit-based estimator is computed. The homogeneity of the odds ratios across the strata are tested by classical logit-based chi-
square test and Breslow-Day test. This same analysis may also be performed using sophisticated logistic regression modeling 
techniques to obtain adjusted maximum likelihood estimator of the common odds ratio and the homogeneity of the odds ratios is 
tested by maximum likelihood ratio test. Then we may compare these two statistical techniques.  

Consider for analysis to find the association between the risk factor sex preference (X1) on desire for more children (Y), the 
general 2×2 table is as  

Table 2. Cross- Classification of response variable (Y) by risk factor (X1)  

 
Sex Preference (X1) Total 

Preferences No Preferences  
Desire for more children (Y) Have another ai bi  

 No more ci di  
    Ni 

The crude or unadjusted odds ratio computed from the general 2×2 table shown in table 2, cross-classifying the 

response variable desire for children (Y) with risk factor sex preference (X1) is defined as ii

ii

cb
daOR =

       (1)          

Table 3. Cross-Classification of Desire fore children by Sex preference 

 
Sex Preference (X1) Total 

Preferences No preferences  
Desire for more children 

(Y) 
Have another 275 546  

 No more 124 1267  
Total   2212 

Using the cell frequency given in table 3, the crude or unadjusted odds ratio is OR=5.14. Also table 4 represents the data 
stratifying by the region of residence (X2) of respondent. We have to use this table as the basis for computing either the Mantel-
Haenszel estimate or the logit-based estimate of the common odds ratio. The stratum specific odds ratio is defined as 

6 ..., 2, 1,i ; =
×
×

=
ii

ii
i cb

daOR
                                                                                                                            (2) 

Where ai , bi, ci and di are the observed cell frequencies in the 2×2 table for the ith stratum and N= ai+bi+ci+di 
according to table 2. 
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The Mantel-Haenszel estimator of the odds ratio measures the strength of association by estimating the common odds 
ratio. For stratified 2×2×k table requires calculating the overall odds ratio to measure the strength of association. For k 
such 2×2 tables, each representing a separate stratum, the Mantel-Haenszel  pooled estimate of the common odds ratio is 
given by 

( )

( )∑

∑

=

=

×

×
= 6

1

6

1

i
iii

i
iii

MH

Ncb

Nda
OR

                                                                                                                                 (3) 

The logit-based summary estimator of the common odds ratio is a weighted average of the stratum specific log-odds 
ratios where each weight is the inverse of the variance of the stratum specific log-odds ratio defined as 

( ) 
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1
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i
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                                                                                                                (4) 

Where ORLis the logit-based common odds ratio, ORi is the stratum specific odds ratio and wi is the weight 
corresponding to ln(ORi). In order to find the approximate variance of the Mantel-Haenszel estimator using delta 
rule under the assumption that each stratum specific odds ratio is close enough to the Mantel-Haenszel pooled 

estimate to permit terms like ( ) ( )iiii cbda ××  to replace ORMH (Silcocks, P., 2005). Using logit-based variance 
formula (Woolf, B., 1955) the Robins-Breslow-Greenland (1985) approximate variance formula for Mantel-
Haenszel estimator of common odds ratio is given by 
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Where 
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1 Table 4. Cross-
Classification of Desire for more Children (Y) by Sex preference (X1) stratified by Region of Residence (X2) 

Region of residence (X2)  Sex Preference (X1) Total 
 Preferences No preferences  

Barisal Desire for more children Have another 33 65  
  No more 14 143  
    255 

Chittagong Desire for more children Have another 71 104  
  No more 25 148  
    348 

Dhaka Desire for more children Have another 62 137  
  No more 35 299  

Khulna Desire for more children Have another 28 92  

  No more 16 252  
    388 

Rajshahi Desire for more children Have another 50 99  
  No more 18 355  
    522 

Sylhet Desire for more children Have another 31 49  
  No more 16 70  
    166 

Using equation (2) in stratified cross-classification data represented in table 4 we construct the following table. 
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Table 5. Tabulation of estimated odds ratios, ln(estimated odds ratios), estimated variance of the ln(estimated odds 
ratios) and the inverse of the estimated variance ‘w’ for Sex Preference status within each stratum of Region of 
Residence 

Estimates Barisal Chittagong Dhaka Khulna Rajshahi Sylhet 
OR 5.19 4.04 3.87 4.79 9.96 2.77 

ln(OR) 1.65 1.40 1.35 1.57 2.30 1.02 
V[ln(OR)] 0.12 0.07 0.06 0.11 0.09 0.13 

w 8.33 14.29 16.67 9.09 11.11 7.69 

Using the results of table 5 in equation (3) and equation (4) we get common odds ratio for Mantel-Haenszel and 
logit-based estimates are 4.65 and 4.71 respectively. The two estimators are approximately same. In general, the 
Mantel-Haenszel estimator and the logit based estimator are similar when the data are not too sparse within the 
strata. The fluctuation in the odds ratio across the strata suggests that there may be either confounding or effect 
modification due to region of residence or both. The Mantel-Haenszel estimator or logit-based estimator provides a 
correct estimate of the risk factor only when the odds ratio is constant across the strata. Thus, a crucial step in the 
stratified analysis is to assess the validity of this assumption. Statistical test of this assumption is based on a 
comparison of the stratum specific estimates to an overall estimate computed under the assumption that the odds 
ratio is, in fact, constant. Therefore, we would like to test the null hypothesis 

(Constant) 6210 Ω=Ω==Ω=Ω= H vs unequal are ratios odds least twoAt 1 =H  

To test the null hypothesis the test statistic  

( ) ( )[ ]{ }∑
=

−=
6

1

22 lnln
i

LiiH ORORwχ
                                                                                  (6)               

Under the null hypothesis the test statistic 
2
Hχ is approximately distributed as chi-square distribution with k-1 

degrees of freedom, where k is the number of strata. Using the data in table 5 we have 
2
Hχ = 9.48 which, with 5 

degrees of freedom, yield a p-value of 0.09. Thus, in spite of the apparent differences in the odds ratios seen in the 
table 5, the logit-based test of homogeneity indicates that they are within sampling variation of each other. It is 
therefore, important that the p-value calculated from the chi-square distribution is accurate only when the sample 
sizes are not too small within each stratum. This condition holds in this study.  

Another popular test that also may be calculated, but not as easily, is discussed in Breslow and Day (1980) and is 

corrected by Tarone (1985). This test compares the value of ia to an estimated expected value iê , if the odds ratio is 
constant. To test the same hypothesis mention earlier, the test statistic given by Breslow and Day corrected by 
Tarone is 
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The quantity iê  is obtained as one of the solutions to a quadratic equation given by the following formula 
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Where n1i=ai+bi, m1i=ai+ci and n0i=ci+di. The quantity OR in equation (8) is an estimate of the common odds ratio 

and either ORL or ORMH may be used. The quantity iv̂ is an estimate of the variance of ia computed under the 
assumption of a common odds ratio is 
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If we use the value of the Mantel-Haenszel estimate, ORMH = 4.65 in equation (7) the value of Breslow-Day statistic 

obtained is 
2
BDχ = 9.81 with 5 degrees of freedom yields a p-value 0.08, which is similar the value of the logit-based 

test. Thus we may conclude that there is no significant variation among the odds ratios over the strata at 5% level of 
significance. That is the odds ratios across the strata are barely homogeneous. 

Table 6. Computation of the variance of the Mantel-Haenszel estimate using Robins-Breslow-Greenland formula 

Stratum Ri Si Pi Qi RiPi SiPi RiQi SiQi 
1 18.5059 3.5686 0.69 0.31 12.7691 2.4623 5.7368 1.1063 
2 30.1954 7.4713 0.63 0.37 19.0231 4.7069 11.1723 2.7639 
3 34.7805 8.9962 0.68 0.32 23.6507 6.1174 11.1298 2.8788 
4 18.1857 3.7938 0.72 0.28 13.0937 2.7315 5.0920 1.0623 
5 34.0038 3.4138 0.78 0.22 26.5230 2.6628 7.4808 0.7510 
6 13.0723 4.7229 0.61 0.39 7.9741 2.8810 5.0982 1.8419 

Total 148.7436 31.9966   103.0337 21.5619 45.7099 10.4042 

Using the results of table 6 in equation (5) the approximate variance of the Mantel-Haenszel pooled estimate of the 
odds ratio is 0.111 and its standard error is 0.333. 

The same analysis may be performed by fitting three logistic regression models. In model 1 we include only the risk 
factor sex preference. Then five design variables are introduced in the model for the covariate region of residence 
those are shown in table 1 to obtain model 2. For model 3 we add the five Regions of Residence × Sex Preference 
interaction terms. The results of fitting these models are shown in the following table 7. 

Table 7. Estimated Logistic Regression Coefficients for the risk factor Sex Preference, Standard error, Log-
Likelihood, the Likelihood Ratio Test Statistic (G), Estimation of the Stratified Odds Ratio and Assessment of 
Homogeneity of Odds Ratios across strata defined by Region of Residence. 

Model Coefficient of 
Sex 

Preference 

Standard 
error 

─2Log-
Likelihood 

Likelihood 
Ratio test 

(G) 

Degrees 
of 

freedom 

p-
value 

Estimated 
Odds Ratio 

95% 
Confidence 

Interval  
1 1.638 0.120 2713.078 204.854 1 0.00 5.14 4.07, 6.51 
2 1.563 0.121 2680.540 32.538 5 0.00 4.77 3.76, 6.05 
3 1.352 0.235 2670.499 10.04 5 0.08 3.87 2.44, 6.13 

Since we are primarily interested in the estimates of the coefficient along with the standard error for the risk factor 
Sex Preference, the estimates of the coefficients for the covariate Region of Residence and their several interaction 
terms are not shown in table 7. Using the estimated coefficients in table 7 the odds ratios can be computed which are 
shown in the same table. Thus crude odds ratio is OR = exp (1.638) = 5.14. Adjusting for region of residence, the 
stratified estimate of the common odds ratio is OR = exp (1.563)   = 4.77. This value is the maximum likelihood 
estimate of the common odds ratio and is similar in the common odds ratios obtained from classical Mantel-
Haenszel estimate 4.65 and logit-based estimate 4.71. Also we observed that the maximum likelihood estimate of 
the common odds ratio has less standard error (0.121) than that obtained in the Mantel-Haenszel estimate (0.333). 
The change in the estimate of the odds ratio from the crude to the adjusted is 5.14 to 4.77 (7.2%) indicates that there 
is no considerable confounding due to region of residence of the respondents. 

Again assessment of the homogeneity of the odds ratios across the strata is based on the likelihood ratio test of the 
model 2 versus model 3. Likelihood ratio test is performed on the basis of test statistic given by 

( ) ( )[ ]32 ln2ln2 LLG −−−=                                                                                              (10) 
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Where ─2lnL2 and ─2lnL3 represent the ─2Log-Likelihood obtained from model 2 and model 3 respectively. Under 
the null hypothesis, the homogeneity of the odds ratios across the strata the test statistic G follows chi-square 
distribution with 5 degrees of freedom. The test suggests that the odds ratios across the strata are barely homogenous 

like logit-based test 
2
Hχ and the Breslow-Day test

2
BDχ . 

3 Discussion and Conclusion 

The study utilized the data from Bangladesh Demographic and Health Survey, 2007 to investigate the obstacles to 
achieve replacement level fertility. The impact of sex preference on desire for more children is estimated using 
logistic regression approach along with some classical approach after controlling the regional variations. Here the 
region of residence worked as a control variable. Using the estimated coefficient for the risk factor Sex Preference in 
model 2 we estimate the adjusted odds ratio as exp(1.563)=4.77. The result shown in table 7 indicates that the 
covariate Region of Residence is not a strong confounder (percentage change in coefficient is 4.2) and it does not 
interact with sex preference. Thus, to assess the risk of sex preference on desire for more children correctly, it needs 
not to include the interaction of sex preference with the covariate region of residence because the odds ratio is 
invariant across the region of residence or strata. The result suggests that the risk of sex preference is significant on 
desire for more children that is the women having sex preference of the children have higher desire to have another 
child. 

The adjusted estimate of the coefficient for sex preference is 1.563 with corresponding odds ratio 4.77 indicates the 
change in the log-odds of desire for more children among the women having sex preference with respect to the 
women having no preferences of the sex of the children. The change could be as little as 3.76 or as much as 6.05 
with 95 percent confidence. The results suggests that desire for more children is about 4.8 times as likely prevail 
among the women having sex preference as among women having no preference of sex of the children. 

Sex preference is widespread in all the regions of Bangladesh and it has a major influence on reproductive behavior. 
The preference for boys is embedded in the cultural and traditional beliefs of this country. It is also depends on 
social and economic status of the respondents. Sex preference is a significant factor exerting a great influence on 
bearing a third child even under the intensified family planning programs and the latest one-child policy.  

As a comparative study in such particular risk factor ‘sex preference’ the use of the sophisticated logistic regression 
modeling approach provides a fast, efficient and effective way to obtain a stratified common odds ratio estimator 
and to assess easily the assumption of homogeneity of odds ratio across the strata than those performed in the 
classical analysis. But for the purpose of stratum specific odds ratios, the logistic regression approach does not work 
properly as in the classical approach. 
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Abstract. Aimed at fighting corruption a model is proposed in which it is supposed that a detective detected x(x>1) 
corrupt at time t (t>o). It is also assumed that the probability of one corrupt of them will be removed in the time 
interval (t, t + δt) is xµδt and the probability of a new case detection within this interval is λδt, where λ (λ>o) is the 
rate of detection and µ(µ>o) is the rate of removal for the corrupt. These assumptions leading to the model which 
gives the intensity of corruption, denoted by   

Px(t) =

{ }{ (1 ) / } exp (1 ) /
!

0, 1, 2,3,.........................

t
te e

x
x

xµ
µλ µ λ µ

−
−−

− −

=  

which gives Px=
/( / )

!
e

x

x
λ µλ µ −

, as the limit  t →∝ 
It is verified that the intensities Px(t) and Px decrease significantly with x = 0 and with ρ = λ/µ = 1. This proves that 
the control of corruption will establish when ρ = λ/µ = 1 is substituted for legal action. The scale of action ρ = λ/µ = 
1 is considered as a control strategy for corruption. 
The model can be used for planning policies to attack on corruption, terrorism, Bribery and Extortion and to study 
their progress and control. 
Keywords: Corruption, Corrupt, Model, Intensity of Corruption, A Control Strategy for Corruption and Conclusion. 
1 Introduction  

Corruption is a serious crime that poses a threat to society. It is defined as the unauthorized use of public office for 
private gain [Shafritz (1988, p. 141)], the systematic abuse of power for private benefit [Bresson (2000)], misuse of 
public office for political or personal ends, misuse of government agencies to cover up unethical or criminal acts 
[Sheley (1987, p. 110)]. The substitution of rule for the interest of an individual or group interest [Philip (1997)], 
buying influence, giving preferential treatment to any person or organization and losing complete impartiality of 
action [Khan (2000)] are also the acts of corruption. The most common forms of corruption is bribery. It is defined 
as a public official’s receiving or asking of anything of value (bribe) with the intent to be unlawfully influenced 
[Shafritz (1988, p. 64)] and the giving or offering anything of value to a person in a position of trust who in return 
violates his or her duty or law in order to benefit the giver [B. World Bank (1993, p. 557)]. A person who found 
active in bribing official is said to be a bribe giver. The bribe givers generate the corrupt and corruption. An official 
who derives some recognizable benefit through dishonest acts for himself, his family, his friends, his tribe or some 
other relevant group is defined to be a corrupt or in brief, an official who caught corruption is said to be a corrupt. A 
corrupt makes many corrupts and spreads corruption. 
Corruption violates public trust, corrodes social capital, undermines state legitimacy [World Bank (1997)], distorts 
the economic system, erodes faith in democracy and the rule of law [Ades and Ditella (1997)]. It induces political 
and social instability [Nye (1967)], and increases the influence of criminal organizations as they guarantee 
enforcement of illegal transactions and assist in laundering money [Tanzi (1998), Carlson (2000)]. Thus it appears 
that corruption penalizes the entire society. 
It is, therefore, for the peace in society, and for the stability in economics and in politics, fighting corruption is 
necessary. As means of fighting corruption modern social science researchers are calling to raise public awareness 
[Paranjape (1996, p.94)] empowering ethics [Leys (1965), Wakefield (1976)] and improve governance [Carlson 
(2000), Wolf and Gurgen (2000)].  
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A call for raising public awareness will not cure corruption. In the year 2008. The Anti-corruption Commission of 
Bangladesh and TIB together was demonstrated a rally for raising public awareness about the existence and harms 
of corruption. Awareness is raised but that did not work then and did not work now and doubt that it will not work in 
the years to come. Ethics are moral rules or principles of behaviour for deciding what is right and wrong for people 
in a society. These moral rules force to provide equitable public services to each member of the community. 
Wakefield (1976) has considered that corruption, at its core is a problem of steady ethical decline. Therefore 
suggestions for remedial action focus on ethics may play a role to refrain people from doing corruption. 
A call for improving governance is not totally a bad advice. It requires domestic reforms espoused for example, in 
World Bank (1997), Rose-Ackerman (1999), Turner and Hulme (1997) and Carlson (2000). Domestic reforms lands 
on a workable and balanced separation of power with appropriate checks and balances at each level of government. 
Whatever be the appropriate checks and balances in separation of power “Power tends to corrupt and absolute power 
tends to corrupt absolutely”. Lord Actom “It says”. Yet improved or good governance is essential to attack on 
corruption. Fights corruption most countries preferred detection and removal of the corrupt. Taking this point in case 
this article presents a model which shows that the control of corruption will establish when ρ = λ/µ = 1 is substituted 
for legal action, where λ(λ>0) represents rate of detection and µ(µ>0) represents the rate of removal for the corrupt. 
The model can be used for planning policies to attack on corruption, terrorism, Bribery and extortion and studying 
their progress and control. 
2 Model 
Let a government detective detected x(x>1) corrupt at time t(t>0). Let us assume that the probability of one corrupt 
of them will be removed in the time interval (t, t+ δt) is  
xµδt   (2.1) 
and the probability of a new case detection within the interval is  
λδt(2.2) 
Then the probability of no change in the process is  
1 - λδt - xµδt                                                                                                                                            (2.3) 
where λ(λ>0) is the rate of detection and µ(µ>0) is the rate of removal for the corrupt. 
Let Px(t) be the probability that there are exactly x-corrupt found at time t(t>0). 
Then the quantity of interest Px(t) defined to be the intensity of corruption satisfies the equation 
Px(t + δt) = [1 - λδ t - x µδ t] Px(t) + λδ t Px-1(t) + (x+1) µδ t Px+1 (t)  
or, Px(t+δ t) – Px(t) = - (λ+x µ) δ t Px(t)+λδ t Px-1(t)+ (x+1) µδ t Px+1(t) 
Dividing bot the sides by δt and taking the limit as δt →0, we get the model 

t∂
∂

Px(t) = - (λ+xµ) Px(t) +λ Px-1(t)+ (x+1)µ Px+1(t)                                                                                 (2.4) 
Which suggests that corruption decline when x = 0. 
To get more idea about the control of corruption we now derive the intensity of corruption. 
3 The Intensity of Corruption 

The intensity of corruption derives from the model by using a bribe giver as generator of the corrupt. Let us 
suppose that s is a person who found active in generating the corrupt. Then the probability generating function of 
Px(t) by definition is  

φ(s, t) = 
∑
=0

).(
x

x
x StP

   (3.1) 
The partial differentiation of (3.1) with respect to t and s gives 

t∂
φ∂

 = 
∑
∞

= ∂
∂

0x t Px(t).sx                                                                                            (3.2) 

and 5∂
φ∂

 = 
∑
=0x

x )t(xP
.sx-1 .........................................................................................    (3.3) 

The multiplication of both the sides of (2.4) by sx and summing over all values of x, and its simplification with (3.1), 
(3.2) and (3.3) gives the partial differential equation. 

t∂
φ∂

 = (1-s) {1-λφ +µ s∂
φ∂

}                                                                                                               (3.4) 
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which is the same Eq. (11.10) of Feller (1957, p. 435) and its solution is  
k}e)s1(1{/)e1)(s1( tt

e)t,s(
µ−µ− −−µ−−λ−=φ  .........................................................................   (3.5) 

As Feller k may be interpreted as the initial number of corrupt, but initially no corrupt had found and so k = 0  
      and {1-(1-s)e-µt}k = {1-(1-s)e-µt}0 = 1   

and
µ−−λ− µ−

=φ /)e1)(s1( t

e)t,s(  (3.6) 
Both the receiving and giving stop when s = 0  
i.e. corruption does not advance any further when s = 0. 
Therefore for Px(t) we can write 

Px(t) = 
x

x

s!x
1
∂
∂

[φ(s, t)]s= 0 
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0s

/)e1)(s1(
x

x

]e[
s!x

1 t

=
µ−−λ− µ−

∂
∂

 [by (3.6)]                                                                                                    (3.7) 
which follows the method allowed in Saaty (1961, p. 36) 
Hence by induction, 

P0(t) = 
µ−λ− µ− /)e1( t

e  
     P1(t) = {λ(1- e-µt)/µ}.exρ{-λ(1- e-µt)/µ} 

P2(t) = 
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/)e1(
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exρ{-λ(1-e-µt)/µ} 
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Px(t) = 

xt

!x
/)e1(







 µ−λ µ−

exρ{-λ(1-e-µt)/µ}                                                                                        (3.8) 
                                              x= 0,1,2,3,4,… 

which gives the intensity of corruption. 
As limit t→∝, Px(t) gives 

Px(t) =

µλ−µλ /
x

e
!x
)/(

   (3.9)                                                 x = 0, 1, 2, 3,4,... 
For x = N, λ = α, and µ = β, Px(t) and Px corresponds to the intensity of terrorism derived by Khan (2004). It is 
verified that the intensities Px(t) and Px decrease significantly with x = 0 and with P=λ/µ=1. This proves that the 
control of corruption will establish when ρ=λ/µ=1 is followed. We shall now select a strategy to attack on 
corruption. 
4 A Strategy to Attack on Corruption 
It is proved that the intensity of corruption decrease significantly with x = 0 and with ρ =λ/µ=1, where x is the 
number of corrupt who are detected at time t(t>0), λ(λ>0) is the rate of detection and µ(u>0) is the rate of removal 
for the corrupt. Among the two scale of action ρ=λ/µ=1 seems to be suitable to attack on corruption. The scale of 
action ρ =λ/µ=1 may be called a strategy to attack on corruption. 
5 Conclusion 
The conclusion arrived at here are the followings: 

a. The model and the intensity of corruption can be used for planning policies to attack on corruption, Bribery, Terrorism 
and Extortion. 

b. The control of corruption will establish when ρ=λ/µ=1 is substituted for legal action. 
c. Attention to ethics and improved or good governance is necessary to attack on corruption. 
d. The corrupt are menace to society. They should be severely dealt with and deserve no leniency in sentencing. 
e. According to seriousness of offence 5 to 10 years imprisonment and fine can be imposed to remove a corrupt. 
f. The model directs to show “zero tolerance” for corruption and Bribery. 
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Predicting Warranty Claims in Linear Composite Scale Under 2-D Warranty Scheme 
Using Only Failure Information 
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Abstract. Performing warranty claims prediction is a very useful analysis tool to budget for warranty costs, enhance 
the quality, improve customer satisfaction and prepare for a required warranty pool. In this research, the linear 
composite scale (both age and usage-based) is considered to perform the warranty claims prediction. In warranty 
data both age and usage of failed products are available but usage of censored products are not known, which makes 
the analysis difficult, and to overcome this situation a new approach is suggested so that incompleteness of data due 
to censoring make it as complete. Also few existing approaches are considered. A brief simulation is conducted 
which shows that future warranty claims can be fairly forecasted in composite scale. However it is compared with 
age-based prediction and found to be better than that. 
Keywords: reliability, 2-D warranty, month-in-service (MIS), months-to-failure (MTF). 
1 Introduction  
At present, manufacturing industries are facing the task of improving product quality while minimizing warranty 
costs. Facing due to: (i) rapidly changing technologies (ii) global markets (iii) development of high sophisticated 
products and (iv) increased customer expectations. By analyzing the warranty claims, companies improve product 
development processes, advance product design, and make modifications to their manufacturing and assembly 
systems, with the aim to improve product quality and reduce warranty costs. As a result, products are becoming 
more complex and their performance capabilities are increasing with each new generation. 
Usually, the degradation of an item (product) depends on its age and usage. Namely, there are multiple failure 
timescales. Each scale contributes partial failure information. As a result, consideration of multiple time scales will 
lead to better failure prediction and better maintenance decisions [1]. Composite scale models are the models which 
deals multiple failure timescales (multidimensional). Since the information capacity carried by the composite 
variable is larger than that carried by any individual variable. Thus, the failure prediction based on the composite 
scale model is more accurate than that based on the model of single variable [2]. Two typical composite models: (i) 
Linear models (ii) Multiplicative models. The composite scale is a weighted average of time units (for age) and 
usage units. As such, measures on this scale are not directly interpretable. They have no physical meaning, but 
capture the joint effects of age and usage. In spite of the difficulty in interpreting the results directly, the transformed 
data can be used in warranty analysis to evaluate various alternative warranty policies and the warranty parameters 
[7]. So far as we know, no research has been made to predict the warranty claims using composite scale. In previous 
research, forecasting failure claims is available when the lifetime variable is measured in age only [10].  
In this paper, linear composite scale is used to perform warranty claims predictions under two-dimensional (2-D) 
warranty scheme. The paper is organized as follows: Section 2 defines the warranty data and model setting for 2-D 
warranty database. Section 3 discusses the linear composite scale model under 2-D warranty scheme. Section 4 
presents the proposed and existing approach to obtain the maximum likelihood estimates (MLEs) of the composite 
scale (linear model). Section 5 performs the warranty claims prediction using linear composite model for different 
simulated data sets and compared it with age-based prediction. 
2. 2-D Warranty Data and Modeling 
In the one-dimensional case, a policy is characterized by an interval that is defined in terms of a single variable, for 
example, time, age, or usage. In the case of two-dimensional warranties, the warranty is characterized by a region in 
a two-dimensional plane. Let 𝐴and 𝑈denote the product warranty limits for age and usage respectively. The 
availability of failure data is restricted to items (products) with warranty claims, as depicted in Figure 1.  
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Quadrant-II 
Failures not captured by warranty data since 

mileage >U, although Time ≤ A 

Quadrant-IV 
Failures not captured by warranty data since 

both mileage >U and Time >A 
Quadrant-I 

Failures captured by warranty data as both 
mileage <U and Time <A 

Quadrant-III 
Failures not captured by warranty data since 

mileage ≤ U, although Time >A 
 A       →Age / Time 

FIGURE 1: Limited availability of failure data from warranty claims. 
The data structure considered is given in Table 1, where each cell corresponding to 𝑡 𝑀𝐼𝑆 and 𝑙 𝑀𝑇𝐹 will have 
failure usage of 𝑟𝑡𝑙failed items. Thus, with 𝑀𝐼𝑆 𝑡, out of 𝑁𝑡 sold items there will be failure usages of 𝑟𝑡 failed items, 
and these failure usages constitute the data set under interest. The notation in Table 1 is summarized as follows: 

TABLE 1: Information available from warranty database 

MOS MIS SA MTF NOF NOC 𝟏 … 𝒍 … 𝑻 
1 𝑇 𝑁𝑇 𝑟𝑇1 … 𝑟𝑇𝑙   𝑟𝑇𝑇 𝑟𝑇 𝑐𝑇 
2 𝑇 − 1 𝑁𝑇−1  𝑟𝑇−11  … 𝑟𝑇−1𝑙  …  𝑟𝑇−1 𝑐𝑇−1 
… … … … … … … …. … … 

𝑇 − 𝑡 + 1 𝑡 𝑁𝑡  𝑟𝑡1 … 𝑟𝑡𝑙   𝑟𝑡 𝑐𝑡 
… … … … …    … … 

𝑇 − 1 2 𝑁2 𝑟21     𝑟2 𝑐2 
𝑇 1 𝑁1 𝑟11     𝑟1 𝑐1 

Total 𝑁 𝑛1 … 𝑛𝑙  𝑛𝑇 𝑛 𝑁 − 𝑛 
 

𝑀𝑂𝑆 : Month of sales  𝑀 : Observation period in calendar time 
𝑁𝑂𝐹 : Number of failure  𝑁𝑡 : Number of automobiles with t MIS 
𝑆𝐴 : Sales amount  𝑟𝑡𝑙 : Number of failures claimed at l MIS for 

automobiles with t MIS 𝑀𝑇𝐹 : Month-to-failure    
𝑁𝑂𝐶 : Number of censored  𝑟𝑡 : Number of failures with t MIS, 
𝑡 : Months-in-service (𝑀𝐼𝑆);  𝑡 =  1, . . . ,𝑇  𝑐𝑡 : Number of non-failures with t MIS,  𝑐𝑡  =

 𝑁𝑡  −  𝑟𝑡 𝑇 : Maximum MIS where 𝑇 = 𝑚𝑖𝑛(𝑊, 𝑆,𝑀)    
𝑊 : Warranty period in MIS  𝑛 : Total number of failures 
𝑆 : Total months of sales  𝑁 : Total number of units in the field 
Let 𝑋 be a lifetime random variable under study  measured by actual mileage with distribution function 𝐹𝑋(. ) and let 
𝑌𝑡be a random variable (censoring random variable) representing the mileage accumulated (accumulated usage) at 
𝑡 𝑀𝐼𝑆 with distribution function 𝐹𝑌(. ), which is independent of 𝑋. 
In this research, we consider 𝑋 ~ 𝑊𝑒𝑖𝑏𝑢𝑙𝑙(𝜂0,𝛽0) and 𝑌𝑡 ~ 𝐿𝑜𝑔𝑛𝑜𝑟𝑚𝑎𝑙(𝜇 + 𝑙𝑜𝑔𝑡,𝜎2).  Since, in many previous 
research, usage accumulation rate, 𝛼 =   𝑌𝑡

𝑡
 follows a Lognormal distribution with location parameter μ and scale 

parameter 𝜎, that is, log𝛼  ~ 𝑁𝑜𝑟𝑚𝑎𝑙(𝜇,𝜎). Then (𝑌𝑡  = 𝛼 ·  𝑡)follows the lognormal distribution with location 
parameter 𝜇 +  𝑙𝑜𝑔𝑡and scale parameter 𝜎2. That is, 𝑌𝑡 ~ 𝐿𝑜𝑔𝑛𝑜𝑟𝑚𝑎𝑙(𝜇 +  𝑙𝑜𝑔𝑡,𝜎2) [4]—[6]. 
The following competing risks model is often used for censoring problems in which the observations (𝑈𝑡𝑖 ,𝛿𝑡𝑖), 
𝑖 =  1, . . . ,𝑁𝑡;  𝑡 =  1, . . . ,𝑇,have been obtained where 

𝑈𝑡𝑖 = min(𝑋𝑖 ,𝑌𝑡𝑖)  𝑎𝑛𝑑𝛿𝑡𝑖 = �1 𝑖𝑓 𝑋𝑖 ≤ 𝑌𝑡𝑖
0 𝑖𝑓 𝑋𝑖 > 𝑇𝑡𝑖

 

for the 𝑖-th automobile (𝑖 =  1, . . . ,𝑁𝑡;  𝑡 =  1, . . . ,𝑇). 
Here, Table-1 shows the warranty data. If  𝑋𝑖 ≤ 𝑌𝑡𝑖all failure usages can be observed. Censored usage for which 
𝛿𝑡𝑖  =  0  or 𝑋𝑖 > 𝑌𝑡𝑖 is not available from warranty claims records. 
3 Linear Composite Scale Model  
Composite scale modeling approach can be used to combine several scales or variables into a single scale or 
variable. The Composite scale is expected to have better failure prediction than individual scale [2]. Two 
dimensional warranty data are collected on both age and usage scale (e.g., automobile). Let 𝑇be the age, and 𝑋 be 
the usage (mileage). The 2-dimensional warranty provides coverage over a region Ω = [0,𝐴) × [0,𝑈), for example, 
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𝐴 =  12 months and 𝑈 =  100, 000𝑘𝑚. Thus failures are covered under warranty only if Ω ∈ (𝑇 ,𝑋). According to 
the linear composite model [2], 

𝑉 =  𝑎𝑻 +  𝑏𝑿 (1) 

The parameters 𝑎and 𝑏can be estimated by minimizing the sample variance subject to the condition 

𝜇𝑣  =  𝑚𝑎𝑥(𝜇𝑇,𝜇𝑋)  (2) 

where, 𝜇𝑇= mean of the actual age 𝑇, and 𝜇𝑋 = mean of the actual usage 𝑋. 
4 Approaches and Parameters Estimation 
Let us define: 
𝑘  = number of months under study (number of periods for which data are available) 
𝑁𝑗 = number of sales in month 𝑗 (𝑗 =  1,2, . . . 𝑘), 
𝑚𝑗 = number of claims on the 𝑁𝑗 units sold in month 𝑗, (𝑗 =  1,2, . . . 𝑘) 
𝑀𝑗 = number of items sold in month 𝑗for which no claims were made  =  𝑁𝑗  −  𝑚𝑗 , 
𝑛 = total number of failures (claims) =∑𝑚𝑗 
N = total number of sales =∑𝑁𝑗 
𝐴𝑗 = age at censoring for items sold in month 𝑗, 
𝑈𝑗 = usage at censoring for items sold in month 𝑗, 
Age data for all items are easily obtained from the warranty database and sales data. Usage information, however, are rarely 
available for non-failed items. The usage of censored items that are sold in different monthsis not known, and to deal with this 
situation we use four approaches, all of which involve some approximation on usage rate. Of these, the first three approaches 
(Ap-1, Ap-2 and Ap-3) are mentioned in Blischke et al. [7], and the fourth one (Ap-4) is newly proposed in this paper. A brief 
description of the approaches is given below: 
Ap-1: Firstly, the warranty claims data is used to estimate the average usage rate and secondly, multiplying it by the 
corresponding age is used to approximate the unknown censored usage for different ages. 
Ap-2: Firstly, the median usage rate per month is computed from the warranty data and thereafter multiplying it by the 
corresponding age is used to approximate the unknown censored usage for different ages. 
Ap-3: Firstly, the warranty plan is used to find the overall average usage rate per month from the ratio of usage limit and age 
limit, and then multiplying it for different ages is used to approximate the unknown censored usage. 
Ap-4: Firstly, the maximum average usage rate for each age is computed from the warranty database and then multiplying it by 
the corresponding age is used to approximate the unknown censored usage for different ages. 
Now to identify the data for analysis, let us write 

Ω𝑗  = �0,𝐴𝑗� ×  �0,𝑈𝑗�, 𝑗 = 1, 2, . . . 𝑘. (3) 
Warranty claims as a result of failures are claims that occurred in the region Ω𝑗, that is, for which 𝑡 < 𝐴𝑗 and 𝑥 < 𝑈𝑗. Ω𝑗can be 
viewed as service ages and usages for censored items that are sold in the month 𝑗. We now can specify data available for 
estimation, consisting of failure data and censored data. In this case, failure data are observed values ( 𝑡, 𝑥 ) ∈ Ω𝑗 ; censored data 
are unobserved random variables  ( 𝑇,𝑋 )  ∈  Ω𝑗  , 𝑗 = 1,2, . . . , 𝑘 . Let 𝐴𝑗 and 𝑈𝑗 denote the values of censored age and usage 
(where usage is approximated by any of the four approaches discussed above) for items sold in period 𝑗. The corresponding 
censored values of 𝑉𝑗, denoted by 𝑉𝚥�, are calculated as 

𝑉�𝑗   =  𝑎𝐴𝑗  +  𝑏𝑈𝑗 , 𝑗 = 1, 2, . . . , 𝑘. (4) 
Failure data on the 𝑣 -scale are given by 

𝑣𝑖  =  𝑎𝑡𝑖  +  𝑏𝑥𝑖 , 𝑖 = 1, 2, . . . ,𝑛. (5) 
The parameters 𝑎 and 𝑏 can be estimated as discussed in Section 3. After evaluating the parameters 𝑎 and 𝑏, we fit a distribution 
𝐹 and use the unidimensional data 𝑉 and 𝑉�  to calculate MLE’s of the parameters involved in  𝐹 based on the likelihood function 

L(θ) = � f(vi; θ)
n

i=1

��1 − F�V�j;θ��
Mj

k

j=1

 (6) 

In the G-K approach, the Weibull distribution is usually used for this purpose [3]. Denote the cdf and density function of the 
chosen distribution F(v;θ) and f (v;θ) respectively. MLE’s of the elements of the parameter vector θ are obtained by 
maximizing log L(θ) for given values of a and b, using Newton-Raphson method. The asymptotic normality of the MLE’s may 
be used to obtain the confidence intervals of the estimated parameters. 
5 Simulation Study 
To evaluate the performance of the linear composite scale model in predicting the future warranty claims, we carried out a brief 
simulation study. Data were generated assuming that the lifetime variable  X ∼  Weibull ( η0, β0 ) and the censoring time 
variable Yt  ∼  LN ( µ + log t ,σ2) for three sets of true parameter values. For this purpose, three types of data were considered as 
increasing failure type (IFR), decreasing failure type (DFR), and constant failure type (CFR). The true parameter settings 



534 
 

considered for the simulation studies are given in Table 2. The observation period was set M = 12 months, total sales months 
was  S =  12, and warranty period was W =  12 months so that MIS, t = 1, . . . min ( W, S, M )  =  12 months. Furthermore, the 
number of units sold each month was set to  Nt  =  2000, so that the total number of units sold was  N = 12 ×  2000 =
 24000. 

Table 2: The Three parameters sets of the simulation study 

Dataset Parameters Type β0 η0 µ σ 
Set 1 3.00 30000 6.50 0.70 IFR 
Set 2 0.70 40000 4.00 0.70 DFR 
Set 3 1.00 50000 4.80 0.80 CFR 

5.1 Prediction Using Linear Composite Scale 
Prediction of the warranty claims using the linear composite scale for three different types of data (Table 2): Data are generated 
for 12 months, but for assessing the prediction we suppose that information are available only for 9 months. Since we know the 
number of failure for 12 months corresponding to different MIS, then we can compare the actual failure in 12 months with the 
predicted number of failures for 12 months. For each simulation, we calculate the data as in Table 1. For each simulation, using 
linear composite scale and the parameters estimation method as discussed in Section 4, the estimates of the scale parameter η and 
shape parameter β of the Weibull distribution based on the four approaches for data set 1, along with their estimated standard 
errors and 90% confidence intervals are then computed. The simulation was then repeated 1, 000 times. The information 
available from simulated data set 1 (IFR type data) for 9 months are given in Table 3. 

Table 3: Average number of failure and censored at different MIS from 1000 repetitions. 
MOS MIS SA Failure Censored 
Jan 9 2000 92 1908 
Feb 8 2000 70 1930 
Mar 7 2000 50 1950 
Apr 6 2000 34 1966 
May 5 2000 21 1979 
Jun 4 2000 12 1988 
Jul 3 2000 6 1994 
Aug 2 2000 2 1998 
Sep 1 2000 1 1999 

TABLE 4: The average of MLEs of Weibull parameters in linear composite scale 𝑽 from 1000 repetitions. 

Approach η� β� SE(η�) SE(β�) 
90% CI for η 90% CI for β 

Lower Upper Lower Upper 
1 23.169 3.147 1.329 0.150 20.97 25.171 2.901 3.393 
2 22.171 3.230 1.231 0.154 20.153 24.191 2.983 3.487 
3 31.779 2.683 2.320 0.133 27.963 35.595 2.460 2.901 
4 82.66 1.831 9.638 0.091 66.853 98.460 1.680 1.981 

Prediction for next 3 months: Since the data on composite scale are assumed to follow Weibull distribution, we calculate 
the probability of failures or claims for remaining units at each sales period by using the conditional reliability and then make the 
predictions of failures or claims. The conditional unreliability of claims is given by 

Q( τ | 𝒯 ) =  1 −  R( τ | 𝒯 ) =  1 −  
R(𝒯 + τ)

R(𝒯)  (7) 

where, R( τ | 𝒯 ) is the reliability of a unit for the next τ month, given that it has already operated successfully for 𝒯 months. For 
example, if we look at the units that were shipped / sold on January (Table 3), given that those units have been out in the field for 
9 months, the probability that one of those units will fail in October is:  

Q(1 | 9)  =  1 −  R(1 | 9) = 1 −  
R(10)
R(9)  (8) 

From Table 3, it is seen that 2000 units are sold in the month January, of these, 1908 units (ct) are still out in the field as of end 
of October. That is calculated by subtracting the total number of claims (rt) of January shipment from the number of sales for 
that month. Here, the total number of claims that we expect to see in October is 

𝐹𝐽𝑎𝑛  =  𝑁𝐽𝑎𝑛  ×  𝑄(1 | 9)  =  1908 ×  0. 019916 =  38 (9) 
where, NJan= number of items out of the January shipment that are still out in the field. 
We could follow the same process to calculate the expected claims for the other time periods. As we can see, in Table 5, (Ap-1) 
the expected number of failure in October out of January shipment is 38, which is the same number that calculated using Eq. (9). 
Similarly, for approaches 2, 3 and 4, predicted failure claims for the next 3 months are given in Table 6 to Table 8. Predicting 
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warranty claims using single variable (age based) is very easy [10], and the age-based future warranty claims in a similar way are 
specified in Table 9. 

Table 5: Linear composite scale based predicted warranty claims using Ap-1 at different MIS. 
Sales 
month 

Sales 
amount 

MIS Failure No. of 
Censored 

Forecast MIS Failure 
Oct Nov Dec 

Jan 2000 9 92 1908 38 47 58 12 235 
Feb 2000 8 70 1930 30 38 48 11 186 
Mar 2000 7 50 1950 23 30 39 10 142 
Apr 2000 6 34 1966 17 23 31 9 105 
May 2000 5 21 1979 12 17 23 8 73 
Jun 2000 4 12 1988 8 12 17 7 49 
Jul 2000 3 6 1994 5 8 12 6 31 
Aug 2000 2 2 1998 2 5 8 5 17 
Sep 2000 1 1 1999 1 2 5 4 9 
Oct 2000    0 1 2 3 3 
Nov 2000     0 1 2 1 
Dec 2000      0 1 0 

TABLE 6: Linear composite scale based predicted warranty claims using Ap-2 at different MIS. 
Sales 
month 

Sales 
amount 

MIS Failure No. of 
Censored 

Forecast MIS Failure 
Oct Nov Dec 

Jan 2000 9 92 1908 41 52 65 12 250 
Feb 2000 8 70 1930 32 42 53 11 197 
Mar 2000 7 50 1950 25 33 42 10 150 
Apr 2000 6 34 1966 18 25 33 9 110 
May 2000 5 21 1979 12 18 25 8 76 
Jun 2000 4 12 1988 8 12 18 7 50 
Jul 2000 3 6 1994 5 8 13 6 32 
Aug 2000 2 2 1998 2 5 8 5 17 
Sep 2000 1 1 1999 1 2 5 4 9 
Oct 2000    0 1 2 3 3 
Nov 2000     0 1 2 1 
Dec 2000      0 1 0 

TABLE 7: Linear composite scale based predicted warranty claims using Ap-3 at different MIS. 

Sales 
month 

Sales 
amount 

MIS Failure No. of 
Censored 

Forecast MIS Failure 
Oct Nov Dec 

Jan 2000 9 92 1908 7 8 8 12 115 
Feb 2000 8 70 1930 6 7 8 11 91 
Mar 2000 7 50 1950 6 6 7 10 69 
Apr 2000 6 34 1966 5 6 7 9 52 
May 2000 5 21 1979 4 5 6 8 36 
Jun 2000 4 12 1988 4 4 5 7 25 
Jul 2000 3 6 1994 3 4 5 6 18 

Aug 2000 2 2 1998 2 3 4 5 11 
Sep 2000 1 1 1999 2 2 3 4 8 
Oct 2000    1 2 2 3 5 
Nov 2000     1 2 2 3 
Dec 2000      1 1 1 

 

  



536 
 

TABLE 8: Linear composite scale based predicted warranty claims using Ap-4 at different MIS. 
Sales 

month 
Sales 

amount 
MIS Failure No. of 

Censored 
Forecast MIS Failure 

Oct Nov Dec 
Jan 2000 9 92 1908 22 26 31 12 171 
Feb 2000 8 70 1930 18 22 26 11 136 
Mar 2000 7 50 1950 15 18 22 10 105 
Apr 2000 6 34 1966 12 15 18 9 79 
May 2000 5 21 1979 9 12 15 8 57 
Jun 2000 4 12 1988 7 9 13 7 41 
Jul 2000 3 6 1994 4 7 9 6 26 

Aug 2000 2 2 1998 2 4 7 5 15 
Sep 2000 1 1 1999 1 2 5 4 9 
Oct 2000    0 1 2 3 3 
Nov 2000     0 1 2 1 
Dec 2000      0 1 0 

TABLE 9: Age based predicted warranty claims at different MIS. 
Sales 

month 
Sales 

amount 
MIS Failure No. of 

Censored 
Forecast MIS Failure 

Oct Nov Dec 
Jan 2000 9 92 1908 39 48 59 12 238 
Feb 2000 8 70 1930 30 39 49 11 188 
Mar 2000 7 50 1950 23 31 40 10 144 
Apr 2000 6 34 1966 17 24 31 9 106 
May 2000 5 21 1979 12 17 24 8 74 
Jun 2000 4 12 1988 8 12 18 7 50 
Jul 2000 3 6 1994 5 8 12 6 31 

Aug 2000 2 2 1998 2 5 8 5 17 
Sep 2000 1 1 1999 1 2 5 4 9 
Oct 2000    0 1 2 3 3 
Nov 2000     0 1 2 1 
Dec 2000      0 1 0 

To make a simple comparison, the results given in Tables 5—9 are combined, and is presented in Table 10 and Figure 2. From 
Table 10 and Figure 2, it is easily evident that the proposed approach (Ap-4) gives the better performance in predicting future 
warranty claims. If we only consider time-to-failure (age), then after 12 months, the total failure would be 861, while the actual 
total failure is 717.  And in the composite scale based forecasting, after 12 months, the total failure is predicted to be 643 for Ap-
4. Also, for approach 4, the 90% confidence intervals are included in Figure 3. Since Ap-4 performs better, the expected number 
of failure in the next 12 months are also computed and is given in Table 11. 
Figure 4 shows the expected number of failures for next 12 months along with the upper and lower 1-sided 90% normal 
confidence bounds. In this Figure, only the best approach (Ap-4) has been used. 
Similarly, for DFR and CFR type data sets, the Ap-2 gives the better performance in predicting warranty claims than other 
approaches as given in Figure 5 and Figure 6 respectively.  

TABLE 10: Comparisons of predicted warranty claims for four approaches at different MIS. 

MIS Actual Ap1 Ap2 Ap3 Ap4 Age-based 
12 171 235 250 115 171 238 
11 143 186 197 91 136 188 
10 116 142 150 69 105 144 
9 92 105 110 52 79 106 
8 70 73 76 36 57 74 
7 50 49 50 25 41 50 
6 34 31 32 18 26 31 
5 21 17 17 11 15 17 
4 12 9 9 8 9 9 
3 6 3 3 5 3 3 
2 2 1 1 3 1 1 
1 1 0 0 1 0 0 

Total 717 851 895 434 643 861 
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TABLE 11: Linear composite scale based expected number of claims in the next 12 months for Ap-4. 
MOS SA MIS NOF NOC Forecast 

1 2 3 4 5 6 7 8 9 10 11 12 
1 2000 9 92 1908 21 25 30          
2 2000 8 70 1930 17 21 25 30         
3 2000 7 50 1950 14 18 21 26 30        
4 2000 6 34 1966 11 14 18 22 26 30       
5 2000 5 21 1979 8 11 14 18 22 26 30      
6 2000 4 12 1988 6 8 11 15 18 22 26 30     
7 2000 3 6 1994 4 6 9 11 15 18 22 26 30    
8 2000 2 2 1998 2 4 6 9 12 15 18 22 26 30   
9 2000 1 1 1999 1 2 4 6 9 12 15 18 22 26 30  

10 2000    0 1 2 4 6 9 12 15 18 22 26 30 
11 2000     0 1 2 4 6 9 12 15 18 22 26 
12 2000      0 1 2 4 6 9 12 15 18 22 
13 2000       0 1 2 4 6 9 12 15 18 
14 2000        0 1 2 4 6 9 12 5 
15 2000         0 1 2 4 6 9 12 
16 2000          0 1 2 4 6 9 
17 2000           0 1 2 4 6 
18 2000            0 1 2 4 
19 2000             0 1 2 
20 2000              0 1 
21 2000               0 

Exp.     84 110 141 144 145 145 145 145 145 145 145 145 

 
FIGURE 2: Comparison among different approaches in predicting future warranty claims for IFR type data. 

 

 
FIGURE 3: 90% confidence limit of predicted warranty claims using Ap-4for IFR type data. 
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FIGURE 4: 90% confidence limit of expected number of failures using Ap-4 for IFR type data. 

 
FIGURE 5: Comparison among different approaches in predicting future warranty claims for DFR type data. 

 
FIGURE 6: Comparison among different approaches in predicting future warranty claims for CFR type data. 

6 Conclusion 
In this study, warranty claims are forecasted by using only failure information and sales data on a composite scale. 
This composite scale is a linear combination of both age (e.g., month or day) and accumulated usage (e.g., mileage 
for automobile). For the first time an attempt has been made to forecast the failure claims according to MIS/Age in 
composite scale. In literature, forecasting failure claims is available, when the lifetime variable is measured in age 
[10]. As warranty data is incomplete due to unavailability of usage of censored products, a new approach is 
proposed to make the data approximately complete. Also few existing approaches are considered. Using this 
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information failure claims are then forecasted and compared with only age-based forecasting. For this purpose, a 
brief simulation has been performed to investigate the properties of the proposed method and found to be useful for 
forecasting in composite scale is better than that of age-based forecasting.  
The proposed technique can be further refined by considering covariates and contamination in lifetime data to 
investigate the prediction warranty claims using composite scale. 
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Abstract. Depending on the technological development, forecasting of failure number is main aspect of a 
manufacturing company to the plan of services; predict the approximate warranty cost and customer satisfactions. 
Warranty data analysis is crucial for predicting the quantity of product that will be returned under warranty. In this 
paper we use multiplicative composite model based on age and usage for forecasting the failure number. For this 
purpose, to make the incomplete data due to censored usage as complete several approaches are proposed. Also, few 
existing approaches are considered. Incorporating this information, the failure claims under two-dimensional 
warranty scheme are predicated and compared with age based forecasting through a brief simulation, which shows 
that the proposed method on multiplicative composite scale can fairly forecast the failure claims, even better than 
age based forecasting.  
Keywords: Reliability, Warranty Policy, Month-in-Service (MIS), Censoring. 
1 Introduction 
Reliability is an important aspect of product quality. The reliability of product is the probability that the item will 
perform its intended function throughout a specified time period when the operated in a normal environment 
(Blischke and Murthy [1]). That is, reliability is quality over time (Condra [2]). In this modern age rapid advance in 
technology, development of high sophisticated products, intense global competition, and increasing customer 
expectation have put new pressure on manufactures to produce high quality products. Failure is directly related to 
the products and the manufactures main target is to reduce failure and the improvement of quality of product that the 
customer expected. Manufactures always try to fulfill the customer satisfaction and expectation. So manufactures 
follow a warranty policy. Warranty policy is a statement, in connection with sale of products, on the kind (e.g., 
repair/ replacement, part refund, free service etc.) and extend (length of period) of compensation offered by the 
manufacturer in the event of failure. Warranty policy helps the manufacturer to (i) impress upon the prospective 
customers about the superior product quality and reliability, when compared to that of the competitors, and (ii) carry 
out post sale service for better customer satisfaction. 
Generally failure of a component or product are mainly depends on its age or usage or both age and usage. There are 
multiple failure time scales and each scale contributes partial failure information. The warranty policy can be 
developed on only age or usage based model (single variable model) and composite(both age and usage) based 
model (multiple variable model).  
Jiang and Jardine [3] note that the failure prediction based on the composite scale model will be more accurate than 
that based on the model of single variable. This is because the information capacity carried by the composite 
variable is larger than that carried by any individual variable or measure. So, the composite scale model is expected 
to have better capacity in forecasting failure number than that of single variable model. 
There are mainly two types of composite scale models, which are: (i) Linear models and (ii) Multiplicative models. 
Three major applications of the composite scale models as discussed in [3] are: 

(i) To build a composite scale model when the variables are all time scales; 
(ii) To build a composite  covariate model when the variables are all covariates; and 
(iii) To build a failure time model with covariates when the variables include time variables and covariates. 

Meeker and Escobar [4] state that, “field data are vital resources. There will always be risk of failures with any 
product design. It is necessary to develop processes for the collection and appropriate use of field feedback to 
quickly discover and correct potential problems before they become widespread, thereby reducing overall risk”.  
Forecasting the number of failure is the challenging work for manufactures. It can be done from warranty database 
and policy. Warranty database provide information on a product’s performance in real field condition. However it is 
very difficult and costly to track the performance in real field conditions. But it is only way to collect warranty claim 
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data. In reliability analysis, two dimensional warranty claims data are available and the two dimensional information 
are time-to-failures or ages and their usages. In previous, several works have been done only on age based 
information for forecasting the number of failures [4]. In this paper, we use multiplicative composite scale model for 
forecasting the number of failure for two dimensional (2-D) warranty data. 
The rest of the paper is organized as follows. Section 2 discusses the warranty policy and model setting. Sections 3 
describe the multiplicative composite model for two-dimensional warranty claims. Section 4 illustrates the proposed 
and existing approaches to composite modeling data analysis. Sections 5 describe essential data and parameter 
estimation procedure. Section 6 discusses a simulation study for different parameter set and finally, Section 7 
concludes the paper with a brief summary. 
2 Warranty Policy and Model Setting 
Blischke and Murthy [5] give a detailed discussion of the various types of warranty policies. The policy can broadly be 
grouped into two types: one and two-dimensional. The one-dimensional policy is characterized by a time interval (e.g., 12 
months) as warranty period or by usage interval (e.g., 1, 20,000 copies for photocopiers) as warranty period. The two-
dimensional warranty policy ends after a specified time or amount of use, whichever comes first. A typical example of 
two-dimensional warranty policy for an automobile is as follows: the manufacturer agrees to repair or provide replacement 
for its failed parts free of cost for the maximum period of 10 years or maximum usage of 100000 km, whichever occurs 
first, from the starting time scale. When a warranted product fails within the warranty period, and the consumer makes 
legitimate claim to the manufacturer for repair or replacement of product, the claim is known as warranty claim. This 
paper considered warranty claims data with a two-dimensional scheme: age warranty and usage warranty. Different 
manufacturer offer different warranty schemes. Nowadays warranty periods are being longer. The manufacturer 
companies are paying a lot of money for warranty costs, which are increasing. 
Warranty claim records, which are usually provided by maintenance or service department. When a warranty claim is 
made, failure related information is recorded in the warranty database. Two variables that are important in the field 
reliability studies are month-in-service (MIS) and usages at the time of warranty claim. The warranty claim databases can 
be represented as in Table 1. 
Manufacturer can represent, where each cell corresponding to 𝑡month-in-service (MIS) and 𝑙month-to-failure (MTF) will 
have failure usages of 𝑟𝑡𝑙 failed components or products or items. Thus with MIS 𝑡, out of 𝑁𝑡 sold items there will be 
failure usages of 𝑟𝑡 failed items, and these failure usages constitute the data set under interest. 

Table 1: Information available from warranty database. 
Sales Month MIS, t Sales 

amount 
MTF Failure 

number 
Censored 
number 1 … l … T 

1 T NT rT1  … rTl  … rTT rT cT 
… … … … … … …  …  

T − t + 1 t Nt rt1 … rtl  rt ct 
… … … … …  …  
T 1 N1 r11  r1 c1 

Total  𝐍  𝐧 𝐍 − 𝐧 
The notation in the Table 1 is summarized as follows: 
t : months-in-service (MIS); t = 1,2. . . , T 
T : maximum MIS where T = min (W, S, M) 
W : warranty period in MIS 
S : total months of sales 
M : observation period in calendar time 
Nt : number of product or component with t MIS 
rtl : number of failures claimed at l MTF for the product or component with t MIS 
rt : number of failures with t MIS, rt = ∑ rtlt

l=1 , t = 1, … , T 
ct : number of non-failures with t MIS, ct =  Nt −  rt 
n : total number of failures 
N : total number of product or component in the field 
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Let 𝑋 be a lifetime variable under study measured by actual usage, and let 𝑌𝑡 be a censoring random variable representing 
the total usage accumulated by an item at 𝑡 MIS, which is independent of 𝑋. The following competing risks model is often 
used for censoring problems in which the observations (𝑈𝑡𝑖 , 𝛿𝑡𝑖), 𝑖 = 1, … ,𝑁𝑡; 𝑡 = = 1, … ,𝑇, have been obtained:   

𝑈𝑡𝑖 = min{𝑋𝑖 ,𝑌𝑡𝑖} , and 

𝛿𝑡𝑖 = �1 𝑖𝑓 𝑋𝑖 ≤ 𝑌𝑡𝑖
0 𝑖𝑓 𝑋𝑖 > 𝑌𝑡𝑖

 

for the 𝑖-th usages (𝑖 = 1, … ,𝑁𝑡; 𝑡 = 1, … ,𝑇). Several studies have been done on the censoring problem [18]. 
3 Multiplicative Composite Model for Two-Dimensional Warranty Claims 
Multiplicative composite scale modeling is used to combine several scales or variables into a single scale or 
variable. The multiplicative composite scale is expected to have better failure prediction capability than individual 
scales [6-11]. The traditional method of building a composite model is to make the transformed data in the 
composite scale have a minimum coefficient of variation (CV). The smaller it is, the more accurate the prediction of 
failure time it will be [3]. When products are sold with two-dimensional warranties, the warranty claims data are two 
dimensional. Usually the first dimension refers to the age of the products or items at the time of failure and the 
second to usage [16]. Now we consider, T be the age and U be the usage. The two dimensional warranty provides 
convergence over a region 𝑅 = [0,𝐴) × [0,𝐵), for example, 𝐴 = 18 months and 𝐵 =  150,000 km. Thus the 
failures are covered under warranty only if (𝑇,𝑈) ∈ 𝑅. Composite scale model involves forming a new variable 𝑉 
that is the combination of usage 𝑈 and age 𝑇. Here we follow the approach suggested by Gertsbakh and Kordonsky 
(called the G-K approach [12]), in which the composite scale model is a multiplicative combination of the form 

𝑉 = 𝑇𝑎 ∙ 𝑈𝑏 (1) 

The parameters 𝑎 and 𝑏 can be determined by minimizing the sample variance of 𝑉 subject to the sample mean of 𝑉 
being equal to the maximum of sample means of 𝑇and 𝑈 [3]. In mathematically,  
Minimize sample variance of, 𝑉 = 𝑇𝑎 ∙ 𝑈𝑏,  

subject to the condition, µ𝑣 = µ0. 
The choice for µ0 may be: µ0 = 𝑚𝑎𝑥(µ𝑇 ,µ𝑈) where µ𝑣 is the sample mean of  𝑉. 
Here, the two-dimensional problem is effectively reduced to a one-dimensional problem. 
4 Approaches to Approximate Censored Usage 
The two-dimensional warranty data are effectively reduced to one-dimensional data by treating usage as a function 
of age or age as a function of usage. In this section, we assume that the usage rate for a customer is constant over the 
warranty period but varies across the customer population. Modeling of failures under warranty is then done using 
1-D models by conditioning on the usage rate [13-14]. We assume that usage rate is different for each different 
customer. Let (𝑇𝑖𝑗 ,𝑈𝑖𝑗) denote the age and usage at the time of the 𝑗-th warranty claim for customer 𝑖.The usage rate 
for customer 𝑖 with a single failure is 

𝑧𝑖 =
𝑈𝑖𝑗
𝑇𝑖𝑗

 , 𝑗 = 1, 𝑖 = 1,2, … … … , 𝐼1 (2) 

The underlying model formulations for the several approaches we look at failures and censors. Subsequent failures 
data are available by their age but not their usage. So we involve the different approaches to modeling 2-dimensinal 
failures. Approach 1 and Approach 2 already exist and discussed in [14]. Further three approaches are newly 
proposed, called Approach 3, Approach 4 and Approach 5.  Now the approaches are given bellow: 
Approach-1: In this approach we compute average sample usage rate from the warranty claims data, which can be 
treated as a censoring observation for each age (e.g., day, week, month etc.) by multiplying usage by sequential age 
(e.g., week, month etc.). Here usage rate is computed by dividing the accumulated usage by its corresponding age. 
Approach-2: In this approach we compute median sample usage rate from the claims data, which can be treated as a 
censoring observation for each age by multiplying usage by sequential age. 
Approach-3: In this approach we compute maximum sample usage rate form the claims data corresponding to each 
age, that can be treated as a censoring observation for each age. If there is no maximum sample use rate 
corresponding to each age, in that place we use average or/and median sample use rate. 
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Approach-4: In this approach we compute average sample usage rate form the claims data corresponding to each 
age that can be treated as a censoring observation for each age. If there is no average sample use rate corresponding 
to each age, in that place we use average or/and median or/and maximum sample use rate. 
Approach-5: In this approach we compute median sample usage rate form claims data corresponding to each age 
that can be treated as a censoring observation for each age. If there is no median sample use rate corresponding to 
each age, in that place we use average or/and median or/and maximum sample use rate. 
5 Essential Data and Parameter Estimation 
The analysis may be done at the component or product level. For simplicity, let N denote the total number of items 
in the data set, including original purchases, and let n be the total number of failures. Observed values are denoted 
𝑥𝑖 ,and𝑦𝑖. Renumber the data so that (𝑥𝑖 ,𝑦𝑖) correspond to failures for 𝑖 =  1, 2 …  𝑛, and to age and usage of non-
failed items for 𝑖 = 𝑛 + 1 …  𝑁. Age data for all items are easily obtained from the sales data (at an aggregated 
level, if necessary). Usage data, however, are rarely available for un-failed items.  
Assuming that data have been aggregated at some level, with k = number of periods for which the following data are 
available for 𝑗 = 1, 2, … , 𝑘 
𝑁𝑗 = sales in period j 
𝐴𝑗 = number of valid claims on the 𝑁𝑗 units sold in period 𝑗 
𝑀𝑗 = number of items sold in period 𝑗 for which no claims were made = 𝑁𝑗–𝐴𝑗 
𝑇𝑗 = age at censoring for items sold in period 𝑗 
𝐾 = total number of valid claims = ∑𝐴𝑗 
𝑈𝑗 = usage at censoring for items sold in period 𝑗 

If usage is not known, it may be estimated as indicated in the previous Section,  that can be used forecasting. Let 

𝑅𝑗 = (𝑥, 𝑦): 𝑥 ∈ [0,𝑈𝑗),𝑦 ∈ [0,𝑇𝑗) (3) 

Valid warranty claims resulting from item failures must be such that (𝑥𝑖 ,𝑦𝑖)  ∈ 𝑅𝑗 .𝑅𝑗may be viewed as service ages and 
usages for un-failed items sold in period 𝑗. Data for analysis are failure data, namely those for which (𝑥𝑖 ,𝑦𝑖) ∈ 𝑅𝑗, 
andcensored data, i.e., unobserved random variables (𝑋𝑗 ,𝑌𝑗) which are not in theregion 𝑅𝑗for any 𝑗. 
Let 𝑇𝑗 and 𝑈𝑗 denote the values of censored age and usage for items sold in period 𝑗. The corresponding censored values of 
𝑉𝑗, denoted 𝑉� , are calculated as 

𝑉� = 𝑇𝑗𝑎 ∙ 𝑈𝑗𝑏 , 𝑗 = 1,2, … … ,𝑘 (4) 
Failure data on the v-scale are 

𝑣𝑖 = 𝑥𝑖𝑎 ∙ 𝑦𝑖𝑏 , 𝑖 = 1,2, … … ,𝑛 (5) 
The value of 𝑎 and 𝑏 are determined by a procedure, which discuss in Section 3.  
Now we select a distribution 𝐹 and use the one-dimensional data 𝑉 and 𝑉�associated with the values of 𝑎 and 𝑏 to calculate 
MLEs of the parameters of 𝐹 basedon the following likelihood function 

𝐿(𝜃) = �𝑓(𝑣𝑖;𝜃)
𝑛

𝑖=1

�[1 − 𝐹(𝑉𝚥�;𝜃)]𝑀𝑗

𝐾

𝑗=1

 (6) 

In the G-K approach, the Weibull distribution is usually used for this purpose. We also use the Weibull distribution in our 
purpose. We consider the distribution function and density function of the chosen distribution are 𝐹(𝑣;𝜃) and 𝑓(𝑣;𝜃), 
respectively. 
MLEs of the elements of the parameter 𝜃 are obtained by maximizing 𝑙𝑜𝑔𝐿(𝜃)given in (6) for the selected values of 𝑎and 
𝑏, using Newton Raphson iteration method for solution [15-16]. The asymptotic normality of the MLEs may be used to 
obtain confidence intervals (CI) for the estimated parameters. This is done by forming the matrix as inverting the matrix, 
and substituting the estimated values of unknown parameters into the result. This provides estimated variances and 
covariance of the estimators and the confidence intervals (CI) are obtained by use of the standard normal distribution. 
6 Simulation Study 
Our interest in this study is to forecast the number of failure using the multiplicative composite scale model in warranty 
claim data with different approach and compares the composite model with age based model. In this paper we perform a 
simulation study. The whole processes were repeated 1000 times and we use average values from 1000 repetitions. To 
perform the simulation study data were generated assuming that the lifetime variable 𝑋~ 𝑊𝑒𝑖𝑏𝑢𝑙𝑙 (𝛽0, 𝜂0) and the 
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censoring variable 𝑌𝑡~ 𝐿𝑁 (µ + 𝑙𝑜𝑔 𝑡,𝜎2)for three set of true parameter values [17-18].  In previous several works have 
been done for considering the lifetime variable and censoring variable [18]. Based on that information we also use these 
distributions for generating the warranty claims data. In this paper we consider about three types of parameter settings: 
increasing failure rate (IFR), constant failure rate (CFR), and decreasing failure rate (DFR). The true parameter settings 
considered for the simulation studies are given in the Table 2.  

Table 2: The three parameter sets of the simulation study. 
Setting  Parameters Type 

β0 η0 µ σ 
1 2.00 30000 6.50 0.70 IFR 
2 1.00 95000 6.50 0.70 CFR 
3 0.70 90000 5.50 0.70 DFR 

6.1 Forecasting the failure number for multiplicative composite scale model: 
In this paper we want to forecast the failure number of company product over the next year. The warranty period that the 
company offers is 12 months. Hence 9 month failure data are available that are generated using the parameter (Table 2) 
and we want to forecast the failure numbers in next 3 months that completes 12 months warranty. The products are sold 
2,000 units per month and we also consider that the company will have sales of 2000 units per month over the next year. 
We consider , the setup for the warranty folio given that we have sales data for 10 months stating in month-1(M-1), return 
data for 9 months starting in month-2 (M-2), and we also want to include future sales for next 12 months. We generate 
warranty claims (failures) data to month-in-service and we transform this data to month-to-failure and fit a distribution. 
We have chosen to fit a 2-parameter Weibull distribution using MLE as the parameter estimation method due to the large 
number of suspended data points in the data set. Once we have obtained a failure distribution, we can use the concept of 
conditional reliability in order to calculate the probability of failure for the reaming units after each sales period then make 
forecasting of future failure. The equation of the conditional probability of failure is: 

𝑄(𝜏|𝑇) = 1 − 𝑅(𝜏|𝑇) = 1 −
𝑅(𝑇 + 𝜏)
𝑅(𝑇)

 (7) 

where𝑄(𝜏|𝑇) is the unreliability of a unit for the next 𝜏 months given that it has already operated successfully for 𝑇 
months, 𝑅(𝜏|𝑇) is the reliability of a unit for the next 𝜏 months given that it has already operated successfully for 𝑇 
months and 𝑅(. ) is the reliability function. 
Let, out of 𝑍 units that are sold in Month-1(M-1), 𝐵 units are still out in the field as of the end of Month 10 (M-10). That is 
calculated by subtracting the total number of returns of the M-1 shipment from the number of sales for that month. Then 
the forecasted number of failure can be calculated as 𝑁𝐹 = 𝐵 ∙ 𝑄(𝜏|𝑇).  
For the IFR type data (parameter set 1, Table 2) and different approaches to approximate censored usage as discussed in 
Section 4, the average MLE of the parameters of Weibull distribution under multiplicative composite scale model is 
presented in the Table 3. 

Table 3: The average MLE of the Weibull parameters of composite model from 1000 repetition. 
Approaches MLE of  the 

parameters 
Standard Error 90% Confidence Interval  

β� η� 
β� η� S. E. (β�) S. E. (η�) Lower Upper Lower Upper 

Approach 1 1.8435 52.7610 0.0620 4.2519 1.7418 1.9452 45.7876 59.7336 
Approach 2 1.8967 49.2982 0.0635 3.6221 1.7926 2.0008 43.3580 55.2384 
Approach 3 2.2755 35.4427 0.1977 5.0685 1.9512 2.5998 27.1304 43.7549 
Approach 4 2.7978 25.5851 0.4575 6.5407 2.0475 3.5482 14.8583 36.3118 
Approach 5 2.8734 24.6350 0.4931 6.6387 2.0648 3.6820 13.7472 35.5221 

Table 4: Forecasted number of failures by MIS for different approaches with IFR type data. 
Approaches Number of failure in MIS 

M-1 M-2 M-3 M-4 M-5 M-6 M-7 M-8 M-9 M-10 M-11 M-12 
Actual 3 11 23 40 61 79 110 139 170 201 234 268 
Approach 1 1 4 9 18 32 49 71 94 122 153 184 218 
Approach 2 1 4 9 18 32 50 71 96 124 155 188 222 
Approach 3 1 3 7 16 31 51 75 103 134 169 205 243 
Approach 4 0 1 4 13 30 52 80 114 153 196 239 287 
Approach 5 0 1 4 13 30 53 82 116 156 200 246 295 
Age 1 6 16 34 58 82 113 154 190 229 277 317 
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Figure 1: Comparison of different approaches in forecasting future failure claims (IFR type data). 

Table 5: Forecasted failure number in the next 12 months for IFR type data with Approach 4. 
Sales month MIS Sales amount No of failure M-10 M-11 M-12 M-13 M-14 M-15 M-16 M-17 M-18 M-19 M-20 M-21 

M-1 9 2000 170 33 39 45          
M-2 8 2000 139 28 33 39 45         
M-3 7 2000 111 23 28 34 39 45        
M-4 6 2000 84 18 23 28 34 40 45       
M-5 5 2000 60 13 18 23 28 34 40 46      
M-6 4 2000 40 9 13 18 23 28 34 40 46     
M-7 3 2000 23 6 9 14 18 23 29 34 40 46    
M-8 2 2000 11 3 6 10 14 18 23 29 34 40 46   
M-9 1 2000 3 1 3 6 10 14 18 23 29 35 41 47  

M-10    0 1 3 6 10 14 18 23 29 35 41 47 
M-11     0 1 3 6 10 14 18 23 29 35 41 
M-12      0 1 3 6 10 14 18 23 29 35 
M-13       0 1 3 6 10 14 18 23 29 
M-14        0 1 3 6 10 14 18 23 
M-15         0 1 3 6 10 14 18 
M-16          0 1 3 6 10 14 
M-17           0 1 3 6 10 
M-18            0 1 3 6 
M-19             0 1 3 
M-20              0 1 
M-21               0 
Total    134 173 221 221 222 223 224 224 225 226 227 227 

Using 9 month data we forecast the number of failures for the next 3 months for choosing an appropriate approach. 
The forecasting value of 12 MIS is given in the Table 4 and also their plot in Figure 1. 
From Table 4 and Figure 1, it is observed that the Approach 4 performs better than other approaches. It is also better 
than age based forecasting because the number of failure of Approach 4 in MIS 12 is closely near to the actual 
failure in MIS 12. Now the forecasting of failure number in the next 12 months using the Approach 4 is presented in 
the Table 5. The 90% confidence bound of the number of failure for Approach 4 along with actual failure are shown 
in Figure 2. Finally, Figure 3 shows the expected failures for each month of next 12 months that are still out in the 
field along with the 90% upper and lower confidence bounds. 

 
Figure 2: 90% Confidence bound of the number of failure by MIS (IFR type data). 
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Figure 3: 90% Confidence bound of the expected failures for each month of next 12 months (IFR type data). 

Table 6: Forecasted number of failures by MIS for different approaches with CFR type data. 
Approaches Number of failure in MIS 

M-1 M-2 M-3 M-4 M-5 M-6 M-7 M-8 M-9 M-10 M-11 M-12 
Actual 18 36 53 69 86 105 120 134 152 169 185 196 
Approach 1 7 21 41 77 110 140 168 195 222 248 272 296 
Approach 2 8 22 40 71 99 124 148 171 192 215 235 254 
Approach 3 11 25 41 65 87 107 127 146 164 182 199 216 
Approach 4 13 25 36 52 68 84 100 117 133 149 164 179 
Approach 5 14 25 36 50 66 82 98 114 130 145 160 176 
Age 9 23 40 67 91 112 133 153 171 190 207 226 

 
Figure 4: Comparison of different approaches in forecasted future failure claims (CFR type data). 

[ 

 
Figure 5: 90% Confidence bound of the expected failures for each month of next 12 months (CFR type data). 

For the CFR type data (parameter set 2, Table 2), similar simulation result are obtained. The simulation study for 
CFR type data, the result indicates that the proposed Approach 4 performs better than other approaches. It is also 
better than age based forecasting. The specific results are shown in Table 6 and Figure 4. Finally, Figure 5 shows the 
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expected failures for each month of next 12 months that are still out in the field along with the 90% upper and lower 
confidence bounds.  
Again the simulation study for DFR type data (parameter set 3, Table 2), the result indicates that the proposed 
Approach 5 performs better than other approaches and also Approach 4 performs similar to the Approach 5.  Since 
the multiplicative composite scale model gives better forecast than single variable model (e.g., age based) so the 
specific results for DFR type data are shown in Table 7 and Figure 6. Also 90% Confidence bound of the expected 
failures for each month of next 12 months are present in the Figure 7. 

Table 7: Forecasted number of failures by MIS for different approaches with DFR type data. 
Approaches Number of failure in MIS 

M-1 M-2 M-3 M-4 M-5 M-6 M-7 M-8 M-9 M-10 M-11 M-12 
Actual 37 62 78 91 105 120 132 146 168 175 182 189 

Approach 1 4 31 101 257 442 650 867 1079 1274 1446 1591 1706 
Approach 2 5 30 86 206 330 462 596 730 861 987 1105 1216 
Approach 3 8 36 84 178 259 334 408 478 545 610 672 732 
Approach 4 12 33 60 115 150 178 203 225 247 266 285 302 
Approach 5 13 33 57 107 138 163 185 206 224 240 258 273 

             

 
Figure 6: Comparison of different approaches in forecasting future failure claims (DFR type data). 

 

 
Figure 7: 90% Confidence bound of the expected failures for each month of next 12 months (DFR type data). 

 

7 Conclusion 
In this paper, the number of future failure for multiplicative composite scale model based on age and usage in the 
presence of censored observations has been examined. As warranty data is incomplete due to unavailability of 
censored usage, three approaches are proposed to approximate the censored usage along with two existing 
approaches. This information is used to make the incomplete data as complete. Weibull distribution is then fitted to 
the approximate complete data in multiplicative composite scale and is used to forecast the failure claims.  
The primary goal of this research was to investigate whether composite scale is capable or not to forecast failure 
claims. If so, how it performs as compared to age based forecasting. For this purpose, a brief simulation was 
performed. The simulation results reveals that one can fairly predict future failure claims in two-dimensional 
warranty scheme in composite model. Further we can use these approaches in real data analysis. 
This paper considered only single failure mode. In future we are interested to consider multiple failure modes in 
forecasting failure claims for warranted products. In such cases consideration of usage condition as a covariate 
would be interesting.  
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Abstract. Over the last two decades there has been a heightened interest in improving quality, productivity and 
reliability of manufactured products. Rapid advances in technology and constantly increasing demands of customers 
for sophisticated products have put new pressures on manufacturers to produce highly reliable products. There are 
situations where some components are produced over a period of timeusing different machines, collecting items 
from different vendors, etc.The physical characteristics and the reliability of such componentsmay be different, but 
it may be difficult todistinguish clearly. In such situations,mixtures of distributions are often used in the analysis of 
reliability data for these components. 
In this study, a set of competitive two-fold mixture models (based on Weibull, Exponential, Normal and 
Lognormaldistributions) are applied to analyze a set of Aircraft windshield failure data. The data consist of both 
failure and censored lifetimes of the windshield. In the existing literature, there are many uses of mixture models for 
the complete data, but very limited literature available about it uses for the censored data case. Maximum likelihood 
estimation method is used to estimate the model parameters and the Akaike Information Criterion (AIC) and 
Anderson-Darling (AD) test statistic are applied to select the suitable models among a set of competitive models.  It 
is found that the Weibull-Exponential and Normal-Lognormal mixture models fit good for the data. Various 
characteristics of the mixture models, such as the cumulative distribution function, reliability function, B10 life, 
mean time to failure, etc. are estimated to assess the reliability of the component.  
Keywords. Reliability; Mixture models; Failure data; MLE 
1  Introduction 
Whenever customers purchase durable goods, they expect it to function properly at least for a reasonable period of 
timeunder usual operating conditions. That is, customers expect that the purchased products would be reliable and 
safe. So, the manufacturers bear the responsibility to inform their customers about the reliability of their products. 
Again for costly items, customers expect a minimum life time during which the item should work properly without 
any disturbance. Improving reliability of product is an important part of the larger overall picture of improving 
product quality. Therefore, in recent years many manufacturers have collected and analyzed field failure data to 
enhance the quality and reliability of their products and to improve customer satisfaction. 
The mixture models have been extensively used in reliability theory and in many other areas. Murthy et al. (2004) 
mentioned a list of applications of mixture models in reliability theory. In this article we apply two-fold mixture 
models to analyze a set of Aircraft windshield failure data and to assess the reliability of the windshield.A number of 
standard lifetime distributions are considered as the distributions of the subpopulations for mixture models. Both the 
nonparametric (Probability paper plot and Kaplan-Meier estimate) and parametric (maximum likelihood method) 
estimation procedures are used for estimation purposes. The Akaike Information Criterion (AIC) and Anderson-
Darling (AD) test are applied to select the suitable models for the data set. A variety of quantities of interest are 
estimated in investigating product reliability. 
The remainder of the article is organized as follows: Section 2 describes a set of product failure data which will be 
analyzed in this paper. Section 3 discusses the mixture models. Section 4 explains the parameter estimation and 
model selection procedures of the lifetime models of the component. Finally, Section 5 concludes the article with 
additional implementation issues for further research.  
2  Data Set 
Field failure data are superior to laboratory test data in the sense that they contain valuable information on the 
performance of a product in actual usage conditions. There are many sources of collecting reliability- related data of 
a product. Warranty claim data are used as an important source of field failure data which can be collected 
economically and efficiently through repair service networks and therefore, a number of procedures have been 
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developed for collecting and analyzing warranty claim data (e.g. Karim and Suzuki, 2005; Karim et al., 2001; 
Lawless, 1998; Murthy and Djamaludin, 2002; Suzuki, 1985; Suzuki et al., 2001). The recent book written by 
Blischke et al. (2011) is an excellent reference on the collection and analysis of warranty data.  

Table1: Windshield Failure Data 
Failure Times Service Times 

0.040 1.866 2.385 3.443 
0.301 1.876 2.481 3.467 
0.309 1.899 2.610 3.478 
0.557 1.911 2.625 3.578 
0.943 1.912 2.632 3.595 
1.070 1.914 2.646 3.699 
1.124 1.981 2.661 3.779 
1.248 2.01 2.688 3.924 
1.281 2.038 2.823 4.035 
1.281 2.085 2.89 4.121 
1.303 2.089 2.902 4.167 
1.432 2.097 2.934 4.240 
1.480 2.135 2.962 4.255 
1.505 2.154 2.964 4.278 
1.506 2.190 3.000 4.305 
1.568 2.194 3.103 4.376 
1.615 2.223 3.114 4.449 
1.619 2.224 3.117 4.485 
1.652 2.229 3.166 4.570 
1.652 2.300 3.344 4.602 
1.757 2.324 3.376 4.663 

 

0.046 1.436 2.592 
0.140 1.492 2.600 
0.150 1.580 2.670 
0.248 1.719 2.717 
0.280 1.794 2.819 
0.313 1.915 2.820 
0.389 1.920 2.878 
0.487 1.963 2.950 
0.622 1.978 3.003 
0.900 2.053 3.102 
0.952 2.065 3.304 
0.996 2.117 3.483 
1.003 2.137 3.500 
1.010 2.141 3.622 
1.085 2.163 3.665 
1.092 2.183 3.695 
1.152 2.240 4.015 
1.183 2.341 4.628 
1.244 2.435 4.806 
1.249 2.464 4.881 
1.262 2.543 5.140 

 

Aircraft Windshield Failure Data 
As discussed in Murthy et al. (2004), the windshield on a large aircraft is a complex piece of equipment, comprised 
basically of several layers of material, including a very strong outer skin with a heated layer just beneath it, all laminated 
under high temperature and pressure. Data on all windshields are routinely collected and analyzed. At any specific point in 
time, these data will include failures to date of a particular model as well as service times of all items that have not failed. 
Data of this type are incomplete in that not all failure times have as yet been observed.  
Failures of the Aircraft Windshield are not structural failures. Instead, they typically involve damage or delamination of 
the nonstructural outer ply or failure of the heating system. These failures do not result in damage to the aircraft but do 
result in replacement of the windshield.  Data on failure and service times for a particular model windshield are given in 
Table-1 from Murthy, et al. (2004), originally given in Blischke and Murthy (2000). The data consist of 153 observations 
of which 88 are classified as failed windshields, and the remaining 65 are service time (censored time) of windshields that 
had not failed at the time of observation. The unit for measurement is 1000h.   
3  Modeling 
In the real world, problems arise in many different contexts. Problem solving is an activity that has a history as old 
as the human race. Models have played an important role in solving the problem. A variety class of statistical 
models have been developed and studied extensively in the analysis of the product failure data (Kalbfleisch and 
Prentice, 1980; Meeker and Escobar, 1998; Blischke and Murthy, 2000; Lawless, 2003; Murthy et al., 2004). The 
models that will be used to analyze the product failure data,given in Table 1, are discussed below.   
Mixture Models : A general n-fold mixture model involves n subpopulations and is given by  
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where ( )tFi  is the CDF of the i-th sub-population and ip is the mixing probability of the i-th sub-population. The 
density function is given by:                                                                         
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where )(tfi is the density function associated with Fi(t). 
The hazard function h(t) is given by 
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where hi(t) is the hazard function associated with subpopulation i , and 
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With nitFtR ii ≤≤−= 1),(1)( .                                                    (5) 
From (4), we see that the failure rate for the model is a weighted mean of the failure rate for the subpopulations 
with the weights varying with t. 
Special Case: Two-fold Mixture Model (n=2) 
The CDF of the two-fold mixture model is given by 

 ( ) )(1)()( 21 tFptpFtG −+= . (6)  

For example, suppose, )(1 tf ~ Weibull ( )βα ,  and )(2 tf ~exponential ( )σ  distribution. Hence, the distribution 
function for Weibull-Exponential mixture model from equation (6) is:  
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The probability density function )(tg  is:   
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And the hazard function is: 
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Other two-fold mixture models can be derived by using different CDFs in (6) from different lifetime distributions, 
similarly. 
4  Parameter Estimation 
For censored data the likelihood function is given by 
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whereδiis the failure-censoring indicator for ti(taking on thevalue 1 for failed items and 0 for censored).Taking log 
on both sides we get,                            
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In the case of Weibull-Exponential mixture model putting the value of CDF and pdf of the model in equation (10), 
we obtain the log-likelihood function of Weibull-Exponential mixture model, which is:  
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The maximum likelihood estimates of the parameters are obtained by solving the partial derivative equationsof 

(11) with respect to βα , ,σ  and p. But the estimating equations do not give any closed form solutions for the 
parameters. Therefore, we maximize the log likelihood numerically and obtain the MLE of the parameters. In this 
article, the “mle” function given in the R-package is used to maximize (11) numerically. It is very sensitive to initial 
values of parameters of these models.  
Akaike Information Criterion (AIC) 
Akaike's information criterion, developed by Hirotsugu Akaike under the name of "an information criterion" (AIC) 
in 1971, is a measure of the goodness of fit of an estimated statistical model. This is the most widely used criterion 
for selecting the best model for a given data set. The model with the lowest AIC being the best. In general case, the 
AIC is 

),ln(22 LkAIC −=  
where k is the number of parameters in the model, and L is the maximized value of the likelihood function for the 
assumed model. 
Anderson-Darling (AD) and Adjusted AD test statistics 
The Anderson–Darling test is named after Theodore Wilbur Anderson and Donald A. Darling, who invented it in 
1952. The Anderson-Darling test is based on the difference between the hypothesized CDF and empirical 
distribution function (EDF). The AD test statistic is given by: 
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And the Adjusted AD test statistic is given by  ( ) ./2.01* 2AnAD +=  
Best distribution is the one with the lowest value of AD test statistic. 
The value of -2log-likelihood, AIC, AD and the Adjusted AD test statistics of the seven mixture models are 
estimated for Windshield failure data. The results are displayed in Table-1. 

Table1: Estimates of -2log-likelihood, AIC, AD and the Adjusted AD for seven mixture models 
   Mixture Models  -2 logL  AIC AD Adj AD 

1. Weibull-Weibull 354.92 364.92 5.30 5.42 
2. Weibull-Exponential 354.98 362.98 5.29 5.40 
3. Weibull-Normal 353.32 363.32 4.99 5.09 
4. Weibull-Lognormal 355.16 365.16 4.51 4.61 
5. Normal-Exponential 359.12 367.12 5.82 5.94 
6. Normal-Lognormal 355.44 365.44 4.50 4.60 
7. Lognormal-Exponential 359.24 367.24 154.14 157.43 

Here, the Weibull-Exponential mixture model contains the smallest AIC value and the Normal-Lognormal mixture 
model contains the smallest value of AD and Adjusted AD among all of the seven mixture models. Hence, we can 
say that, among these mixture models, Weibull-Exponential mixture model and Normal-Lognormal mixture model 
can be selected as the best two models for the data according to the value of AIC and AD test statistic, respectively 
for Windshield failure data. 
The parameters of Weibull-Exponential, Normal-Lognormal and Weibull-Weibull mixture models, estimated by 
applying ML method are displayed in Table-2.  
  

http://en.wikipedia.org/wiki/Hirotsugu_Akaike
http://en.wikipedia.org/wiki/Statistical_model
http://en.wikipedia.org/wiki/Parameter
http://en.wikipedia.org/wiki/Statistical_model
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Table2:MLEs of the parameters 
 Mixture models Parameters  MLE Standard error 

Weibull-Exponential 
  

β1 2.6587 0.2569 
 α1 3.4276 0.1374 
 σ 4.6217 3.9682 
 p 0.9855 0.0140 

 Normal-Lognormal 
  

 μ 0.2985 0.0940 
 log μ 1.0514 0.0438 

 σ 0.1809 0.0674 
 log σ 0.4541 0.0349 

 p 0.0256 0.0133 
   Weibull-Weibull 

  
 β1 1.1834 0.8007 
 β2 2.6673 0.2538 
 α1 0.2219 0.1647 
 α2 3.4287 0.1367 
 p 0.0149 0.0131 

The probability distribution for a failure time T can be characterized by a cumulative distribution function, a 
probability density function, a survival/reliability function or a hazard function. We have estimated the CDF and 
R(t) of Weibull-Weibull mixture model based on non-parametric and parametric approaches by using Kaplan–Meier 
(K-M) and maximum likelihood (ML) estimating methods, respectively. The CDF and R(t) are also estimated by 
using WPP plot[estimates are taken from Murthy et al. (2004)]. Figure-1 represents the reliability function, to see 
either the WPP plot or the ML method gives the best result for the data set. 

 
Figure1:Comparison of reliability functions of Weibull-Weibull mixture model based on K-M estimate, WPP plot 
and ML method for Windshield data               
Figure 1 indicates that the reliability function obtained from the MLE is closer to the Kaplan-Meier estimate than 
that of the reliability function obtained from the WPP plot. So, we may say that, the maximum likelihood estimating 
procedure is much better than Weibull probability paper (WPP) plot procedure. 

 
Figure2:Comparison of CDFs of Weibull-Exponential and Normal-Lognormal mixture models based on Kaplan-
Meier and ML methods 
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Also the CDF of Weibull-Exponential and Normal-Lognormal mixture models, using K-M and ML estimating methods 
are estimated and the results are displayed in Figure-2 for a comparison. Figure 2 indicates that both of the CDFs based on 
Weibull-Exponential and Normal-Lognormal mixture models belong very closely to the nonparametric estimate of CDF. 
Hence we may consider both of the models for the data set. 
We have also estimated the B10 life, median and B90 life of the CDF based on Kaplan-Meier estimate, ML method and 
WPP plot and displayed the result in Table-3. 

Table3:Estimatesof B10 life, median and B90 life times (in thousand hours) 
  Estimates of KM  ML   WPP  
B10 life 1.432 1.432 1.262 
B50 life or median 2.934 2.964 2.878 
B90 life 4.570 4.663 4.694 

From Table 3, we may conclude that, 10% of the total components fail at time 1.432 (in thousand hours) for K-M procedure, at 
time 1.432 for MLE method and at time 1.262 for WPP Plot method. 50% of the total components fail at time 2.934 for K-M 
procedure, at time 2.964 for MLE and at time 2.878 for WPP Plot. 90% of the total components fail at time 4.570 for K-M 
procedure, at time 4.663 for MLE and at time 4.694 for WPP Plot method. Hence we may say that the WPP plot under estimates 
the B10 life and the median life and over estimates the B90 life as compared tothe K-M and ML methods. 
5  Conclusion 
A set of seven competitive mixture models are applied to assess the reliability of Aircraft windshield based on failure and 
censored data. The conclusions on the analysis results are as follows: 

• The Weibull-Exponential and Normal-Lognormal mixture models fit good for the Windshield failure data, based 
on the value of AIC and AD test statistic, respectively. 

• Maximum likelihood estimate procedure gives much better fit than Weibull probability paper (WPP) plot 
procedure. 

• For the data, the WPP plot method under estimate the B10 life and the median life and over estimates the B90 
life as compared to K-M and ML methods. 

• 10% of the total components fail at time 1.432 and 90% of the total components fail at time 4.663. These results 
would be useful for managerial implications for cost-benefit analysis, including improvement in reliability, 
reduction in warranty cost, and forecastingclaims rates and costs.  

• This article analyzed a special type of product failure data. However, the proposed methods and models are also 
applicable to analyze lifetime data available in the fields, such as, Biostatistics, Medical science, Bio-informatics, etc.  

• The article considered the first failure data of the product. If, there are repeated failures for any product, 
application of an approach of modeling repeated failures based on renewal function would be relevant.  

• The Expectation-Maximization (EM) algorithm can be applied for estimating the parameters of the model and 
can be compared with the given method. Finally, further investigation on the properties of the methods and 
models by simulation study would be useful and the authors would like to show these results in the conference. 
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Abstract. The complexity of products has been increasing with technological advances. As a result, a product may 
fail in different ways or causes, which are commonly known as failure modes. Competing risk model is appropriate 
for modeling component failures with more than one failure modes. In this talk the competing risk model is applied 
for analyzing product reliability data with multiple failure modes. Maximum likelihood estimation method is used to 
estimate the model parameters and various characteristics of the modelto assess and predict the reliability of the 
product.   
Keywords. Competing risk model; Exponential distribution; Weibull distribution; Reliability; MLE 
1  Introduction 
According to (ISO 8402, 1994), a product can be tangible (e.g. assemblies or processed materials) or intangible 
(e.g., knowledge or concepts), or a combination thereof. A product can be either intended (e.g., offering to 
customers) or unintended (e.g., pollutant or unwanted effects). Here we are concerned with tangible products, 
specifically manufactured goods.  
The complexity of products has been increasing with technological advances. As a result, a product must be viewed 
as a system consisting of many elements and capable of decomposition into a hierarchy of levels, with the system at 
the top level and parts at the lowest level. There are many ways of describing this hierarchy. One such is the nine-
level description shown in Table 1, based on a hierarchy given in Blischke and Murthy (2000) and Blischke, Karim 
and Murthy (2011). 

Table 1:Multilevel decomposition of a product 
Level Characterization 

0 System 
1 Sub-system 
3 Assembly 
4 Sub-assembly 
5 Module 
6 Sub-module 
7 Component 
8 Part 

 

The number of levels needed to describe a product from the system level down to the part level depends on the 
complexity of the product. 
Many units, systems, subsystems, or components have more than one cause of failure. For example, (i) A capacitor 
can fail open or as a short, (ii) Any of many solder joints in a circuit board can fail, (iii) A semi conductor device 
can fail at a junction or at a lead, (iv) A device can fail because a manufacturing defect (infant mortality) or because 
of mechanical wear out, (v) For an automobile tire, tread can wear out or the tire may suffer a puncture, etc. The 
Competing risk model is appropriate for modeling component failures with more than one mode of failure. A failure 
mode is a description of a fault. It is sometimes referred to as fault mode.Failure modes are identified by studying 
the (performance) function.Assume a (replaceable) component or unit has K different ways it can fail. These are 
called failure modes and underlying each failure mode is a failure mechanism. Each mode is like a component in a 
series-system.  
Improving reliability of product is an important part of the larger overall picture of improving product quality. 
Therefore, in recent years many manufacturers have collected and analyzed field failure data to enhance the quality 
and reliability of their products and to improve customer satisfaction. Here we apply the competing risk model to 
analyze product failure data and to assess and predict the reliability of the product. 
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The remainder of the article is organized as follows: Section 2 describes competing risk model formulation. Section 
3 applies the competing risk model for analyzing a set of product failure data. Section 4 concludes the paper with 
additional implementation issues for further research. 
2  Competing risk model formulation 
A general K-fold competing risk model is given by 

1

( ) ( ; ) 1 [1 ( ; )]
K

k k
k

F t F t F tθ θ
=

≡ = − −∏
 (1) 

where ( ) ( ; )k k kF t F t θ≡  are the distribution functions of the K sub-populations with parameters ,1k k Kθ ≤ ≤ . 

Here { ,1 }k k Kθ θ≡ ≤ ≤ and we assume that 2.K ≥  
This is called a “competing risk model” because it is applicable when an item (component or module) may fail by 
any one of K failure modes, i.e., it can fail due to any one of the K mutually exclusive causes in a set

1 2{ , , , }KC C C . The competing risk model has also been called the compound model, series system model, and 

multi-risk model in the reliability literature. Let kT be a positive-valued continuous random variable denoting the 

time to failure if the item is exposed only to cause ,1kC k K≤ ≤ . If the item is exposed to all K causes at the same 
time and the failure causes do not affect the probability of failure by any other mode, then the time to failure is the 

minimum of these K lifetimes, i.e., 1 2min{ , , , }KT T T T=  , which is also positive-valued, continuous random 

variable. Let ( )R t , ( )h t , and ( )H t denote the reliability, hazard, and cumulative hazard functions associated with
( )F t , respectively, and let ( )kR t , ( )kh t , and ( )kH t be the reliability function, hazard function and cumulative 

hazard function associated with the distribution function for ( )kF t , of the kth failure mode, respectively. It is easily 
shown that  
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=

=∑
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Note that for independent failure modes, the reliability function for the item is the product of the reliability functions 
for individual failure modes and the hazard function for the item is the sum of the hazard functions. The density 
function of T is given by  

1 1
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which may be rewritten as 
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  (6) 
Suppose that a component has K failure modes and that the failure modes are statistically independent. We look first 
at the general case in which the failure modes of some of the failed items are known and those of the remaining are 
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unknown. In addition, we assume that it is not possible to determine the failure modes (or causes of failure) for the 
censored (non-failed) items.  
Two special cases of interest are as follows:  

Case (i):  The failure modes are known for all failed item. 
Case (ii):  The failure modes are unknown for all failed items. 

Let 1n be the number of failed units and 2n the number of censored units. For the failed units, the post-mortem 

outcome is uncertain, that is, the failure modes for some units may not be known. Out of the 1n failed items, let 1kn

denote the number of items with failure mode ,1k k K≤ ≤ , and 10 1 11

K
kk

n n n
=

= −∑ the number of failures for 

which there is no information regarding the failure mode. Let kjt denote the lifetime of the jth item failing from failure 

mode k, and it the ith censoring time.  

Note:For Case (i), 10 0n = , and for Case (ii) 10 1n n= .  

For the general case, 1kn units out of n failed due to failure mode k, with failure times 11 2{ , , , }
kk k knt t t

, and 

there are 10n units with failure times 101 2{ , , , }nt t t′ ′ ′
for which there is no information regarding the failure mode. In 

addition, there are 2 1 101

K
kk

n n n n
=

= − −∑ censored units, with censoring times 21 2{ , , , }nt t t  
. The likelihood 

function in the general case is given by  

1 10 2

1 1 1 1 1 1 1 1

( ) ( ) ( ) ( ) ( ) ( )
kn n nK K K K K

k kj l kj k j l j k i
k j l k j l i k

l k l k

L f t R t f t R t R tθ
= = = = = = = =

≠ ≠

   
   ′ ′= × ×   
      

∏ ∏ ∏ ∏ ∏ ∏ ∏∏ 

. (7) 
The MLEs of the parameters are obtained by maximizing the likelihood function (7). For most distributions the ML 
estimation method requires numerical maximization because of the lack of closed form solutions for the estimators. 
The results for the two special cases are as follows: 
Case (i):  The expression for the likelihood function is given by (7) with the second term equal to unity, so that  

 

1 2

1
1 1 1 1 1

( ) ( ) ( ) ( )
kn nK K K

k kj l kj k i
k j l i k

l k

L f t R t R tθ
= = = = =

≠

 
 = × 
  

∏ ∏ ∏ ∏∏ 

.  (8) 
Case (ii):  The expression for the likelihood function is given by (7) with the first term of equal to unity,  
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The cause-specific (or failure mode-specific) hazard function for cause k can be written as 
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where ( )kf t is the cause-specific PDF at time t that represents the unconditional probability of failure of an unit at 

time t from cause k, and ( )R t is the overall reliability function representing the probability of surviving from all 
causes up to time t. Relationship (10) implies that  
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 ( ) ( ) ( )k kf t h t R t= 
.  (11) 

Using (11) and (2), we can rewrite the likelihood functions (8) and (9), respectively as 
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and 
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.  (13) 
The MLEs of the parameters of the models are obtained by maximizing (8) or (12) for Case (i) and (9) or (13) for 
Case (ii). More details on the formulations and applications of mixture models can be found in Murthy, Xie, and 
Jiang(2004) and Blischke, Karim, and Murthy (2011). 
3Examples 
This section describes the following two examples.  
3.1Exponential distribution  
Suppose that K = 2, and the lifetimes of failure modes 1 and 2 independently follow exponential distributions with 

parameters 1λ  and 2λ , respectively. Time to failure is modeled by (1). We consider Case (i). The data consist of n 

units, with 11n units failing due to failure mode 1 with failure times 1111 12 1{ , , , }nt t t
, 12n units failing due to failure 

mode 2 with failure times 1221 22 2{ , , , }nt t t
, and 2 11 12n n n n= − −  units censored, with censoring times 

21 2{ , , , }nt t t  
.  

In this case, from (2), we have ( )R t = 1 2( ) ( )R t R t 
= ( )1 2exp ( )tλ λ− + 

and using this in (12), the log-likelihood 
function becomes 
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From this, the ML estimators of 1λ  and 2λ  are found to be  
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  (15) 
It follows from (2) that the maximum likelihood estimate of the reliability function of the component is 

 
( )1 2

ˆ ˆˆ( ) exp ( ) , 0R t t tλ λ= − + ≥
  (16) 

We consider an electronic component for which lifetimes follow an exponential distribution. The component 
exhibits a new mode of failure due to mounting problems. If incorrectly mounted, it can fail earlier, and this is also 
modeled by an exponential distribution. The parameters of the exponential distributions for failure modes 1 and 2 

are 1λ = 0.0006 and 2λ = 0.0004 per day. From (16), the maximum likelihood estimate of the reliability function of 

the component is
ˆ ( )R t = exp(-(0.0006+0.0004)t) = exp(-0.001t),t ≥ 0. 

Figure 1 displays a comparison of the estimated reliability functions for failure mode 1, failure mode 2 and 
combined failure modes 1 and 2 for 0 ≤ t ≤ 10000 days.  
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Figure 1:Comparison of ML estimates of reliability functions for competing risk model 

This figure can be used to assess reliability of the component for given days. For example, the figure indicates the 
reliabilities of the component at age 2000 days are 0.30 for failure mode 1, 0.45 for failure mode 2 and 0.14 for the 

combined failure modes. Based on (16), the estimated MTTF of the component is found to be 0
ˆˆ ( )R t dtµ

∞
= ∫  = 1/(

1 2
ˆ ˆλ λ+ ) = 1000 days.  

3.2  Device-G Data 
Failure times and running times for a sample of devices from a field tracking study of a larger system are given in 
Meeker and Escobar (1998). 30 units were installed in typical service environments. Cause of failure information 
was determined for each unit that failed (lifetime in thousand cycles of use). Mode S failures were caused by failures 
on an electronic component due to electrical surge. These failures predominated early in life. Mode W failures, 
caused by normal product wear, began to appear after 100 thousand cycles of use. The purposes of the analyses are: 

• Analyze the failure modes separately to investigate the effects of failure modes. 
• How to improve product reliability – if one failure mode can be eliminated. 
• Compare lifetime (with respect to the MLEs of parameters, MTTF, B10 life, median life, etc.) of the 

product with failure modes (competing risk model) and ignoring failure mode information. 
When the failure modes S and W act independently, one can: 

• Analyze the mode S failures only: In this case mode W failures are treated as right censored observations. 
This is the estimate of the failure-time distribution if mode W could be completely eliminated. 

• Analysis of the mode W failures only: In this case mode S failures are treated as right censored 
observations. This is the estimate of the failure-time distribution if mode S could be completely eliminated. 

• A combined analysis use the competing risk model assuming independence between mode S and mode W. 
Out of 30 units, there are 8 censored units at censoring time 300 kilocycles. A preliminary analysis of failure modes 
are given in Table 2. It is an examination of failure mode frequency or relative frequency data to determine the most 
important failure modes that contribute to quality problems and to which quality improvement efforts should be 
directed.  

Table 2: Frequencies and average lifetimes for failure modes S and W 

Failure Mode Frequency Average Life (Failure only) 

S 15 86.1 

W 7  231.3 
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Table 2 indicates that failure mode S has considerably higher frequency and lower average lifetime (based on failure 
data only). Therefore, we may conclude that efforts should be concentrated on failure mode S to eliminate it or to 
reduce the risks associated with this failure mode. Figure 2 represents the Weibull probability plots for individual 
failure modes S and W with the MLEs of shape and scale parameters. This figure suggests that the Weibull 
distribution provides a good fit to both failure modes. 

 
Figure 2: The Weibull probability plots for individual failure modes S and W 

The maximum likelihood estimates of Weibull parameters with MTTFs for failure modes S and W are displayed in 
Table 3 and Table 4, respectively.  

Table 3: Maximum likelihood estimates of Weibull parameters for failure mode S 

Parameters 
and MTTF 

Estimate Standard 
Error 

95.0% Normal CI 

Lower Upper 

Shape 0.670993 0.157777 0.423221 1.06382 

Scale 449.469 191.944 194.625 1038.01 

Mean(MTTF) 593.462 342.422 191.539 1838.77 

Table 4: Maximum likelihood estimates of Weibull parameters for failure mode W 

Parameters 
and MTTF 

Estimate Standard 
Error 

95.0% Normal CI 

Lower Upper 

Shape 4.33728 1.45059 2.25183 8.35411 

Scale 340.384 36.139 276.437 419.124 

Mean(MTTF) 309.963 29.8906 256.582 374.45 

Tables 3 and 4 indicate that for the failure mode W, the MLEs of shape parameter is much larger and the MTTF is 
smaller than that of the failure mode S. The estimates of MTTFs of Tables 3 and 4 indicate a contradiction to the 
conditional average lifetimes given in Table 2.    
Figure 3 represents the Weibull probability plots for individual failure modes in the same scale.  It suggests that the 
mode S failures predominated early in life whereas the mode W failures caused by normal product wear and began 
to appear after 100 thousand cycles of use. 

 
Figure 3: Weibull probability plots for individual failure modes in the same scale 
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Figure 4 shows the Weibull probability plot for competing risk model. This figure diverges rapidly after 200 
thousand cycles.  

 
Figure 4: Weibull probability plot for competing risk model 

The Weibull probability plot (ignoring failure mode information) is shown in Figure 5. Weibull analysis ignoring the 
failure mode information (Figure 5) shows evidence of a change in the slope of the plotted points, indicating a 
gradual shift from one failure mode to another. 

 
Figure 5: Weibull probability plot (ignoring failure mode information) 

Maximum likelihood estimates of percentiles for both competing risk model and ignoring failure mode information 
are given in Table 5.From Table 5, we may conclude that, 10% of the total components fail at 15.71 kilocycles 
under competing risk model and at 21.4kilocycles under ignoring failure mode information. 50% of the total 
components fail at 203.06 kilocycles for competing risk model and at 163.35kilocycles for without failure mode 
information. Hence we may say that ignoring failure mode information over estimates the B10 life and B90 life and 
under estimates median life compared with the competing risk model. 

Table 5: MLEs of percentiles for competing risk model and ignoring failure mode information 

Percentile Competing Risk Model Ignoring Mode Information 

Estimate 95% L-CI 95% U-CI Estimate 95% L-CI 95% U-CI 

5 5.37 0.85 33.78 9.84 2.81 34.44 

10 15.71 3.86 63.63 21.4 7.97 57.43 

50 203.06 124.25 273.72 163.35 102.47 260.4 

90 369.4 280.7 455.89 596.63 334.03 1065.67 
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4  Conclusion 
• The failure mode-wise frequencies and conditional mean lifetimes can be misleading to determine the most 

important failure modes that contribute to quality problems and to which quality improvement efforts 
should be directed.  

• The failure mode or failure cause wise model with competing risk is better than combined model for 
assessing and predicting reliability of the product. 

• This article analyzed the failure data based on Case (i), where the failure modes are known for all failed 
items. If, the failure modes are unknown for all failed items, application of the likelihood derived under 
Case (ii) would be relevant. However, it requires a complicated numerical maximization technique. The 
Expectation-Maximization (EM) algorithm might be applied in Case (ii). Further investigation on that case 
would be useful.  
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Abstract. The aim of this paper is to empirically investigate the in-sample and out-of-sample forecasting 
performance of GARCH, EGARCH and APARCH models under fat tail and skewed distributions. In our study we 
consider two fat tail distributions (Student-t and generalized error) and two skewed distributions (Skewed Student-t 
and Skewed GED) in case of Dhaka Stock Exchange (DSE) from the period January 02, 1999 to December 29, 2005 
for a total of 1861 observations. First 1661 observations are taken for in-sample estimation and last 200 observations 
are taken for out-of-sample forecasting performance. Our empirical study suggests that in case of in-sample 
estimation, APARCH model with fat tail distribution gives better result than Skewed distribution and Gaussian 
distribution. Between these two fat tail distributions, Student-t gives better result. In case of out-of-sample 
forecasting performance we also found that APARCH model with Student-t distribution gives the lowest value of 
loss function. The superiority of out-of-sample volatility predictive performance of these models is verified by using 
SPA test of Hansen’s (2005). These results also indicate that APARCH model with Student-t distribution is the most 
suitable model for both in-sample and out-of-sample forecasting performance in case of DhakaStock Exchange, 
Bangladesh.     
Keywords: GARCH model, Fat tail distributions, Skewed distributions, Loss function, SPA test, DSE. 
1.Introduction 
It has been recognized that financial time series exhibits a changes in volatility over time that tend to be serially 
correlated. In particular, financial returns demonstrate volatility clustering, meaning that large changes tend to be 
followed by large changes and vice versa. The AutoRegressive Conditional Heteroscedasticity (ARCH) model 
introduced by Engle (1982) plays a milestone role for the studies of volatility because it can capture some of the 
empirical regularities of equity returns, such as volatility clustering and thick-tail ness. Subsequently, Bollerslev 
(1986) presented a Generalized ARCH (GARCH) model that is a parsimonious parameterization for the conditional 
variance. But GARCH model sometime fail to capture the thick tail property. This excess kurtosis has naturally led 
to the use of non normal distributions in to GARCH model. Bollerslev (1987), Baillie and Bollerslev (1989), Kaiser 
(1996) and Beine et al (2002) among others used Student-t distribution while Nelson (1991) and Kaiser (1996) 
suggested the Generalized Error Distribution (GED).  
The existing literature has long recognized that the distribution of returns can be skewed. For instance, for some 
stock market indexes, returns are skewed toward the left, indicating that there are more negative than positive 
outlying observations. The intrinsically symmetric distribution such as normal, Student-t and generalized error 
distribution (GED) cannot cope with such skewness. As a result we have to use some skewed distributions such as 
Skewed Student-t and Skewed GED. Fernandez and Steel (1998) proposed Skewed Student-t distribution and 
Theodossiou (2000) proposed skewed generalized error distribution. Later, Lambert and Laurent (2000, 2001) used 
Skewed Student-t distribution in to GARCH framework. Peters (2001) examined the forecasting performance of 
GARCH, Exponential GARCH (EGARCH), Glosten-Jagannathan-Runkle (GJR) and Asymmetric Power ARCH 
(APARCH) models with three distributions (normal, Student-t and Skewed Student-t) for FTSE 100 and DAX 30 
index and found that asymmetric GARCH models give better results than symmetric GARCH model and forecasting 
performance was not clear when using non normal densities.  
Liu et al (2009) investigated the specification of return distribution influences the performance of volatility 
forecasting for two Chinese Stock Indexes using two GARCH models and found that GARCH model with skewed 
generalized error distribution give better results than GARCH model with normal distribution. Rahman et al (2008) 
examined a wide variety of popular volatility models with normal, Student-t and GED distributional assumption for 
Chittagong Stock Exchange (CSE) and found that Random Walk GARCH (RW-GARCH), Random Walk Threshold 
GARCH (RW-TGARCH), Random Walk Exponential GARCH (RW-EGARCH) and Random Walk Asymmetric 

ISBN: 978-984-33-5876-9 
© Department of Statistics, University of 

Rajshahi, Rajshahi-6205, Bangladesh. 

International Conference on Statistical Data 
Mining for Bioinformatics Health Agriculture 
and Environment, 21-24 December, 2012. 



564 
 

Power ARCH (RW-APARCH) models under Student- t distributional assumptions are suitable for CSE. Hasan et al 
(2004) investigated the return behavior of Dhaka Stock Exchange (DSE) within a GARCH-M framework. Rahman 
(2005) in his Ph.D. thesis discussed the different kinds of volatility modeling under normal and Student-t 
distributional assumptions for Dhaka Stock Exchange by non-parametric specification test. The earlier study 
indicate that only few researches have been conducted in case of DSE and none of the earlier studies estimate 
various GARCH models under fat tail and skewed distributions together.  
On the other hand, accurate forecasting of volatility and correlations of financial asset returns is essential for optimal 
allocation and managing portfolio risk. For this reason to find out that accurate forecasting model for any particular 
stock market is always interesting for researchers because different model fit well for different stock markets. To 
make forecasting evaluation, we take great care in employing loss functions that are robust and lead to an optimal 
forecast. We use Hansen’s (2005) Superior Predictive Ability (SPA) test to evaluate the forecasting performance 
across all volatility models. Therefore, the aim of this paper is to empirically examine the in-sample and out-of-
sample forecasting performance of several GARCH-type models such as GARCH, EGARCH and APARCH model 
with Gaussian, Student-t, Generalized error, Skewed Student-t and Skewed GED densities by using different loss 
function and SPA test of Hansen (2005) in case of DSE. This study is important because this is the first time to 
compare the performance of different GARCH type models under fat tail and skewed distributional assumptions 
together by SPA test in case of DSE. Rest of the paper is organized as follows: Section 2 presents the methodology, 
Section 3 presents the forecasting method, Section 4 presents the empirical study and finally Section 5 present the 
conclusions. 
2. Methodology 
2.1 Models 
2.1.1 Generalized ARCH (GARCH) model 
Bollerslev (1986) introduced a conditional heteroscedasticity model that includes lags of the conditional variance as 
regressors in the model for the conditional variance in addition to the lags of the squared error term. The 
GARCH(p,q) model can be expressed as  
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Using the lag or backshift operator L , the GARCH (p, q) model is 
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straightforward to show that the GARCH model is based on an infinite ARCH specification.  
2.1.2 Exponential GARCH (EGARCH) Model 
The EGARCH or Exponential GARCH model was proposed by Nelson (1991). The specification for conditional 
variance is: 
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The left hand side of equation (3) is the log of the conditional variance. This implies that the leverage effect is 
exponential rather than quadratic and that forecasts of the conditional variance are guaranteed to be non-negative. 

The presence of the leverage effects can be tested by the hypothesis 0<iγ . The impact is asymmetric if 0≠iγ . 
 
2.1.3 Asymmetric Power ARCH (APARCH) Model 
Taylor (1986) and Schwert (1990) introduced the standard deviation of GARCH model, where the standard 
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deviation is modeled rather than the variance. Ding, Granger and Engle (1993) introduced the Asymmetric Power 
ARCH (APARCH) model. The APARCH (p, q) model can be expressed as: 
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where 00 >α , 0≥δ ,
),.......,2,1(0 pjj =≥β

, 0≥iα and ),...,2,1(,11 qii =<<− γ . 
This model is quite interesting since it couples the flexibility of a varying exponent with the asymmetry coefficient 
(to take the “leverage effect” into account).  
 
2.2 Distributional Assumptions  
To complete the basic ARCH specification, we require an assumption about the conditional distribution of the error 
term. Since it may be expected that excess kurtosis and skewness displayed by the residuals of conditional 
heteroscedasticity models will be reduced when an appropriate distributions is used. In our study we used Gaussian 
distribution, two fat tail distributions and two skewed distributions.  
Most applications of the GARCH models used the Gaussian distributional assumption for the errors. The normal or 
Gaussian distribution is a symmetric distribution with density function 
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whereµ  is the mean value and 
2σ  is the variance of the stochastic variable. The standard normal distribution is 

given by taking 0=µ and 12 =σ . The unconditional distribution of GARCH model with error term which is 
conditionally normal and leptokurtic. But this leptokurtosis is not enough to explain the leptokurtosis which is found 
in most of the financial data (Bollerslev, 1987). Therefore, one should take this into account and use conditionally 
leptokurtic distribution for the error. 
One alternative possibility is Student-t distribution. The density function of Student-t is given by 
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where v is the degrees of freedom (df) 2>v . If v  tends to ∞  the Student-t distribution converges to a normal 
distribution. 
Another generalization of the normal distribution is the Generalized Error distribution (GED). The GED is a 
symmetric distribution and platykurtic depending on the degree of freedom. The GED has the following density 
function 
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It includes the normal distribution if the parameter v has the value 2. For df v <2 indicate fat tail distribution. 
The main drawback of fat tail density is that it is symmetrical while financial time series can be skewed. Fernandez 
and Steel (1998) proposed an extension of the Student-t distribution by adding skewness parameter. Chen and Hong 
(2009) used the following form of Skewed Student-t distribution 
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Another skewed distribution advocated by Theodossiou (2000) is skewed generalized error distribution. The density 
function of Skewed GED distribution is given by 
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where the shape parameter v  indicate height and fat tails and skewness parameter isx . 
 
3. Forecasting Method 
For evaluating the forecasting performance of each model we need to minimize the loss function. These loss 
functions are Mean Squared Error (MSE) and Mean Absolute Error (MAE), Heteroskedasticity-adjusted MSE and 
MAE, Logarithmic Loss (LL) function and QLIKE loss function. Patton (2011) analytically showed that the use of 
many loss functions can cause severe distortions when used with standard volatility proxies including squared 
returns, so he suggested two loss functions which give rise to optimal forecast and these are MSE and QLIKE. Hou 

and Suasdi (2012) used SPA method of Hansen (2005) with three loss function such as MSE, QLIKE and 
2
volR (total 

variation in the true volatility). So, at our study we use only two loss functions which are given below 
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and the QLIKE which corresponds to the loss implied by a Gaussian likelihood is given by: 
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Hansen (2005) proposed Superior Predictive Ability (SPA) test to find out the best performing forecasting models. 
So later we applied SPA test for our empirical study. 
Hansen (2005) applied a Supremum over the standardized performances and tests the null hypothesis  
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where kσ̂ is the standard deviation of kfn 2/1
, then
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. Here tl ,0 is the value of 

the pre-specified loss function at time t  for a benchmark model while tkl ,  is the value of the corresponding loss 
function for another competing model, n  is the number of out of sample data. To reduce the influence of poor 

performing models while preserving the influence of the alternatives with 0=kµ , Hansen proposes the following 
consistent estimator forµ : 
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where {}.1
is an indicator function. Hansen argues that the threshold rate nlnln2  ensures 

c
kµ̂ is consistent estimator 

that effectively captures all alternative with 0=kµ , and thus leads to a consistent estimate of the null distribution, 
which improves the power of the test. The distribution of the test statistic under the null hypothesis can be 
approximated by the empirical distribution derived from the bootstrap resample based on the stationary bootstrap of 
Politis and Romano (1994). 

 
)(*

,,
*

,, ktbktbk fhfU −=
for Bb ,...,1=  and nt ,...,1=                                   (14) 

where { }nfnkk
kk

ffh
lnln2ˆ/ˆ2/11)ˆ(

−≥
=

σ . The p-value of the SPA test can be obtained by first calculating  

 




















= 0,

ˆ
max

max
2/1

*

k

kS
b

fn
k

T
σ

                                                     (15) 

for each Bb ,...,1=  and then the comparing 
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4. Empirical Study 
4.1 Data and In-Sample Estimation 
In this section, we describe the data and in-sample estimation. The data we analyze is the daily closing price index 
for Dhaka Stock Exchange (DSE) in Bangladesh from January 02, 1999 toDecember 29, 2005 for a total of 1861 
observations. Here we consider first1661 observations for in-sample estimation and last 200 observations for out-of-
sample forecasting performance. The analysis is done by using EViews5.0 and MATLAB 7.0. The parameter 
estimation process we choice here MLE. The indices prices are transformed into their returns so that we obtain 
stationary series. The transformation is 

[ ])ln()ln(*100 1−−= ttt yyr                                                       (17) 

where ty  is the return index at time t . Daily returns of DSE are plotted at Figure 1.   

 
Figure 1: Daily returns of DSE 
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Some of the descriptive statistics of daily returns are displayed in Table-1. From Table-1 we found that mean return 
of the DSE is 0.0609. Volatility (measured as standard deviation) is 1.8553. The daily returns of DSE markets are 
leptokurtic in the sense that kurtosis exceeds positive three and the return series also display positive skewness. 
According to Jarque-Berra statistics normality is rejected for the return series. We found from Engle (1982) LM test 
which indicate the present of ARCH effect. Overall these results clearly support the rejection of the hypothesis that 
DSE time series of daily returns are time series with independent daily values. Parameter estimation results for 
different GARCH models such as GARCH, EGARCH and APARCH with Gaussian, Student-t and GED, Skewed 
Student-t and Skewed GED distributional assumptions are given at Table-2. In comparison the performance of 

GARCH models we use the simple mean equation: tty εµ +=  for all models.  
Table 1: Descriptive statistics of DSE 

Sample size Mean Min. Max. SD Skewness Kurtosis Jarque-Bera test ARCH(2) test 
1861 0.0609 -29.790 30.228 1.8553 2.2834 141.127 1480259 

(0.000) 
674.245 

Table 2: Parameter estimation and their corresponding t statistics 
Parameters µ  0α

 iα
 jβ

 kγ (or iγ ) 
υ  x  δ  

GARCH Gaussian 0.0605 
(1.033) 

5.1015 
(117.36) 

0.2094 
(5.326) 

-0.0269 
(-14.29) 

    

Student-t 0.0071 
(0.494) 

0.1591 
(7.610) 

0.6544 
(8.278) 

0.3038 
(10.134) 

 3.7297 
(19.638) 

  

GED 0.0126 
(1.363) 

0.2792 
(8.583) 

0.7015 
(7.180) 

0.2160 
(5.807) 

 0.2760 
(63.339) 

  

SK-t 0.0059 
(0.421) 

0.1311 
(6.641) 

0.7045 
(8.978) 

0.2714 
(9.224) 

 3.116 
(17.836) 

-0.068 
(-1.102) 

 

SK-GED 0.0095 
(1.112) 

0.3142 
(8.651) 

0.6545 
(6.985) 

0.2455 
(5.612) 

 0.2512 
(60.145) 

-0.541 
(-1.112) 

 

EGARCH Gaussian 0.0659 
(2.683) 

0.3092 
(11.725) 

0.4616 
(12.264) 

0.3965 
(8.299) 

-0.0555 
(-2.278) 

   

Student-t 0.0150 
(0.991) 

-0.2854 
(-10.09) 

0.3015 
(12.274) 

0.7042 
(27.736) 

-0.0772 
(-4.004) 

3.3509 
(18.168) 

  

GED 0.0163 
(1.527) 

-0.2670 
(-8.886) 

0.1342 
(11.025) 

0.6715 
(15.716) 

-0.0220 
(-3.428) 

0.7931 
(60.348) 

  

SK-t 0.0112 
(1.147) 

-0.3061 
(-9.548) 

0.2554 
(10.145) 

0.6661 
(25.321) 

-0.0720 
(-3.854) 

3.018 
(17.245) 

0.1741 
(2.147) 

 

SK-GED 0.0134 
(1.508) 

-0.2498 
(-8.001) 

0.1570 
(11.451) 

0.6011 
(14.784) 

-0.0187 
(-2.965) 

0.7354 
(57.146) 

0.0871 
(2.114) 

 

APARCH Gaussian -0.012 
(-2.44) 

0.8042 
(193.34) 

0.3009 
(82.746) 

-0.067 
(-23.43) 

0.2027 
(40.910) 

  0.0723 
(9.656) 

Student-t 0.0124 
(3.189) 

0.1595 
(7.216) 

0.4284 
(10.817) 

0.5422 
(14.491) 

-0.0122 
(-3.221) 

3.6750 
(19.410) 

 0.8419 
(8.501) 

GED 0.0229 
(7.460) 

0.2629 
(7.897) 

0.4814 
(7.772) 

0.4389 
(7.829) 

-0.0063 
(-2.115) 

0.7959 
(56.259) 

 0.7764 
(64.991) 

SK-t 0.0138 
(3.046) 

0.1441 
(6.998) 

0.3842 
(10.124) 

0.5562 
(15.145) 

-0.0141 
(-3.012) 

3.2140 
(18.264) 

0.2125 
(2.847) 

0.8124 
(7.485) 

SK-GED 0.0201 
(6.784) 

0.2500 
(7.312) 

0.5249 
(6.381) 

0.4012 
(7.141) 

-0.0054 
(-2.874) 

0.6047 
(52.569) 

0.1421 
(2.664) 

0.6478 
(57.211) 

 

From Table-2 we found that most of the parameters are significant at 5% level of significance except the parameter
µ  for GARCH model with all distributional assumption and for EGARCH model with Student-t, GED, Skewed 
Student-t and Skewed GED distributional assumption. The t-statistics also suggest that the skewness parameters are 
insignificant in case of GARCH model. From this Table we also found that the sum of GARCH parameter estimates

ji βα +
 is less than 1 which suggest that the volatility are limited and the data is stationary that’s explain that the 

models are well fitted. Some model comparison criteria such as such as Box-Pierce statistic for both the residual and 
the squared residual, Akaike Information Criteria (AIC) and Log Likelihood value are given at Table-3. 
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Table 3: Model comparison criteria 
 Model )20(Q  )20(2Q  

AIC Log-likelihood 

Gaussian GARCH 20.8040 7.9412 3.9589 -3677.804 
EGARCH 16.8660 6.2675 3.7024 -3437.240 
APARCH 28.5543 5.3582 3.7020 -3436.369 

Student-t GARCH 8.6162 3.2620 2.4594 -2281.202 
kEGARCH 11.3974 4.3191 2.5136 -2331.671 
APARCH 8.0667    3.2447 2.4443 -2266.289 

GED GARCH 9.2044 4.2736 2.5790 -2393.388 
EGARCH 13.1050 7.3160 2.6610 -2422.257 
APARCH 9.5411 4.2863 2.5659 -2379.356 

Skewed-t GARCH 10.5423 5.4712 2.6214 -2468.241 
EGARCH 13.8745 7.8901 2.7847 -2758.784 
APARCH 9.8654 6.1270 2.6042 -2390.421 

Skewed-GED GARCH 11.2483 5.6871 2.6632 -2510.326 
EGARCH 12.8792 8.1145 2.8567 -2762.341 
APARCH 11.2477 5.8791 2.6798 -2475.245 

From Table-3 we found that all the models seem to do a good job in describing the dynamic of the first two 
moments of the series as shown by the Box-Pierce statistics for the residual and the squared residual which are all 
non-significant at 5% level. The Akaike Information Criteria (AIC) and log-likelihood values suggest that APARCH 
model give better results than GARCH and EGARCH models under all distributional assumption. Among these 
models EGARCH model showed the worst performance in case of DSE. Regarding the densities, fat tail densities 
such as Student-t and generalized error clearly outperform than the skewed and Gaussian densities. Among these 
densities Student-t density shows smallest AIC value for all the models than other distributions. The log likelihood 
value is strictly increasing in case of fat tail distributions and skewed distributions. But the log likelihood value 
under Student-t and GED distributions are higher than Skewed Student-t and Skewed GED distribution. Among all 
of these distributions Student-t distribution gives the highest log likelihood value. So, finally from Table-3 we found 
that in case of in sample estimation APARCH model with Student-t distribution gives better results than other 
models in case of DSE, Bangladesh. 
4.2 Out-of-Sample Forecasting Performance 
An out-of-sample test has the ability to control either possible over fitting or over parameterization problems and 
give more powerful framework to evaluate the performance of competing models. Most of the researchers are 
interested in having good volatility forecasts rather than good in-sample fit. In our study we use out-of-sample 
evaluation of one step ahead volatility forecast according to the loss function MSE and QLIKE. To better assess the 
forecasting performance of the various models we use the Superior Predictive Ability (SPA) test of Hansen (2005). 
The estimation results are given at Table-4. 

Table 4: Forecasting evaluation criteria (MSE, QLIKE and SPA test) 
 Model MSE QLIKE SPA(p-value) 

MSE QLIKE 
Gaussian GARCH 1.2142 0.9945 0.021 0.121 

EGARCH 1.2188 0.9978 0.133 0.067 
APARCH 1.2101 0.9935 0.489 0.310 

Student-t GARCH 1.1972 0.9722 0.643 0.587 
EGARCH 1.1995 0.9756 0.342 0.442 
APARCH 1.1956 0.9707 0.906 0.967 

GED GARCH 1.2023 0.9794 0.012 0.124 
EGARCH 1.2079 0.9804 0.156 0.221 
APARCH 1.2012 0.9786 0.303 0.412 

Skewed-t GARCH 1.2046 0.9812 0.512 0.627 
EGARCH 1.2084 0.9834 0.210 0.313 
APARCH 1.2030 0.9821 0.687 0.597 

Skewed-GED GARCH 1.2059 0.9844 0.112 0.227 
EGARCH 1.2099 0.9868 0.274 0.124 
APARCH 1.2048 0.9834 0.671 0.354 
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From Table-4 we found that APARCH model with all distributional assumptions give the lowest value of MSE and QLIKE 
where EGARCH model with all distributional assumptions provides the poorest forecasting performance. The comparison among 
densities suggests that the model under fat tail and skewed densities give better results than Gaussian density and adding skewed 
distributions are not improving the forecasting performance than fat tail distributions. Among these distributions Student-t 
distribution gives the lowest MSE and QLIKE. In this Table we only reported the p-values of the SPA test under MSE and 
QLIKE loss function. Under the null hypothesis the base model is not outperformed by all of the other models, the higher p-
values indicate the superiority of the forecasting performance. The p-value for the APARCH model with Student-t density are 
0.906 and 0.967 for MSE and QLIKE loss function respectively which are virtually close to 1 suggesting that APARCH model 
with Student-t density presents the highest forecasting accuracy than other models in case of DSE. 
5. Conclusions  
In this paper we compared the in-sample and out-of-sample forecasting performance of several GARCH-type models such as 
GARCH, EGARCH and APARCH model with Gaussian, fat tail (Student-t and Generalized error distribution) and skewed 
(Skewed Student-t and Skewed-GED) densities in case of Dhaka Stock Exchange. Our empirical results show that noticeable 
improvements can be made when using asymmetric GARCH model with non normal distributional assumptions in case of in-
sample estimation. Among these models, APARCH model with Student-t distribution fits the data well. In the case of out-of-
sample forecasting performance we found that APARCH model with all distributional assumptions give the lowest value of MSE 
and QLIKE where EGARCH model with all marginal densities provides the poorest forecasting performance. The comparison 
among densities suggests that the model under the Student-t density gives better results than other densities. The superiority of 
out-of-sample volatility predictive performance of the APARCH model with Student-t distribution is verified by SPA test. 
Therefore, our study suggests that APARCH model with Student-t distributions is the most suitable model for both in-sample and 
out-of-sample forecasting performance in case of DhakaStock Exchange, Bangladesh. 
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Abstract. In the event of small areas or domains, we have constructed two weighted estimators of the domain mean 
which perform better than the corresponding existing ones. We have also undertaken performance sensitivity in 
respect of the proposed estimators and worked out sensible values of the involved weights with a view to retaining 
superiority of the proposed estimators vis-a-vis the existing ones. 
Key words: Small area (domain) estimation, Performance-sensitivity.  
1 Introduction 
Estimation at disaggregated levels, i.e., at the levels of small domains and areas has held out interest for a long time. 
But the relevant estimates are not usually obtainable for national sample surveys which generally provide estimates 
at the national level, and any attempt to extract estimates for small domains does not generally meet with success 
from the point of view of precision, validity and practicability. In recent years, the estimates for small domains have 
increasingly engaged the attention of sampling theorists and practitioners. A good collection of contributions to 
small domain estimation is available in Platek et al. (1987). The method of estimation for small domains may vary 
with the type of domains. For a classification of types of domains, we refer to Purcell and Kish (1979). In what 
follows, we have suggested two estimators as potentially efficient alternatives to the existing ones. One of the 
proposed estimators has been motivated and triggered by the thought of exploiting the available data in full as has 
been advocated by authors such as Sarndal et al. (1992). 
2 Two Efficient Estimators 
Suppose that a simple random sample s of size n is drawn from the population of size N which contains a small 
domain d of interest having size Nd. Let y be the study variable with the value yi on unit i,i = 1,2,..., N. Further, let sd 
be the sample of nd units which are common to s and d. 

If we denote the mean of the domain d by dY , then its estimator that has often been considered in the literature is 
defined by 

∑
∈

=
dsid

d yi
n
1y

 
(1) 

 For this purpose, we refer the readers to Hedayat and Sinha (1991, pp. 342-45) and Sarndal et al. (1992, pp. 391-

92). Let y  be the sample mean based on s of size n. 

If Nd is known in advance, the estimator dy  is asymptotically unbiased for dy  with large sample variance given by 

d

2

d
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N
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However, if Nd is not known, an adaptation of dy  available in the literature is  

x
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*
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(3) 

ISBN: 978-984-33-5876-9 
© Department of Statistics, University of 

Rajshahi, Rajshahi-6205, Bangladesh. 

International Conference on Statistical Data 
Mining for Bioinformatics Health Agriculture 
and Environment, 21-24 December, 2012. 



572 
 

where  𝑦�∗ = 1
𝑛

∑
∈si

*
i ,y *

iy =� yi, if i ∈ d
0, otherwise 

and n
1x = ∑

∈si
i ,x

 x being an auxiliary variable defined as 

xi = �  1,   if i ∈ d
  0, otherwise 

For a discussion of 
*

dy , we refer to Hedayat and Sinha (1991, pp. 345-46). The estimator 
*

dy  is identified as the 

ratio estimator which is unbiased, having the same variance (to terms of O (n-1)) as dy  given by (2). 
We now propose the following two estimators: 

yα)(1yαy dd −+=′
 

 
(4) 

and 

y�∗′ = α∗
y�∗

x�
 

 
(5) 

where α and α* are pre-assigned weights to be determined optimally. In proposing y�∗′, we have kept in mind the 
dictum that we must make the best of the data at hand. 
2.1 Evaluation of the Performance of the First Estimator 

The bias of dy′ is obtainable as 

Bias ( ) ),YYα)((1y dd −−=′  
and can be reduced by suitable choice of α. However, we would, in practice, determine α with a view to minimizing 

the mean square error of dy′ given by 
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and  C = Coefficient of variation (C.V.) of ).y-y( d  
The optimum value of α that minimizes (6) is found to be  
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Using the optimum value of α, we have 

MSEopt B
A)YY()yV()y(

2
2

dd −−+=′
 

(8) 

As regards the performance of the newly proposed estimator ,yd′ we can note that 

MSEopt

0,
B
A)-(B-)yV()y(

2

dd ≤=−′
 

which implies that dy′ is more efficient than .yd  
However, an irritant that needs to be tackled lies in assuming knowledge of the optimum value of the weighting 
factor α which involves the population quantities. We now address ourselves to this problem. 

Performance- Sensitivity of dy′  

Let PI denote the proportional inflation in the variance of dy′  resulting from the use of some α other than αopt, i.e., 

 PI = 
)y( MSE

)y( MSE)y( MSE

dopt

doptd
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where  ν is the proportional deviation in αopt, we obtain 
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where G is the gain in efficiency of dy′  (using αopt) relative to dy . 

The proposed estimator dy′  will continue to fare better than dy  even when some α other than αopt is used provided 
the quantity PI does not exceed G, i.e., 

1.
α1
α-α

opt

opt ≤
−

 
(9) 

From (9), it is clear that a good guess about αopt can yield the range of values for α in order that PI be smaller than G. 

For example, if an indication is available that 
2
d

2 SS ≥  and hence αopt ≤ 1 from (7), then α can be taken to be any 

value not exceeding 1. In essence, the fact that PI ≤ G will always ensure superiority of dy′ (using α) relative to dy  
because the desired gain in efficiency, say, G′  in this case can be expressed as 

G′  = )y( MSE
)y( MSE)yV(

d

dd

′
′−

 

     = )y( MSE
)y( MSE

)P(G
d

dopt
I ′

′
−

 
which will be non-negative if G ≥ PI. Thus, gain in precision would accrue via a sensibly chosen α that results in G ≥ 
PI. 
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2.2 Evaluation of the Performance of the Second Estimator 

The bias and the mean square error of the second proposed estimator ,y*
d
′

 to terms of O (n-1), are expressible as 

Bias 1)(α Y)(y *
d

*
d −=′

 

MSE )yV( αY 1)(α)(y *
d

*22
d

2**
d +−=′

 (10) 

The optimum value of α* that minimizes the expression (10) is given by 
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where C1, besides being the C.V. of dy  as explained earlier, is also the C.V. of 
*
dy  since both 

*
dy  and dy  have the 

same variance to terms of O(n-1). Note that 0 < α*
opt ≤ 1. It would be apt to point out that α*

opt being a function of a 
coefficient of variation only is obtainable in many practical situations. After some algebra, the optimum mean 

square error of 
*
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 can be worked out as 
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To appraise the performance of the estimator 
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dy ′

, we find that 

MSEopt

{ } 0,
Y)yV(

)yV()yV( - )y( 2
d

*
d

2*
d*

d
*
d ≤

+
=′

 

implying thereby that 
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 is more efficient than 
*
dy . 

Performance- Sensitivity of 
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Let 
*
IP (similar to PI of sub-section 2.1) symbolize the proportional increase in variance resulting from the use of 

some α*- value other than 
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where G* is the gain in efficiency of 
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 (using 
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) relative to 
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dy . It can be noted that 
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which, using 
*
optα

=
2
1C1

1
+ , yields 
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Thus, it is clear that a choice of α* within the bounds given by (11) is enforceable in many sampling situations, 

thereby ensuring better performance of 
*
dy ′

 compared to 
*
dy . Further, the fact that G*≥

*
IP  will invariably ensure 

superiority of 
*
dy ′

 (using α*) relative to 
*
dy  because the desired gain in efficiency, say, 

*G ′
 which is expressible as 

 
*G ′

 = )y( MSE
)y( MSE-)yV(

*
d

*
d

*
d

′

′

 

)y( MSE
)y( MSE

)P(G *
d

*
dopt*

I* ′

′

−
 

is non-negative if G* ≥ 
*
IP . 

2.3 A Comparison of the Proposed Estimators 
From the results of Sub-sections 2.1 and 2. 2, we have 
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It follows from (12) that the estimator dy′ would perform better than 
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 if 
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holds. When the domain mean overlaps with the population mean, the condition (13) stands satisfied. As a matter of 
fact, we can find the bounds on 𝑅 = 𝑌�

𝑌�𝑑
 in many practical situations with view to guiding us with regard to a choice 

between dy′ and 
*
dy ′

. 
3 Numerical Illustration 
We have chosen two examples from Sarndal et al. (1992, pp. 414-415) to illustrate the findings of Section 2. 
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Example 1. The following data relate to the study variable y (number of conservative seats in Municipal Council) in 
respect of a Swedish population that comprises three regions: 

Major Region d Nd ∑
∈di

iy
 
∑
∈di

2
iy

 
1 
2 
3 

47 
50 
45 

349 
437 
194 

3,375 
4,159 
1,000 

For the purpose of application of the results of Section 2, we consider the region 1 as the domain d of our interest. 
The following quantities are obtained from the above population data: 

N=142, Y  =6.9014, dY  = 7.4255, S2 = 12.5576, 𝑆𝑑2= 17.0324 and dΦ =0.3310.  
Now taking a sample of size 8, we can compute the following additional quantities: 

V( y )= 1.4813, A = -0.2532, B = 3.8075, αopt= -0.0665, 
*
optα

=0.90, V ( )dy = V ( )*
dy  = 6.0698,  

MSEopt
( )dy′ =1.7391 and MSEopt

( )*
dy ′

= 5.4679. 

Thus, the gains in efficiency of dy′  and 
*
dy ′

 relative to the dy  and
*
dy  are found to be 249% and 11% respectively, 

meaning thereby that the proposed estimators perform better than the customary estimators available in the 

literature. We have prepared Tables 1, and 2 to present the impact of departures from αoptand 
*
optα

. 

Table 1: Performance- Sensitivity of dy′  and αopt= -0.0665 
α PI G′  

-1.10 
-1.00 
-0.75 
-0.50 
-0.10 
0.10 
0.50 
0.75 
0.95 
1.00 

2.3385 
1.9078 
1.0228 
0.4114 
0.0025 
0.0607 
0.7026 
1.4595 
2.2622 
2.4902 

0.0454 
0.2003 
0.7254 
1.4727 
2.4815 
2.2904 
1.0499 
0.4190 
0.0699 

0.0 

Table 2: Performance- sensitivity of 
*
dy ′

 and 
*
optα

 = 0.90 
*α  

*
IP  

*G ′
 

0.81 
0.85 
0.90 
0.95 
1.00 

0.908 
0.281 
0.000 
0.0281 
0.1101 

0.0162 
0.0789 
0.1101 
0.0808 

0.0 

The last column of the above Table 1 unfolds that the estimator dy′  retains its superiority for values of α ranging 
from- 1.10 to 1. In other words, despite substantial and significant departure from αopt as reflected by a wide range of 

values of α, dy′  maintains its lead over dy . 
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Table 2 clearly shows that the estimator 
*
dy ′

 ensures better performance compared to 
*
dy  for the different values of 

α* ranging from 0.81 to 1. 
Example 2. The following data relate to the study variable y (real estate values according to 1984 assessment) in 
respect of a real Swedish population comprising three regions: 

Major Region d Nd ∑
∈di

iy
 

∑
∈di

2
iy

 
1 
2 
3 

105 
94 
85 

382,906 
271,392 
209,719 

5,377,345,182 
2,729,354,250 
956,277,147 

To demonstrate the application of the results of Section 2, we consider region 1 as the domain d of interest. The 
following quantities are obtained from the population data: 

N = 284, Y =3077.4543, dY  = 3646.7238, S2 = 22520039.13, 
2
dS  = 38278776.49 and dΦ  = 0.3697. 

Considering a sample of size 15, we compute 

)yV( = 1422040.03, A = -671026.2152,  B= 3449935.552, αopt= -0.1945,
*
optα

= 0.6704,  
)yV( d  = )yV( *

d  = 6538095.775, MSEopt
)y( d′ = 1615590.52 and MSEopt

)y( *
d
′

 = 4383164.896. 

Thus, the gains in efficiency of dy′  and 
*
dy  relative to dy  and 

*
dy  are found to be 305% and 49% respectively, 

meaning thereby that the proposed estimators perform better than the customary estimators. 

Again, for Example 2, we have prepared Tables 3 and 4 to present the impact of departures from αoptand 
*
optα

. 

Table 3: Performance- Sensitivity of dy′  and αopt = - 0.1945 
α P1 G′  

-1.35 
-1.25 
-1.00 
-0.50 
-0.10 
0.10 
0.50 
0.75 
0.95 
1.00 

2.8512 
2.3790 
1.3855 
0.1993 
0.0191 
0.1852 
1.0299 
1.9050 
2.7972 
3.0469 

0.0501 
0.1977 
0.6964 
2.3744 
2.9711 
2.4144 
0.9936 
0.3931 
0.0658 

0.0 

Table 4: Performance- Sensitivity of 
*
dy ′

 & 
*
optα

 = 0.6704 
*α

 

*
IP  

*G ′
 

0.35 
0.40 
0.50 
0.60 
0.70 
0.80 
0.90 
0.95 
1.00 

0.4646 
0.3309 
0.1314 
0.1050 
0.0040 
0.0760 
0.2386 
0.3539 
0.4916 

0.0185 
0.1208 
0.3184 
0.4589 
0.4857 
0.3863 
0.2043 
0.1018 

0.0 
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The last column of Table 3 clearly points to the superiority of the estimator dy′ over dy  even if we choose some α- 
value (rather than αopt) in the range from- 1.35 to 1.00. 

Table 4 alludes to the fact that, even if 
*
optα

 is not available, the lead of 
*
dy ′

 over 
*
dy  is maintained when 0.35 ≤ α* 

≤ 1, i.e., the proportional departure from 
*
optα

 is to the extent of about 50%. 
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Bayesian Sample Size Determination for Estimating Proportion 
Farhana Sadia,  Syed S. Hossain 

Institute of Statistical Research and Training (ISRT), University of Dhaka, Bangladesh. 
 

Abstract:Sample size is the number of observations used for calculating estimates of a given population and sample 
size determination(SSD) plays often an important role in planning a statistical study - and it is usually a difficult 
one. Sample size determination means the act of choosing the number of observations to include in a statistical 
sample. Specifically, we deal with the Bayesian approach to SSD which gives researchers the possibility of taking 
into account pre-experimental information and uncertainty on unknown parameters. In this context, the leading idea 
is to choose the minimal sample size using three different Bayesian approaches based on highest posterior density 
(HPD) intervals which are average coverage criterion(ACC),average length criterion(ALC) and worst outcome 
criterion(WOC). Here, necessary sample sizes by both non-Bayesian and Bayesian methods using real life data set 
are compared. We demonstrated that the developed Bayesian methods can be efficient and may require fewer 
subjects to satisfy the same length criterion. 
 
Keywords: Average coverage criterion(ACC), Average length criterion (ALC), Worst outcome criterion (WOC). 
 
1 Introduction 
Statistical experiments are always better if they are carefully planned. For good planning of a statistical survey, 
sample size is a crucial component in statistical theory. For getting optimal sample size, sample size determination 
plays an important role in designing the statistical survey[8]. In case of sample size determination(SSD), a 
considerable number of criteria are available depending on the two types of inferential approach which are 
Frequentist and Bayesian approach. 
Frequentist sample size determination methods depend directly on the unknown parameter of interest but Bayesian 
way do not depend on the guessed value of  the true parameter; it depends on its prior distribution. Bayesian 
methods are based on the posterior distribution which combines the pre-experimental information of the parameter 
(prior distribution) and the experimental data  that is likelihood. In case of Bayesian sample size determination, the 
marginal or prior-predictive distribution is used which is the mixture of the sampling distribution of the data and the 
prior distribution of the unknown parameters[4]. In this context, the minimal sample size is determined using three 
different Bayesian approaches based on highest posterior density (HPD) intervals which are average coverage 
criterion (ACC), average length criterion (ALC) and worst outcome criterion (WOC). 
In sample size calculation, the literatures on Bayesian approaches have recently received much attention. Bayesian 
SSD for a single binomial parameter has been discussed by so many authors like Adcock(1988b, 1992, 1995), 
Pham-Gia(1995), Joseph et al.( 1995a,b) and Pham-Gia and Turkan(1992). This paper presents several new results 
on Bayesian sample size determination for estimating binomial proportion for SRS, more complex survey and 
Bayesian sample size determination for proportion using different prior. 
2 Bayesian Sample Sizes for Binomial Proportions 
In case of  binomial experiment, let  𝜃be the binomial parameter to be estimated. In this case, the prior model is a 
beta distribution and the likelihood model is a binomial distribution. For binomial proportion, the three Bayesian 
sample size determination criteria are as follows. 
2.1 Average Coverage Criterion (ACC) 
In the case of a binomial parameter, the average coverage criterion finds the smallest 𝑛 satisfying the following 
condition[2] 
∑ Pr{𝜃 ∈ (𝑎(𝑥,𝑛),𝑎(𝑥,𝑛) + 𝑙)} 𝑝(𝑥,𝑛) ≥ 1 − 𝛼𝑛
𝑥=0                                         (1) 
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Where 

Pr {𝜃 ∈ (𝑎(𝑥,𝑛),𝑎(𝑥,𝑛 + 𝑙)} ∝ ∫ 𝜃𝑥𝑎(𝑥,𝑛)+𝑙
𝑎(𝑥,𝑛) (1 − 𝜃)(𝑛−𝑥)𝑓(𝜃)𝑑𝜃                         (2) 

𝑙is the user-specified length of the credible set, 𝑓(𝜃) is the prior distribution of 𝜃and 𝑝(𝑥,𝑛) is the preposterior 
probability function of the data. 
2.2 Average Length Criterion (ALC) 
In the case of a binomial parameter, the average length criterion seeks the minimum 𝑛 satisfying the following 
condition[2] 
∑ 𝑙(𝑥́𝑛
𝑥=0 ,𝑛)𝑝(𝑥,𝑛) ≤ 𝑙                                                     (3) 

Where, 𝑙(𝑥́ ,𝑛)is the length corresponding to the HPD interval. 
2.3 Worst Outcome Criterion (WOC) 
The worst outcome criterion finds the smallest  𝑛satisfying the following condition 

𝑖𝑛𝑓𝑥∈𝜒 �∫ 𝑓(𝜃|𝑥,𝑛)𝑑𝜃𝑎(𝑥,𝑛)+𝑙
𝑎(𝑥,𝑛) � ≥ 1 − 𝛼                                (4) 

Where both 𝑙and  𝛼are fixed in advance. 
3 Computation of Sample Size for Proportion with Simple Random Sampling 
In case of simple random sampling, for determining an appropriate classical sample size 𝑛, pre-assigned values of  
𝛼,𝑑and 𝑃 have to be given and Bayesian sample size can be computed using the above three criteria. Now, a table 
of classical and Bayesian sample 𝛼 = 0.05is given below- 

Table 1. Table of Classical and Bayesian Sample Size for SRS(𝛼 = 0.05) 

Length Classical Sample 
Size Different Prior Bayesian Sample Size 

ACC ALC WOC 

0.01 38416 

(1,1) 27778 23747 38412 
(2,2) 31630 29990 38410 
(3,3) 33326 32576 38408 
(4,4) 34419 33981 38406 
(2,3) 31638 29956 38409 

0.05 1537 

(1,1) 1107 944 1534 
(2,2) 1262 1193 1532 
(3,3) 1327 1295 1530 
(4,4) 1368 1350 1528 
(2,3) 310 297 378 

0.1 384 

(1,1) 275 235 381 
(2,2) 312 298 379 
(3,3) 328 320 377 
(4,4) 336 332 375 
(2,3) 310 297 378 

0.50 15 

(1,1) 9 8 12 
(2,2) 8 8 10 
(3,3) 7 7 8 
(4,4) 6 6 6 
(2,3) 8 7 9 

 

Table 1 compares the required sample sizes for classical and Bayesian criterion for proportion with simple random 
sampling assuming different prior distributions for 𝛼 = 0.05. The proportion that we have used in the above table is 
𝜃 = 0.5. From table 1, we can say that the three Bayesian criteria provides very different sample sizes and it is also 
worth observing from the table that 𝑛𝐴𝐿𝐶 ≤ 𝑛𝐴𝐶𝐶 ≤ 𝑛𝑊𝑂𝐶. In fact, all Bayesian criteria provides smaller sample sizes 
than the classical approach and from table 1, two main observation can be made. Firstly, Bayesian criteria ACC and 
ALC seem to lead very similar sample sizes whereas WOC criteria provides the largest sample sizes with no 
consistent ordering seen for the other two criteria. For example, in case of 𝑙 = 0.05 and a prior about proportion 𝜃, 



581 
 

𝑢 = 𝑣 = 3, ACC and ALC yield the sample size of 𝑛 = 1327 and 𝑛 = 1295 which are somewhat similar but WOC 
yields a sample size of 𝑛 = 1530  which is larger than the sample size of ACC and ALC. Secondly, As long as non-
informative prior approaches to informative prior, the 
sample size gradually increases. For example, in case of 𝑙 = 0.05  and a prior about proportion 𝜃, 𝑢 = 𝑣 = 1, ACC, 
ALC and WOC yield the sample size of 𝑛 = 1107  ; 𝑛 = 944 and 𝑛 = 1534  but in case of the informative prior 
distribution (𝑢; 𝑣) = (2,2), (3,3), (4,4)the sample sizes are gradually larger than the sample 
size of the previous prior distribution. 

 
Figure 1: Classical and Bayesian sample size for different length for prior(1,1) . 

The above figure represents the classical and Bayesian sample size for different length using non-informative prior 
(1,1) . The figure shows that as the desired length approaches to large length from small length, the sample size 
gradually decreases and this fact is true for both classical method and Bayesian method. This figure also shows that 
the all three Bayesian criteria give smaller sample size than the classical approach of sample size determination. 
Here, it is seen that the sample size suggested by the Bayesian criteria ACC and ALC are almost similar but the 
criteria WOC gives the sample size which is larger than the other two criteria ACC and ALC. It is also observing 
that the Bayesian criteria WOC provides almost same sample size like the classical approach. That means, from this 
figure we can easily say that      

𝑛𝐴𝐿𝐶 ≤ 𝑛𝐴𝐶𝐶 ≤ 𝑛𝑊𝑂𝐶 ≤ 𝑛𝐶𝑙𝑎𝑠𝑠𝑖𝑐𝑎𝑙 

 
Figure 2: Classical and Bayesian ACC sample size for different prior and different length . 

 
This figure represents the sample size of classical approach and the sample size of the Bayesian criteria ACC using 
different prior for different value of desired length of the HPD interval. From this figure, we can reveal that the 
Bayesian sample sizes of ACC criteria using different prior are smaller than the classical sample size. It is also 
important to note that as long as the non-informative prior approaches to informative prior, the sample size gradually 
increases but the sample size gradually decreases when we approaches to big length from small length of the HPD 
interval. 
 



582 
 

4 Computation of Sample Size for Proportion with Cluster Sampling 
 In case of cluster sampling, classical sample size for proportion can be determined by multiplying the classical 
sample size for SRS with the design effect. Usually, design effect is taken 1.5. Now, a table of classical and 
Bayesian sample size for 𝛼 = 0.05 is given below- 

Table 2. Table of Classical and Bayesian Sample Size for Cluster Sampling(𝛼 = 0.05) 

Length Classical Sample 
Size Different Prior Bayesian Sample Size 

ACC ALC WOC 

0.01 57624 

(1,1) 41651 35555 57618 
(2,2) 47445 44985 57615 
(3,3) 49989 48864 57612 
(4,4) 51629 50972 57609 
(2,3) 47457 44934 57614 

0.05 2306 

(1,1) 1654 1427 2301 
(2,2) 1893 1790 2298 
(3,3) 1991 1943 2295 
(4,4) 2052 2025 2292 
(2,3) 1889 1790 2297 

0.1 576 

(1,1) 413 353 572 
(2,2) 468 447 569 
(3,3) 492 480 566 
(4,4) 504 498 563 
(2,3) 465 446 567 

0.50 23 

(1,1) 14 12 18 
(2,2) 12 12 15 
(3,3) 11 11 12 
(4,4) 9 9 9 
(2,3) 12 11 14 

The above table represents the comparison between the classical sample sizes and Bayesian sample size for 
proportion with cluster sampling assuming different prior distributions for 𝛼 = 0.05.. In this table, we have used the 
proportion 𝜃 = 0.5 for determining the classical sample size. This table shows that the all three Bayesian criteria 
give very different sample sizes, that is, 𝑛𝐴𝐿𝐶 ≤ 𝑛𝐴𝐶𝐶 ≤ 𝑛𝑊𝑂𝐶. Actually the classical approach provides larger 
sample sizes than all three Bayesian criteria and it is also observing that Bayesian criteria ACC and ALC seem to 
lead very similar sample sizes whereas WOC criteria provides the largest sample sizes. For example, in case of 
𝑙 = 0.05  and a prior about proportion 𝜃, 𝑢 = 𝑣 = 1, ACC and ALC yield the sample size of 𝑛 = 1654 and 
𝑛 = 1427 which are somewhat similar but WOC yields a sample size of 𝑛 = 2301 which is larger than the sample 
size of ACC and ALC. We can also conclude that as long as non-informative prior approaches to informative prior, 
the sample size gradually increases. For example, in case of 𝑙 = 0.1  and a prior about proportion 𝜃, 𝑢 = 𝑣 = 1, 
ACC and ALC yield the sample size of 𝑛 = 413 and 𝑛 = 353 and 𝑛 = 572  but in case of the informative prior 
distribution (𝑢; 𝑣) = (2,2), (3,3), (4,4), the sample sizes are gradually larger than the sample size of the previous 
prior distribution. 
5 Sample Size for Some Real Life Surveys in Bangladesh 
5.1 Computation of Sample Size for Bangladesh Demographic and Health Survey (BDHS) 2004 
The Bangladesh Demographic and Health Survey (BDHS) is a periodic survey conducted in Bangladesh to serve as 
a source of population and health data for policymakers, program managers, and the research community. The 
classical and Bayesian sample sizes according to some variables using BDHS 2004 data 
set are given in the following table- 
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Table 3. Table of Classical and Bayesian Sample Size for Urban Women Using BDHS 2004(𝛼 = 0.05) 

Variable Classical 
Sample Size 

Bayesian Sample Size 
ACC ALC WOC 

No Education 1732 1470 1268 3376 
With Secondary Education or Higher 1416 1110 957 2577 
Currently Married 45 107 93 219 
Want No More Children 332 260 224 579 
Mothers Received Tetanus Injection (last birth) 96 164 142 373 
Mothers Received Medical Care at Delivery 1751 1610 1365 3740 
Child Received Polio Vaccination 121 192 166 469 

The above table shows the classical and Bayesian sample size for some variables for urban women using BDHS 
2004 data set. In this table, the relative margin of error is used as 10%. This table describes that classical sample size 
is greater than Bayesian sample size of ACC and ALC criteria for some variables (no education, with secondary 
education or higher,want no more children, Mothers Received Medical Care at Delivery) and the classical sample 
size is smaller than the Bayesian sample size of all criteria for the remaining variables in the above table. This 
indicates that here sampling is not done properly. But it is important to note that the Bayesian WOC criteria provides 
the largest sample size among the other two criteria and the classical method of sample size determination because 
WOC criteria is a conservative criteria. 
           Table 4. Table of Classical and Bayesian Sample Size for Rural Women Using BDHS 2004(𝛼 = 0.05) 

Variable Classical Sample 
Size 

Bayesian Sample Size 

ACC ALC WOC 

No Education 833 624 535 1347 

With Secondary Education or Higher 138 1651 1407 3451 

Currently Married 31 81 70 153 

Want No More Children 249 193 166 392 

Mothers Received Tetanus Injection (last birth) 129 174 148 374 

Mothers Received Medical Care at Delivery 5285 11578 9907 23387 

Child Received Polio Vaccination 127 156 134 364 

The above table represents the classical and Bayesian sample size for some variables for rural women using BDHS 
2004 data set. This table describes that classical sample size is greater than Bayesian sample size of ACC and ALC 
criteria for some variables (no education, with secondary education or higher, want no more children) and the 
classical sample size is smaller than the Bayesian sample size of all criteria for the remaining variables in the above 
table. This indicates that here sampling is not done properly. 
6 Conclusion 
In statistics, before collecting data, it is essential to determine the sample size requirements of a study. In fact, three 
types of criteria usually will need to be specified to determine the appropriate sample size which are – 
6.1 Sample Size for Different Methods 
For determining appropriate sample size, two types of methods are available -classical and Bayesian method. In 
classical method, sample sizes are calculated using some formulas and in Bayesian method sample sizes are 
calculated using three different criteria (ACC, ALC and WOC). Normally, Sample sizes in classical method are 
larger than the sample sizes of Bayesian method for all criteria. In case of sample size for classical and Bayesian 
criteria, 

𝑛𝐴𝐿𝐶 ≤ 𝑛𝐴𝐶𝐶 ≤ 𝑛𝑊𝑂𝐶 ≤ 𝑛𝐶𝑙𝑎𝑠𝑠𝑖𝑐𝑎𝑙 
For real life surveys, this equation is not exactly satisfied because of lacking of conventional proportional sampling 
methods. 
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6.2 Sample Size for Different Margin of Error 
The Margin of Error, sometimes called sampling error, is the range in which the true value of the population is 
estimated to be. We know, the smaller the margin of error, the bigger the sample. In case of classical method of 
sample size determination, sample sizes also reduces for large margin of error and this statement is also satisfied by 
Bayesian method of sample size determination. For example, in table 1, for 𝑑 = 0.005, classical sample size = 
38416 and Bayesian ACC sample size = 27778, for 𝑑 = 0.025, classical sample size = 1537 and Bayesian ACC 
sample size = 1107 and for d = 0.05, classical sample size = 384 and Bayesian ACC sample size = 275.Therefore, 
these sample sizes satisfy our statement. 
6.3 Sample Size for Different Prior 
Prior means information gathered from the previous study, past experience or expert opinion. The estimated sample 
size is increased as long as we approach to the informative prior from non-informative prior. For example, in table 1, 
for 𝑙 = 0.1, ,the estimated sample size for prior (1,1) = 275, for prior (2,2) = 312, prior (3,3) = 328, prior 
(4,4) = 336. That means, sample size is increased if the value of the prior is increased, that is, if we have more 
information about our estimator (proportion). Consequently, we can say that the proper use of prior information 
illustrates the power of the Bayesian method of sample size determination. 
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Abstract- Identifying an individual from his or her face is one of the most nonintrusive modalities in biometrics. 
However, it is also one of the most challenging ones. This thesis discusses why it is challenging and the factors that 
a practitioner can take advantage of in developing a practical face recognition system. PCA, a statistical technique to 
reduce the dimensionality and are used to extract features with the help of covariance analysis to generate Eigen 
components of the images. Genetic Algorithm represents intelligent exploitation of a random search within a defined 
search space to solve a problem. 
Keywords-Feature Selection, Face Recognition, Principle Component Analysis, Genetic Algorithm. 
1. Introduction 
Feature extraction also plays an important role in law enforcement forensic investigation, security access control 
system, security monitoring Banking system, Face Recognition, intelligent robotic, safety alert system based on eye 
lid movement & it has various other applications. To better use the Face Recognition for this purpose, compression 
of data is mandatory. Images can be compressed as structural features such as contours and regions [2]. Images have 
been exploited to encode images at low bit rates. The method of Eigen faces uses Principal Components Analysis 
(PCA)toa low dimensional subspace (Eigen space). This subspace is defined by the principal components of the 
distribution of face images. Each face can be represented as a linear combination of the Eigen faces. Given an 
image, sub-images of different size are extracted at every image location. To classify images to any other face, its 
distance from the Eigen space vector is computed. Face recognition can typically be used for verification or 
identification. In verification an individual image is already enrolled in the reference database. In identification, an 
input image is matched with a biometric reference in the database. There are two outcomes: the person is not 
recognized or the person is recognized. Two recognition mistakes may occur: false reject (FR) which indicates a 
mistake that occur when the system reject a known person, false accept (FA) which indicates a mistake in accepting 
a claim when it is in fact false. These algorithms are two types: two dimensional (2D) approaches and three 
dimensional (3D) approaches. Mainly, the traditional 2D approaches are divided into six algorithms: eigenfaces 
(PCA), linear discriminant analysis (LDA), independent component analysis (ICA), support vector machine (SVM), 
Genetic Algorithm (GA) neural network and hidden Markov model (HMM) [1]. 
Genetic algorithm was developed by John Holland- University of Michigan to provide efficient techniques for 
optimization [7].Human face recognition is currently a very active research area with focus on way to perform 
robust and reliable biometric identification. Face Recognition means matching the original face from a set of face 
previously stored in the knowledge base. In earlier times, people have tried to understand which features help us to 
perform recognition tasks, such as identifying a person [6].In the genetic algorithm, the problem to be solved is 
represented by a list of parameters which can be used to drive an evaluation procedure, called chromosome or 
genomes. 
The face of our primary focus of attention in social intercourse, playing a major role in conveying identity and 
emotion. Although the ability infer intelligence or character from facial appearance is suspect. Face Recognition 
System convey to provide the intelligence power to the computer so that it can recognize the faces to identify and 
differ from other faces through the heuristically learned faces. In the area of surveillance, secure trading terminals, 
credit verification and criminal identification, Close Circuit Television (CCT) control and user authentication uses 
the Face Recognition system, it draws considerable interest and attention from many researchers. To ensure legal 
voter identification and avoid corruption and duplicates voters as well as illegal votes, face attached voter ID card is 
implemented by the Face Recognition system. 
2. Methodology 
In PCA, the probe and gallery images must be the same size. Each image is treated as one vector. All images of the 
training set are stored in a single matrix and each row in the matrix represents an image. The average image has to 
be calculated and then subtracted from each original image. Then calculate the eigenvectors and eigenvalues of the 
covariance matrix. These eigenvectors are calledeigenfaces. The eigenfaces is the result of the reduction in 
dimensions which removes the unuseful information and decomposes the face structure into the uncorrelated 
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components(eigenfaces). Each image may be represented as a weighted sum of the eigenfaces. A probe image is 
then compared against the gallery by measuring the distance between their represent vectors. Distance can be 
measure using city block distance, Euclidian Distance and so on. 
Block Diagram of Face Recognition System using Principle component analyses are: 

 
Fig.1.Block Diagram of PCA 

A Genetic Algorithm is a problem solving method that uses genetics as its model of problem solving. It’s a search 
technique to find approximate solutions to optimization and search problems. Fitness function is first derived from 
the objective function and used in successive genetic operations. Certain genetic operation requires that fitness 
function be non-negative, although certain operators don not have this requirement. A fitness function must be 
devised for each problem to be solved. Then, the genetic algorithm loops over an iteration process to make the 
population evolve. Each iteration consists of the following steps [5]: Selection: The first step consists in selecting 
individuals for reproduction. This selection is done randomly with a probability depending on the relative fitness of 
the individuals so that best ones are often chosen for reproduction than poor ones. Reproduction: In the second 
step, offspring are bred by the selected individuals. For generating new chromosomes, the algorithm can use both 
recombination and mutation. Evaluation: Then the fitness of the new chromosomes is evaluated. Replacement: 
During the last step, individuals from the old population are killed and replaced by the new ones. This cycle can be 
summarized as [8]. 

 
Fig.2.Cycle of Genetic Algorithm 

The basic genetic algorithm is as following: 
1. The algorithm begins by creating a random initial population. 
2. The algorithm then creates a sequence of new populations. At each step, the algorithm uses the individuals 

in the current generation to create the next population. To create the new population, the algorithm 
performs the following steps: 

a. Scores each member of the current population by computing its fitness value. 
b. Scales the raw fitness scores to convert them into a more usable range of values. 
c. Selects members, called parents, based on their fitness. 
d. Some of the individuals in the current population that have lower fitness are chosen aselite. These 

elite individuals are passed to the next population. 
e. Produces children from the parents. Children are produced either by making random changes to a 

single parent—mutation—or by combining the vector entries of a pair of parents—crossover. 
f. Replaces the current population with the children to form the next generation. 

3. The algorithm stops when one of the stopping criteria is met. 
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Fig.3: Flow chart of Genetic Algorithm 
3. Approach 
 
PCA: In this thesis, Japanese Female Facial Expression Standard Database has been used. A 2-D facial image can 
be represented as 1-D vector by concatenating each row (or column) into a long thin vector.M vectors of size N 
representing a set of sampled images. Obtain M training images it is very important that the images are centered. 
Represent each imageasa vector    . The images are mean centered by subtracting the mean image from each image 
vector. 

 

 
 
Subtract the mean face from each face vector,   to get a set of vectors,(1) 
Find the covariance matrix,      wherebutAnd           , C is huge.Findout 
                               , can get V eigenvectorand then have to calculate the eigenvector of C using this equation, 
                                                                                                                                                               (2) 

 
Fig.4: Six Eigen faces 

Weight calculation for each training image using this formula       , at last calculated the individual weight vector for 
each training images 
 
 (3) 
 
 
For test image also calculated   ,at the last step distance measured from test image to every training image. Using 
Euclidean or city blocks distance. Which distance is minimum that’s are result 
 
(4) 
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Fig. 5: Recognized image using PCA 
GA: For the Genetic Algorithm first use the most frequent occur gray level in image that is shown in the bellow: 

 
Fig. 6: Gray level Image 

Calculate the frequency of each gray level. Then eliminate the gray values that have the probability less than 0.003. 
After the preprocessing the image, get the bellow figure for a sample image: 

 
           Fig.7: Preprocessed Image 

At first take the input image and then take each database image. Assign the zero values for some rows and column 
of input image and database image. Find the deviation between both images. Zero values of 3 rows and column of 
the input image are assigned. Calculate the deviation values for five times. Each time the eliminated row and column 
of the database image increase 3 factors. 3 crossover factors and generation is 5 is considered. The resultant image is 
as following 

 
 

Fig.8: The resultant Image after crossover between input image and the database image for five generation 
 
Fitness values for each database and input images are find. If the total database image is 25 then we will find the 25 
fitness values. Then take each fitness value for each database image and input image for each generation. At last add 
all fitness value. Sort the Fitness value. The minimum fitness value is selected. The corresponding index image is 
selected. 

Test image        Equivalent image 

 
 
Fig.9:Recognized image using GA 
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4. Experimental Result And Analysis 
Table 1: Efficiency calculation for PCA 

No. of Face 
Image 

Successfully Recognized 
Face Image 

Unrecognized 
Face Image 

Efficiency (%) 

10 9 1 90% 
20 18 2 90% 
25 22 3 88% 

Therefore the efficiency of Face Recognition System by using PCA is 89.33%. 
 
 
 
 
 
 
 

Fig.10: Efficiency versus No. of Sample graph using PCA 
 
Table 2: Efficiency calculation for GA 

No. of Face 
Image 

Successfully Recognized 
Face Image 

Unrecognized Face 
Image 

Efficiency(%) 

10 10 0 100% 
20 19 1 95% 
25 23 2 92% 

Therefore the efficiency of Face Recognition System by using GA is 95.6%. 
 

 
 

Fig.11: Efficiency versus No. of Sample graph using GA 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig.12:Efficiency versusNo. of Sample graph forcomparison between PCA and GA 

 
Fig.13: Performance Analysis chart for PCA and GA 
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Draw the Performance analysis graph for Face Recognition System using PCA and GA. In above figure shown that 
GA is better than PCA. This Efficiency is so much higher than any other research [5] [2] [8]. 
5. Limitation 

 
In PCA, the dimension of the resized image is critical: If it is too large, the system may diverge, whereas if it is too 
small, the images cannot be discriminated from each other. GA is a run time searching technique which takes a lot 
of time to search a image from train database. 
6. Summary And Conclusions 
Face Recognition System using the concept of Principle Component Analysis and Genetic Algorithm has been 
discussed. The maximum efficiency for Face Recognition System by using Genetic algorithm is 95.6% and the 
maximum efficiency for Face Recognition System by using PCA is 89.33%.The whole software is dependent on the 
database and the database is dependent on resolution of camera. So if goodresolution digital camera or good 
resolution analog camera is used, the results could be increased. 
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Abstract.It is impractical to imagine point cloud data obtained from laser scanner based mobile mapping systems 
without outliers. The presence of outliers affects the most often used classical statistical techniques used in laser 
scanning point cloud data analysis and hence the consequent results of point cloud processing are inaccurate and 
non-robust. Therefore, it is necessary to use robust and/or diagnostic statistical methods for reliable estimates, 
modelling, fitting and feature extraction. In spite of the limitations of classical statistical methods, an extensive 
literature search shows not much use of robust techniques in point cloud data analysis. This paper presents the basic 
ideas on mobile mapping technology and point cloud data, investigates outlier problems and presents some 
applicable robust and diagnostic statistical approaches. Importance and performance of robust and diagnostic 
techniques are shown for planar surface fitting and surface segmentation by using several mobile mapping real point 
cloud data examples. 
Keywords: 3D modelling, covariance technique, feature extraction, laser scanning, M-estimator, mobile mapping 
technology, outlier detection, PCA, plane fitting, robust statistics, segmentation. 
1. Introduction 
The goal of Mobile Mapping (MM) is to acquire a 3D-survey of the environment and objects in the vicinity of the 
mapping vehicle accurately, quickly and safely. Applications of this emerging technology include 3D city 
modelling, corridor (e.g. road and rail) asset and inventory maintenance and management, abnormal load routes, 
environmental monitoring, accidental investigation, industrial control, construction management, digital terrain 
modelling, archaeological studies, marine and coastal surveying, telegeoinformatics, change detection for military 
and security forces, man-induced and natural disaster management, Geographical Information Systems (GIS) 
applications and simulation. The necessity and prospects of this technology related to the geospatial industry has 
been mentioned by Jack Dangermond (founder and president, ESRI) in his speech 'The geospatial industry 
empowers a billion+ people' [1].   
Understanding, visualization, analysis and modelling from MM data rely on laser scanning point cloud data 
processing. Point cloud data acquired from MM Systems (MMS) are usually unorganized, multi-structured, 
incomplete and sparse. This type of data has no knowledge about statistical distribution and specific surface shape, 
has complex topology, geometrical discontinuities and inconsistent point density, may have sharp features and may 
even be missing pieces (such as holes). Besides, the physical limitations of the sensors, boundaries between 3D 
features, occlusions, multiple reflectance and noise can produce off-surface points that appear to be outliers [2]. 
Most of the classical statistical techniques work well only for high-quality data and fail to perform adequately in the 
presence of outliers. Robust and diagnostic statistics deal with the problem of outliers. The necessities of robust and 
diagnostic methods in computer vision, pattern recognition, photogrammetry, remote sensing and statistics have 
been well described in the literature (e.g. [3,4,5,6,7,8,9]). Stewart [9] states “It is important for the reader to note that 
robust estimators are not necessarily the only or even the best technique that can be used to solve the problems 
caused by outliers and multiple populations (structures) in all contexts”. In spite of the inevitable recognition and 
reality of the outlier (gross errors) problem in point cloud data processing, we see frequent use of non-robust 
statistical techniques for data analysis. The use of non-robust techniques causes undue influence on the estimators 
and hampers the accuracy.  
The detection of outliers (or irregular data structures) and parameter estimation without the effects of outliers is one 
of the fundamental tasks in statistics and is as old as statistics. This paper does not cover  robust statistics nor MM in 
detail. This paper has two main goals: one is to present the basic ideas of MM technology, laser scanning point 
cloud data and robust statistics, and the other is to point out the role and applications of some of the most applied 
robust and diagnostic statistical approaches in MM point cloud data analysis (e.g. surface fitting, segmentation and 
reconstruction). 
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2. Mobile Mapping Technology and Point Cloud Data 
Mobile Mapping (MM) (i.e. mapping from moving vehicles (Fig. 1)) Systems (MMS) have been around for at least as long as 
photogrammetry has been practiced [10].  In the early 1990s, it was possible to think about MM in a different way when for the 
first time, GPS was able to provide reasonably accurate positioning of mobile sensor platforms [11]. The first research systems 
were simultaneously developed at the Center for Mapping, Ohio-State University, and the Department of Geomatics Engineering, 
University of Calgary [12]. MM is a non-invasive, state-of-the-art solution that incorporates various navigation and remote 
sensing technologies on a common moving platform. On board (Fig. 2), are advanced imaging and ranging devices (cameras, 
laser scanners or Light Detection and Ranging (LiDAR)) and navigation/positioning/geo-referencing devices (Global Navigation 
Satellite System (GNSS)) for the determination of the position of the moving platform, Inertial Measurement Unit (IMU) that 
contains sensors to detect rotation and acceleration and used for determining the local orientation of the platform, and 
odometer/Distance Measurement Instrument (DMI) typically connected to a wheel of the vehicle to provide linear distance in 
case of GNSS outage. The sensor arrangement works to maintain the alignment and accuracy between the sensors and the 
navigation equipment. The vehicle also includes a computer, storage and operational software to control the mapping mission. 
The mission is typically performed by a 2-person crew, one for driving the vehicle and the other for operating and managing the 
sensors. The two main components of MMS are geo-referencing based on navigation sensors (for details see e.g. [13] ), and 
kinematic modelling of imaging sensors. Mid- and long-range  laser scanners are usually based on time-of-flight technology, 
which measures time delays created by light waves (rather than radio waves) travelling in a medium from a source to a target 
surface and back to the source. Laser scanners mounted on the platform usually at a 45o angle to the vehicle track swing the laser 
beam through 360o. The unit can rotate at 80 to 200 revolutions per second. The laser is pulsed with the frequencies up to 200 
kHz. Performance include spatial resolution up to 1 cm at 50 km/hour, range > 100 meters, measurement precision 7 mm (1 
sigma), at operating temperatures -20o C to + 40o C (see Optech LYNX MMS). These configurations and advantages vary for 
different systems. High-speed counters measure the time-of-flight of the high energy and short length light waves. To get the 
desired results and to extract 3D coordinates of mapping objects from the geo-referenced images, modelling and data fusion 
required. Data fusion is necessary for merging data from various sources (sensors) of a different nature (see Fig. 3).  

 
Figure 1.LYNX MMS vehicle 1Figure 2. Configuration of the LYNX MMS 2 (a) LIDAR sensor (b) IMU (c) DMI  
MMS provides efficient acquisition of multi sensor data of terrabytes of 3D points (geospatial data) defined by their 
x, y, and z coordinates (latitude, longitude and elevation) for each laser footprint called a point cloud (Fig. 3). Point 
cloud data may have colour (r, g, b) information with intensity (return energy) values. The output point cloud data is 
stored in a general industry standard format called ‘LAS’, which encodes the data into a point based binary file. The 
complexity of MMS has increased, reflecting the stronger dependency on technology and the more sophisticated 
design, data processing and information extraction process [10]. MMS are now able to collect more than 600,000 
points per second. According to Graham [14], the achievable absolute accuracy of the 3D data can be as good as 2 
cm (following adjustment to control). MMS significantly improves safety for data collectors (a major concern in 
highway work). No longer is 10 days of good weather needed to collect data for a 20-mile highway corridor. The 
same data can be acquired with a MMS in 30 minutes and all the data processing can be performed in the back 
office. Interested readers can acquire more information about MMS [12, 14, 15, 16]. There are also resources for 
understanding of data collection and visualization of point cloud data 3,4. MMS data collection to output workflow is 
summarized in Figure 5.  

 
 
 
 
 
 
 

                                                 
1

http://www.optech.ca/lynx.htm 
2

http://www.speaautostrade.it/eng/technical_publications/pdf/Lynx_Pc_Mo1.pdf 
3

http://www.streetmapper.net/gallery/animations.htm 
4

 www.youtube.com/watch?v=fJ59IYfBLEc 

 

Figure 4. Point cloud data (with a single scanner, the    main 
street of Wollongong, NSW, Australia) was scanned in under 
10 minutes by StreetMapper. Features such as road markings, 
curbs, manholes and overhead wires are visible in the data 5 

Figure3. MMS data fusion [13] 
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Figure 5. MMS workflow 

3. Outlier, Robust and Diagnostic Statistics 
People in different scientific disciplines (e.g. statistics, computer vision, pattern recognition, machine learning, data 
mining, photogrammetry and remote sensing) define the term ‘outlier’ in many ways (e.g. [2, 5, 6, 17]). A good 
answer of what are outliers and what are the problems of outliers is in statistics “In almost every true series of 
observations, some are found, which differ so much from the others as to indicate some abnormal source of error not 
contemplated in the theoretical discussions, and the introduction of which into the investigations can only serve … 
to perplex and mislead the enquirer” [18]. Usually, when the sample size increases the sampling variability 
decreases. Large datasets such as mobile mapping point clouds may have very small variance and error may occur 
due to systematic bias of model misspecification. Agostinelli et al. [19] mention that two problems may arise to deal 
with large and complex data by classical statistical methods: (i) it may not be easy to fit simple and parsimonious 
models that reflect equally well all the data; and (ii) the sampling variability for such large datasets can be very 
small, to the extent that, the possible model misspecification bias dominates the statistical error, and may put into 
question the validity of the analysis. Robust statistical methods can deal with the above two challenges in the 
presence of outliers in a dataset. That means, when outliers and regular observation do not follow the same model.   

There are two well known complementary approaches in statistics with the same objective for dealing with 
outliers: one is robust statistics and the other is diagnostics. Box [20] first introduces the technical terms 'robustness' 
and ‘robust', and the subject matter was recognised as a legitimate topic in the mid-sixties, due to the pioneering 
work of Tukey [21], Huber [22] and Hampel [23]. The first monograph is ‘Robust Statistics’ [5]. The basic 
philosophy of robust statistics is to produce statistical procedures which are stable with respect to small changes in 
the data or model and even large changes should not cause a complete breakdown of the procedures [24]. 
Robustness of an estimator is a property, usually measured by the Breakdown Point (BP; the 

 
5  www.streetmapper.net/applications/citymodelling.htm 
smallest fraction of outlier contamination that can cause an estimator to be arbitrarily far from the real estimate) and 
influence function, which measures the effect of an outlier. Diagnostics have taken a different view from robust 
statistics. Rather than modifying the fitting method, diagnostics condition on the fit using standard methods to 
attempt to diagnose incorrect assumptions, allowing the analyst to modify them and refit under the new set of 
assumptions [25]. According to Rousseeuw and Leroy [8], the purpose of robustness is to safeguard against 
deviation from the assumptions; the purpose of diagnostics is to find and identify deviation from the assumptions. It 
means that each views the same problem from opposite sides, and completing the metaphor, the more opaque the 
problem is, the more important it is to view the problem from the all sides. Fung [26] expresses the necessity of each 
other as: robust and diagnostic methods do not have to be competing but the complementary use of highly robust 
estimators and diagnostic measures provides a very good way to detect multiple outliers and leverage points. Hence, 
the goal of robust and diagnostic methods should be twofold: to identify outliers and to provide an analysis that has 
greatly reduced sensitivity to outliers.  
3.1 Location and Scatter 
The mean and standard deviation (SD) are the two most well known location and scale/scatter estimates respectively 
of the true values of an univariate random variable X. They are defined as: 
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Suppose, we have five values of a sample: 5.56, 5.25, 5.38, 5.86 and 5.43. We want to estimate the true value, we 
usually get the mean = 5.496 from Eq. (1). If the 1st value is wrongly observed as 55.6 then we get mean = 15.504, 
which is far from the true value. We could consider another location measure e.g. median defined as the middle 
most observation of the sorted values. The median with an even number of sorted values is the average of the two 
elements in the middle. We calculate the median for both the cases (real set and after introducing the wrong value). 
To find the median, the arrangements are: for the real set 86.556.543.538.5255 ≤≤≤≤. , and after contaminating 
by the wrong (outlying) value 6.5586.543.538.525.5 ≤≤≤≤ . We get the median (middle; 3rd in sorted position) 
value unchanged, 5.43. We say median is a robust estimator whereas the mean is sensitive to outliers. We have to 
contaminate the dataset by at least 50% outlying observations to change the median value from real uncontaminated 
data. In the case of SD, we get the values 0.2318 and 22.4155 respectively for the real and contaminated datasets. 
That means SD is extremely non-robust. Therefore the BP of the mean and SD is merely 1/n, which tends to 0 if n 
tends to a large value. The robust alternative of SD is the Median Absolute Deviation (MAD) defined as:  

|)(|.MAD jji
i

xmedianxmediana −=
,                                                    (2) 

wherea = 1.4826 is used to make the estimator consistent for the parameter of interest [27]. We calculate the MAD 
values and get 0.1927 and 0.2669 for the real and contaminated sample respectively. The result is quite reasonable in 
the presence of the outlier. Both the sample median and MAD have 50% BP. There are many scale estimators. A 
popular one is Inter Quartile Range (IQR) with 25% BP, which is the difference between the 3rd and 1st quartile of 
the data.  

In the multivariate case, we can consider the data of n points of m dimensions that can be arranged in a matrix 
(P) of mn × . The location and scatter (covariance matrix) for such multivariate data are defined as:  
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They have 0% BP similar to the univariate location and scatter in Eq. (1). The estimation of multivariate location 
and scatter is one of the most important and challenging problems, especially in the presence of multiple/cluster 
outliers [3, 8, 28]. One of the main problems is most of the methods breakdown if the outlier contamination is larger 
than 1/(m+1). Many robust alternatives have been developed that can be categorized mainly into three approaches 
consisting of  projection estimators (e.g. [29, 30]), combinatorial estimators such as Minimum Volume Ellipsoid 
(MVE), and  Minimum Covariance Determinant (MCD) based estimators [28, 31] and iterative estimators such as 
Maximum Likelihood (ML) and M-estimators.  

The idea of projection estimators is discussed in the next section. The MVE method finds the −> )2/( nhh subset of 

data points for the ellipsoid with the smallest volume. Its BP is nhn /)( − . MCD finds observations in the dataset that 
have a covariance matrix with the minimum determinant. MCD has better statistical efficiency than MVE because it 

is asymptotically normal. The MCD estimators have a bounded influence function: nhn /)1(BP +−= , and attain 

maximum BP when  2/)1( ++= mnh . The MCD location and scatter are time intensive because nch subsets have to 
be investigated. However later the estimators have gained much popularity after the introduction of the fast-MCD 
[28]. Many other multivariate robust alternatives (e.g. M-estimators, S-estimators and MM-estimators) have been 
introduced in the literature [8, 32]. Some of them are based on the idea of a measure of outlyingness and use the re-
weighted locations and scatters [33].  
The M-estimator has been devised by Huber [22], and many others have enhanced it. M stands for Maximum 
Likelihood (ML) and the estimator robustifies the ML by down-weighting the extreme (outlying) values using a 
weight function. It is computationally more efficient and robust than the ML estimator. Assume xi is the ith 

observation of a random variable X, T is a location estimator, the residual ri=xi-T and a function defined as )(rρ . 
Then the M-estimate of T can be obtained by minimizing  
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where )(rρ is continuous, positive definite )0)(( ≥rρ , symmetric ))()(( rρrρ −= and generally with a unique 

minimum at 0 (i.e. )(rρ increases as r increases from 0, but does not get too large). If ρ = f (a probability density 
function) then the M-estimator becomes MLE. Differentiating w.r.t. the parameter T (location) yields: 
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Different )( irρ  and )( irψ yields different M-estimators.  Huber [22] introduces the )( irψ as:  
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wherek is the tuning constant. The M-estimator has many applications in different multivariate techniques (e.g. 
robust regression). It has been used to develop the well known RANSAC algorithm [34] and its family of variants in 
computer vision (e.g. MSAC, MLESAC; [35]). M-estimator based segmentation has been also been used  in data 
visualization. 
3.2   Outlier Detection 
The outlier detection approaches can be categorized into two: univariate and multivariate. A simple rule for outlier 
identification in R (set of real numbers) is to find observations that are three SD apart from the mean of the dataset. 
If all observations are more than b.SD (b is a positive real number) from the mean are classified as outliers then this 
rule has failed to identify a proportion of  b/(1+ b2) outliers with the same sign [24]. Univariate location and scatter 
are often used to get the so-called z-score for identifying outliers defined as: 
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The robust alternative of the z-score is the insertion of robust location and scale to form: 
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The outlying observations greatly exceed 2.5 or 3 times the cut-off value given the normality assumptions of the z-
scores.  
Outliers in multivariate (e.g. point cloud) data can be hard to detect because the dimensionality exceeds 2, and we 
can not rely always on human interpretation and analysis. These are inconsistent with the correlation structure in the 
data. The Mahalanobis Distance (MD; [36]) is probably the most popular multivariate outlier detection method 
defined as: 

)()(MD 1
i pppp i

T
i −Σ−= −

.                                                        (9) 
This method no longer suffices in the presence of multiple (cluster) outliers because of masking and swamping 
effects. Masking occurs when an outlying subset goes undetected because of the presence of another, usually 
adjacent, subset. Swamping occurs when good observations are incorrectly identified as outliers because of the 
presence of another, usually remote subset of observations [37]. The weakness of MD is the use of non-robust 
location and scatter. Robust Distance (RD) has been introduced by the alternative inclusion of robust (e.g. MVE and 
MCD based) locations and scatters. MCD based RD is more precise than MVE based RD and better suited to expose 
multivariate outliers [28]. The most popular one is the fast-MCD based RD, defined as: 

)()(RD 1
i MCDiMCD

T
MCDi pppp −Σ−= −

,                                                     (10) 

where MCDp and  ƩMCDare the MCD based location and scatter (covariance matrix) respectively. MD and RD both 

follow a Chi-square  distribution [31]. Observations that have MD or RD values greater than 
2

975.0.mχ  are treated as 
outliers. Fig. 6 illustrates outlier detection in two dimensions with MD and RD ellipses, the results based on 20 
observations with a single outlier (red point; Fig. 6(a)) and 4 multiple outliers (Fig. 6(b)). MD (black-dotted ellipse)  
and RD (blue ellipse) are both successful in identifying one single outlier but MD totally failed in presence of 
multiple outliers and even its ellipse' direction is affected to the outliers. RD is successful at identifying all 4 outliers 
without its direction being affected (Fig.6(b)).  The figures show that both MD and RD perform well when the 
regular observations follow an elliptical symmetric pattern but in reality this does not happen all the time. This has 
been addressed by Hubert and Veeken [38] who propose robust outlier detection methods for skewed data. 
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          (a)                                                        (b) 

Figure 6. Outlier (red) detection by MD and RD (a) one outlier (b) multiple/cluster outliers 
Among many other multivariate outlier detection techniques, one well known method is the projection pursuit 

method, which tries to analyse the structure of a dataset by various projections into a lower dimensional space [8]. 
The idea is if a point is a multivariate outlier, then there will be a projection into one dimension in which the point 
will be a univariate outlier [33]. Stahel [29] and Donoho [30] independently developed this technique. The so-called 
Stahel-Donoho outlyingness measure looks for a univariate projection for multivariate data that makes an 
observation an outlier. It is defined as: 
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wherev is a direction expression, pivT denotes a projection of the ith point (pi) onto the direction v and the max is over 
all possible projections v in Rm. One can use alternative robust locations and scatters to get the variants of the 
measure. This type of measure is also used for getting re-weighted robust location and scatter. 

Apart from the above methods, there are many multivariate statistical techniques (e.g. regression analysis, support 
vector machines, classification and clustering) that are often used in point cloud data analysis. We briefly discuss 
here Principal Component Analysis (PCA) and its robust counterpart Robust PCA (RPCA) because PCA has many 
uses in point cloud processing for saliency feature (e.g. normal and curvature) estimation, surface reconstruction, 
geometric primitives fitting, feature extraction and visualization [39, 40].    
3.3   Principle Component Analysis and Robust Principal Component Analysis 
PCA is the most popular dimension reduction and visualization non-parametric multivariate statistical technique. It 
works to identify a smaller number of mutually orthogonal variables than the original set of variables.  Principal 
Components (PCs) are the linear combinations of the original variables that rank the variability in a dataset through 
the variances, and produces corresponding directions using the eigenvectors of the covariance matrix. Every PC 
describes a part of the data variance not explained by the others, and those corresponding to the largest eigenvalues 
describes larger variances than the smaller ones. The well known mathematical technique: Singular Value 
Decomposition  (SVD) is used to get the required number of PCs (eigenvectors)  and corresponding eigenvalues 
explains how much variance is explained by the corresponding PC. Although PCA has many applications in point 
cloud processing, it is well known that it is sensitive to outliers.  
Many robust PCA variants exist in the literature [41, 42, 43]. We briefly discuss the RPCA method [42] which is 
used later in this paper for planar surface fitting and segmentation in point cloud data. The authors combine the idea 
of Projection Pursuit (PP) [44] with the fast-MCD [28]. The PP is used to transform the data so that it lies in a 
subspace whose dimension is less than the total number of observations, and then the fast-MCD estimator is used to 
get the robust location and covariance matrix. Computationally, first the data is compressed to the PCs defining 
potential directions. Then, each ith direction is scored by its corresponding value of outlyingness: 
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where the maximum is over all directions, v is a univariate direction and pivT denotes a projection of the ith 

observation on the direction v. For every direction a robust location ( MCDp ) and scatter (ƩMCD) of the projected data 
points (pivT) is computed. Second, a fraction ( 2/nh > ) of observations with the smallest values of wi are used to 
construct a robust scatter Ʃ. Finally, robust PCA projects the data points onto the k-dimensional subspace spanned 
by the k largest eigenvectors (PCs) (depends on the objective, e.g. k=2 for plane fitting) of the Ʃ and computes their 
location and scatter by the re-weighted MCD.  

While computing the robust PCA, we can detect two types of outliers in a diagnostic way (see Fig. 7). One outlier 
is an orthogonal outlier that lies away from the subspace spanned by the k (e.g. k=2 for plane) PCs and is identified 
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by a large orthogonal (residual) distance (OD) that is the distance between the observation pi and its projection ip̂ in 
the k-dimensional PCA subspace: 

||ˆ||ODi ii pp −= .                                                                    (13) 
The other type of outlier is identified by the Score Distance (ScD) that is measured within the PCA subspace and 
defined as: 
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wheretijis the ijth element of the score matrix: 
kmMCDnmnkn RpPT ,,, )1( −= ,                                                      (15) 

where Pn,m is the data matrix, 1n  is the column vector with all n components equal to 1, MCDp is the robust location, 
Rm,kis the matrix generated by the robust PCs, and lj is the jth eigenvalue of the robust scatter matrix ƩMCD. The cut-
off value for the score distance is √(χ2

k,0.975), and for the orthogonal distance is a scaled version of χ2 [42].  

 
      (a)                                                                 (b) 

Figure 7. (a) Diagnostic plot; orthogonal distance versus score distance (b) fitted plane, green points are outliers in 
terms of score distance, and red points are orthogonal outliers 

3.4 Covariance and PCA for Planar Surface Fitting in Point Cloud Data 
It is highly probably that the plane is the most observed geometric shape among man-made objects. Here, we 
consider planar surface fitting as a part of feature extraction in point cloud data analysis. PCA has been used for 
planar surface fitting and local saliency features estimation in point cloud data [39, 40]. In the case of plane fitting, 
the first two PCs can be used to form a basis for the plane, and since the third PC is orthogonal to them, it defines 
the normal to the fitted plane. The first two PCs explain the larger variability as much as possible in two directions, 
hence the fitted plane is the best linear approximation to the data. The third PC explains the least amount of variation 
for 3D point cloud data and could be used to estimate the parameters for the fitted plane.  Assume a sample of the 

data points }i.e.;,1,2,;),,({ 3RPpnizyxp iiiii ∈∈=   in a point cloud (P) is used to fit a plane. The plane 
equation is defined as:  

0=+++ dczbyax ,                                                                (16) 
wherea, b, c and d (distance from origin to plane) are the plane parameters. The Total Least Squares (TLS) method 
can estimate the parameters by minimizing the sum of squared orthogonal distances between the point and the plane, 
i.e.  
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where npp T
i ˆ.)( −  is the orthogonal distance between a point and the plane, p  is the centre and n̂  is the unit 

normal to the plane.  
PCA is performed to get the parameters based on the covariance matrix in Eq. (3). The points in Ʃ may be 
considered as a local neighbourhood if the user's interest is local planar surface fitting or determining local saliency 
features (e.g. normal and curvature). For the local neighbourhood, Ʃ can define local geometric information of the 
underlying surface of the point cloud. By PCA, Ʃ is decomposed into PCs arranged in decreasing order of the 

eigenvalues: 0012 ≥≥≥ λλλ  with the corresponding eigenvectors v2, v1 and v0. Thus v0 approximates the surface 
normal n̂  for the plane and could be used as the estimates of the plane parameters. Based on the λ values, Pauly et 
al. [40] define the curvature (rate of change of surface normal) as: 

210

0

λλλ
λσ p ++

=
.                                                                      (18) 



598 
 

3.5   Point Cloud Segmentation  
Segmentation is the process of separating and labelling the most homogenous/similar and spatially close points into 
a number of separate surfaces. It plays a key role in surface reconstruction, modelling, feature extraction and object 
recognition, interrelated tasks in areas including computer vision, pattern recognition, reverse engineering, 
photogrammetry and remote sensing [45, 46, 47].  

The region growing segmentation approach is one of the most popular segmentation methods in point cloud 
processing. Region based approaches use local surface neighbourhoods to combine nearby points that have similar 
properties (e.g. orientation) to obtain homogeneous regions and consequently find dissimilarity between the different 
regions [48, 49]. In this section, we briefly discuss a recently proposed region growing based segmentation 
algorithm [49]. The algorithm begins by searching a seed point which has the least curvature value among the point 
cloud (P) data of interest. Since the algorithm considers local surface point proximity and coherence criteria, it needs 
to find k neighbours (k neighbourhood NPi) of the seed point. It calculates the Orthogonal Distance (OD) for the ith 
seed point (pi) to its best-fit-plane and the Euclidian Distance (ED) between the seed point (pi) and one of its 
neighbourspj. OD is defined as: 

nppp T
ii ˆ.)()(OD −= ,                                                                (19) 

where p and n̂ are the centroid and the unit normal of the best-fit-plane. ED is defined as: 

jiij pp −=ED
,                                                                        (20) 

wherepi and pj are the seed point and its jth neighbour respectively. Besides local surface point proximity criteria, the 
algorithm considers the angle between two neighbours to determine points on the same surface.  
The angle (θ) between two points (piand  pj) is defined as: 

j
T
iij nnθ ˆ.ˆarccos=

,                                                                     (21) 

where in̂  and jn̂  are the unit normals for the ith seed point and one of its neighbours pj. Two spatially close points 
are considered as co-surface points if θij is less than a predefined angle threshold θth. Finally, the algorithm grows 
region by adding more neighbour points to the current region Rc and to the current seed point list Sc using the 
following three conditions: 

                                     (i) thOD)OD( <ip    (ii) thED)ED( <ip    and (iii) thij θθ < ,                                     (22) 

where threshold )}(OD{MAD2)}(OD{ODth ii NPNPmedian ×+= and {OD(NPi)} is the set of all ODs for all the 

points in the neighbourhood, and MAD is defined in Eq. (2), threshold )}(ED{EDth ijpmedian= ; {ED(pij)} is the 
set of all EDs between the seed point and its neighbours. 

Now the point pj is removed from P and considered as the next seed point for the region Rc, Rc then grows until 
no new point is available in Sc. After completing region Rc, the next seed point is selected for a new region from the 

remaining points in P with the least curvature pσ value. If a region size is less than Rmin (minimum number of 
points) then the region is considered as an insignificant segment.This process of region growing continues until the 
P is empty.  
4. Experiments 
The following experiments explore the limitations of classical PCA and the advantages of robust PCA for local 
planar surface fitting and point cloud segmentation.  
4.1   Planar Surface Fitting 
Artificial data 
To illustrate outlier effects on PCA, we simulate a 3D dataset of 20 points shown in Fig. 8 (a), 19 of which (black 
points) follow a multivariate Gaussian distribution with means (x=2, y=8, z=6) and variances (x=15, y=15, z=0.01). 
We include just 1 (5%) artificial outlier (red point) that is generated from a different multivariate Gaussian 
distribution with means (x=10, y=15 z=10) and variances (x=10, y=2, z=1). Fig. 8 (a) clearly shows the outlier is far 
form the bulk of the data. The fitted planes show that PCA is highly influenced by the outlier. The outlier effect is so 
severe for PCA that the robustly fitted plane (with or without outliers) is almost perpendicular to the PCA fitted 
plane. It shows that only one outlier may have sufficient influence to significantly affect the PCA estimation. To 
compare the accuracy between robust (RD and RPCA) and non-robust methods, we simulate 1000 datasets of 50 
points with different percentage (1 to 20) of outliers from 3D Gaussian distributions as in earlier fashion. Fig. 8 (c) 
shows RD and RPCA based bias angles are significantly less than for PCA based results. Box plots of average bias 
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angles from 1000 samples for the dataset of 50 points with 15% outliers, Fig. 8 (b), show the robustness of the 
methods and explore the advantage of robust methods.  

 
 

Figure 8. (a) Outlier (red point)'s influence on PCA for plane fitting at two different views (b) box plots of 
average θ (c) line plot of average θ versus outlier percentages 

Real Point Cloud Data 
We used laser scanner 3D point cloud data (Fig. 9(a)) with 2,747 points. This dataset, acquired using a MMS,  
represents a road side wall that we consider a planar surface. Fig. 9(b) shows the orientations of the fitted planes. 
The orientation of the plane determined by PCA (green) is significantly different because of its sensitivity to 
outliers. The plane fitted by RPCA is close to the same orientation as the real plane. In Fig. 9(d) the points fitted by 
the plane from PCA show that all outliers are taken as regular points in the plane. The RPCA based diagnostics finds 
236 outliers (red points) by score distance and 713 outliers (blue points) by orthogonal distance (Fig. 9(c)). With the 
remaining inlier (regular) points we get the RPCA plane (Fig. 9(e)), which is free from outliers.  

 
Figure 9. (a) Real point cloud data (b) plane orientation by PCA (green) and RPCA (magenta) (c) Red and blue 

points (outliers) detected by SD and OD respectively (d) PCA plane (e) RPCA plane 
4.2   Point Cloud Segmentation  
This dataset consists of 18,191 points for one road side building (a shop), again captured from a MMS. We add 2% 
outliers (Gaussian noise; red points) to the real data (Fig. 10(a)). We use the segmentation algorithm [49] described 
in Section 3.5. We set k=30, θth=10°, and Rmin=10. Fig. 10(b) shows the presence of both over and under 
segmentation for PCA based results. We employed the RD based outlier detection method to find outliers in a local 
neighbourhood NPi. After the deletion of outliers in a local neighbourhood we calculate necessary normals and 
curvatures based on the regular points. Using these local saliency features we grow the regions. Results in Fig. 10(c) 
show better segmentation for RD. Fig. 10(d) shows RPCA gives consistent segmentation and significantly better 
results than PCA and even RD. The different features around the windows as well as the vertical window bars have 
been separated from the main building and the umbrella poles have been segmented as complete features. 
Segmentation performance in Table 1 show RPCA performs significantly better than RD and PCA, and robust 
statistical approach based segmentation outperforms classical PCA. Robust approaches reduce over and under 
segmentation with high accuracy.   

 
Figure 10. (a) Real point cloud data with 2% outliers (noise) (b) PCA segmentation (c) RD segmentation (d) RPCA 

segmentation 
Table 1. Segmentation performance 

Total segments  Segmentations Methods Proper segments Over segments Under segments 

20  
Figure 10. (b) PCA 4 (20%) 3 15 
Figure 10. (c) RD 14 (70%) 7 0 
Figure 10. (d) RPCA 16( 80%) 0 2 
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5. Conclusions 
This paper introduces mobile mapping technology as a source for spatial information and some basic concepts about 
robust and diagnostic statistical methods that are commonly used in point cloud data analysis. Such methods are 
needed because of noisy data and the large volumes of data that render manual techniques for feature extraction 
impractical. Results show that robust PCA based local (planar) surface fitting and segmentation outperforms 
classical PCA based methods. Classical methods are affected by outliers and give unreliable and non-robust results. 
Results demonstrate that noisy point cloud data is infeasible to produce useful results. Hence using robust statistical 
methods is recommended for reliable analysis and more accurate feature extraction and point cloud processing. 
Further work is being carried out on extending the approach to deal with non-planar and free-form surfaces for more 
comprehensive and useful results. 
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Abstract. Now-a -days for several purposes we have to store, transmit and analyze huge images that necessitate 
image compression and denoising. There are many techniques for image compression and denoising such as 
Wavelet transformation, Fourier transformation, Classical and Robust Singular value decomposition, Neural 
networks, Principal Component Analysis etc. Since in literature no comparison among Wavelet transformation, 
Fourier transformation, Singular value decomposition have been found, in this paper, an attempt has been made to 
compare Fourier transformation, Wavelet transformation and singular value decomposition (SVD), the three most 
popular as well as influential techniques in image compression. Again in image denoising, the performance of 
Fourier transformation, Wavelet transformation and Classical and Robust singular value decomposition has been 
compared. As there are many Wavelet functions namely Haar wavelet, Daubechies wavelets, Symlets, Coiflets, 
Discrete approximation of Meyer wavelet etc., to choose the best wavelet function, the performance of these wavelet 
functions has been compared. And it is found that Daubechies of order 2 and Symlets of order 2 are jointly better 
than the other wavelet functions. It is observed that the performance of Wavelet transformation based on Daubechies 
of order 2 is the best for image compression and Fourier transformation is the second. In image denoising, Wavelet 
transformation based on Daubechies of order 2 is also the best performer for random denoising but for text 
denoising robust singular value decomposition (RSVD) is the best. Therefore, among these techniques, we 
recommend to use Wavelet transformation for image compression and random denoising and robust singular value 
decomposition (RSVD) for text denoising. 
Keywords: Wavelet Transformation, Fourier Transformation, Classical and Robust Singular Value Decomposition, 
Image Compression and Denoising. 
1 Introduction 
Image compression is very important for storage of images in computer and transmission of images through Internet. 
Image compression plays a vital role in several important and diverse applications, including televideoconferencing, 
remote sensing, medical imaging and magnetic resonance imaging and many more [1]. With the use of digital 
cameras, requirements for storage, manipulation, and transfer of digital images, has grown explosively [2]. These 
images contain large amounts of information that requires much storage space, large transmission bandwidths and 
long transmission times. Therefore it is advantageous to compress the image by storing only the essential 
information needed to reconstruct the image. 
 
For image and video compression, different types of preprocessing are very importent. When we introduce the 
inputs from the analog sources, different noises can appear in the raw images. To enhance the image quality, 
denoising is very important. Many denoising methods like [3-12], sparse representation [13] and K-SVD [14] 
methods, curvelet [15] and ridgelet [16] based methods, shape-adaptive transform [17], bilateral filtering [18,19], 
non-local mean based methods [20,21], non-local collaborative filtering [22] and Two stage principal component 
analysis[23] have been proposed. The performance of these methods should be compared. Though Zhang (2009) has 
proved Wavelet [24] Transformation is more effective than [1-10] but the comparison of four most popular 
techniques like Fourier transformation, Wavelet transformation, SVD and RSVD has not yet been found in the 
literature. So in this paper we have introduced wavelet transformation, Fourier transformation SVD and RSVD [25] 
for performance analysis of image denoising.     
There are many techniques for image compression such as Wavelet transformation [26, 27, 28], Fourier 
transformation [29, 30, 31], Singular Value Decomposition [32, 33, 34], Neural networks [35] etc. Wavelet 
transformation is a modern technique used for signal processing, denoising, data compression, image analysis etc. A 
wavelet transformation is a lossless linear transformation of a signal into coefficients on a basis of wavelet 
functions. Wavelet transformation represents data in terms of wavelet basis which is orhtonormal and both spatially 
and frequency localized. A vector z is localized in space near n0 if most of the components z(n) of z are 0 or at least 
relatively small, except for a few values of n near n0. .And a vector is frequency localized if its discrete Fourier 
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transformation is localized in space. Wavelet basis, being both spatially and frequency localized, wavelet 
transformation represents local as well as global information very well. Wavelet transformation is used in many 
fields such as signal and image processing, time series analysis, microarray data analysis [36, 37] etc. 
Fourier transformation is also a technique used for signal processing, denoising, data compression, image analysis 
etc. Fourier transformation is also a linear transformation of a signal into coefficients on a basis of Fourier functions. 
Fourier basis is orthogonal and frequency localized but not spatially localized. It transforms a signal from time 
domain to frequency domain. It gives frequency analysis of a signal. Fourier transformation is an old technique and 
used in many fields which is known to all. 
Singular Value Decomposition was originally developed for solving system of linear equations. But it is used for 
many purposes such as data reduction both variables and observations, solving linear least square problems, image 
processing and compression, K-selection for K-means clustering, multivariate outlier detection, microarray data 
analysis etc. It decomposes a rectangular matrix X into three matrices: a matrix U whose columns are orthonormal, a 
diagonal matrixΛ and a matrix V whose rows are orthonormal such that X=UΛVT. 
The performance of the old image compression technique Fourier transformation is not quite satisfactory due to 
large MSE between original and reconstructed image. But the performance of modern image compression technique 
Wavelet transformation is good enough and this technique is being widely used by Mathematicians, Physicists and 
Computer scientists in recent years. Again Singular value Decomposition is also a modern technique for image 
compression and is being used in recent years. This article attempts to compare the performance of wavelet 
transformation, Fourier transformation and classical and robust singular value decomposition in image compression 
as well as denoising. 
2 Image Compression 
To store a digital image in computer needs some memory space. Image compression reduces the file size of image 
without degrading the quality of the image to an unacceptable level.  Image compression allows to store more 
images in a given memory space. It also reduces the amount of time required for sending images through internet or 
for downloading images from web pages. There are two types of image compression: 1. Lossless compression and 2. 
Lossy compression. If the original image can be reconstructed completely without losing any information, then it is 
called lossless compression. Again if the image can be reconstructed by permanently eliminating certain 
information, especially redundant information, then it is called lossy compression. In this paper lossy compression is 
used. 
3 Methodology 
In this section we describe how wavelet transformation, Fourier transformation and classical and robust singular 
value decomposition works in image compression and denoising. 
3.1 Wavelet Transformation 
First we convert the study image in data matrix say A. Then we represent this matrix with respect to wavelet basis. 
That is we get some wavelet coefficients and among these coefficients we choose the largest k coefficients and 
applying inverse wavelet transformation we approximate the image matrix. Let B= V1, V2, … , Vmn be the wavelet 

basis. Thus 
i

mn

i
iVaA ∑

−

=

=
1

0  for some scalars a0, a1, … , amn-1. Let S be the set of K largest scalars. Then Approximate 

A by
i

Si
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∈

=
~

. 
3.2 Fourier Transformation 
For the Fourier basis F the procedure is same as the wavelet transformation. 
3.3 Singular Value Decomposition 
First we decompose the image matrix A into three matrices: a column orthonormal matrix, a diagonal matrix and a 
row orthonormal matrix. The diagonal elements of the diagonal matrix are called singular values. Then we choose 
the largest l diagonal elements and select l columns of the row and column orthonormal matrix and multiplying 

these three matrices we approximate the image matrix. Decompose matrix A as 
T

nkkkkm VUA ××× Λ= where k=rank 
of A. Select the largest l diagonal elements ofΛ . Redefine U and V by taking only l columns of them. Then 

approximate the matrix A by
T

nllllm VUA ××× Λ=
~

 . 
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3.4 Robust Singular Value Decomposition 
For image compression and denoising, in this article we used M-estimation based RSVD proposed by Fernando De 
la Torre and Michael J. Black [25]. It can do both compression and denoising by taking smaller number of singular 
values that accounts a large amount of variation of data. It can also handle missing values. The procedure of robust 
singular value decomposition is given in detail. Let X be a data matrix X=(x1, x2 , … , xn)= (x1,x2, . . .xm )T and X∈
Rm× n . We assume that the data is zero mean, if not then we can convert the data matrix with zero mean by 
subtracting the mean. Robust mean must be explicitly estimated along with the bases for robust cases. 
In case of SVD the data matrix X can be decomposed as X=UΛVT where UTU=I, and the columns of U that are 
associated with nonzero λi’s can make a basis of X. If we approximate the column space of X with k<<m rank,   then 
the data xi can be approximated by xi

rec=UUTxi. Let ci=UTxiare the linear coefficients obtained by projecting the 
column data on to the principal subspace that is C=(c1, c2, …, cn)=UTX. We can approximate the least square 
estimate of SVD by minimizing 

min

2

21
∑
=

−
n

i
i

T
i xUUx

    subject to the constraint UTU=I. 
For noisy image it is observe that the noise of each pixel is assumed to be Gaussian (epi ~ N (0; σ2)). But noise can 
vary for every row of data (epi ~ N (0; σp

2)).  So Torre and Black [25] minimized the following function 
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for a particular class of robust ρ function (Geman-McClure error function), using M-estimation process. 
4 Analysis 
This section consists of four subsections: i) Comparison of different wavelet functions ii) Image compression using 
wavelet transformation, Fourier transformation and singular value decomposition iii) Image denoising using wavelet 
transformation, Fourier transformation and classical and robust singular value decomposition : Random Denoising. 
iv) Image denoising using wavelet transformation, Fourier transformation and classical and robust singular value 
decomposition: Text Denoising. We measure the performance of the techniques by relative error defined as 

                                     Relative error = 
A

AA ~
−

                                                                                 (1) 

where A~  is the approximation of the original image matrix A and 
.

 stands for norm. Here Frobenius-norm is 
used. 
4.1 Comparison of Different Wavelet Functions 
We use four images for comparison of nine wavelet functions namely Haar wavelet, Daubechies of order 2, 4 and 6, Symlet of 
order 2 and 4, Coiflet of order 2 and 4 and discrete approximation of Meyer wavelet.The comparison is based on the relative error 
defined in equation (1). The images used for different wavelets comparison is given in Figure 1. 

 
 

Fig. 1.Images for comparison of different wavelet functions. 
 
Figure 2, Figure. 3, Figure 4 and Figure 5 shows the relative error of different wavelet functions for Lena, Rose, Cat 
and Hilsa images respectively 
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Fig. 4.Comparison of different wavelet 
functions for Cat image                                                    
From figure 2 it is observed that Daubechies 2 
and Symlets 2 are jointly better than the other wavelets, and 
then Haar wavelet is better. Discrete approximation of Meyer 
wavelet is the worst performer. From figure 3 it is observed that again Daubechies 2 and Symlets 2 are jointly better 
than the other wavelets and discrete approximation of Meyer wavelet is the worst performer. From figure 4 it is 
observed that Daubechies 4 and Symlets 4 are jointly better than the other wavelets. From figure 5 it is observed that 
except discrete approximation of Meyer wavelet, performance of all wavelets are approximately equal. 
Among four, Daubechies 2 and Symlets 2 are jointly better than the other wavelets for three images. Moreover, for 
image compression and denoising we use Lena image and for this image Daubechies 2 and Symlets 2 are jointly 
better than the other wavelets. Therefore in this paper we use Daubechies 2 wavelets.                                                                                                                         
4.2 Image compression using Wavelet Transformation, Fourier Transformation and Singular Value 
Decomposition 
We use Lena image for our analysis that is very renowned image for image processing. The dimension of the image 
matrix is 256× 256. We want to compress the image by wavelet transform, Fourier transform and SVD and compare 
their performance. Figure 6 shows the original image and the compressed image by wavelet transformation, Fourier 
transformation and SVD with 5% observation. 

 
 

Fig. 6.Compression performance among wavelet, Fourier and SVD. 
 

We know that for grey image 1 pixel= 1 byte. The following table shows the memory of original image and 
compressed image with 5% observation. 
  

Fig. 2. Comparison of different wavelet 
functions for Lena image                                                    

Fig. 3.Comparison of different wavelet 
functions for Rose image                                                    

Fig. 5.Comparison of different wavelet functions 
for Hilsa image                                                    
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Table 1. Memory of Original and Compressed image  
 

Image Status Memory 
Original Image 65536 bytes 
Compressed Image 3277 bytes 
Memory reduction 62259 bytes 

From Figure 6 it is observed that wavelet is better than Fourier and SVD. Between Fourier and SVD, Fourier is 
better. 
Now we increase the percentage of observation and compare the performances of the three techniques. Figure 7 
shows the original image and the compressed image by using wavelet transformation, Fourier transformation and 
SVD with 15% observation. 

 
Fig. 7.Compression performance among wavelet, Fourier and SVD. 

 
The following table shows the memory of original image and compressed image with 15% observation. 

Table 2. Memory of Original and Compressed image  
 

Image Status Memory 
Original Image 65536 bytes 
Compressed Image 9830 bytes 
Memory reduction 55706 bytes 

From figure 7 it is observed that although only 15% observation is used, there is no significant difference between 
the original image and the image of wavelet compression with 15% observation. But the image of Fourier 
compression and SVD compression with 15% observation differ from the original image. Thus we can say that 
wavelet is better than Fourier and SVD. 
Now we compare the performance of the three techniques by using relative error. Figure 8 shows the plot of relative 
error against the percentage of observation. 
 
 

 
 
 
 
 
 

 
Percentage of observation 

 
Fig. 8.Relative error of wavelet, Fourier and SVD compression. 

From figure 8 it is observed that wavelet is better than Fourier and SVD and between Fourier and SVD, Fourier is 
better. 
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4.3 Image Denoising using Wavelet Transformation, Fourier Transformation and Classical and Robust 
Singular Value Decomposition: Random Denoising 
 
In this section we use wavelet transformation, Fourier transformation, SVD and RSVD to denoise image and 
compare their performance by visualization. We create a random matrix of the same order as the original matrix by 
normal random number and add to the original image matrix. In this way we create the noisy image. Figure 9 shows 
the original image and noisy image of Lena. 

 

 
[ 

Fig. 9.Original and Noisy image of Lena. 
 

Now we denoise the noisy image using wavelet, Fourier, classical and robust SVD and compare their performance. 
Figure 10 shows the denoising performance among Wavelet, Fourier, SVD and RSVD. 

 
 

Fig. 10.Denoising performance among wavelet, Fourier, SVD and RSVD. 
The following table shows the relative error wavelet, Fourier, SVD and RSVD. 
 

Table 3.Relative error of wavelet, Fourier, SVD and RSVD. 
 

Techniques Relative error 
Wavelet 0.0153 
Fourier 0.0185 
SVD 0.0372 

RSVD 0.0423 
 
From figure 10 it is observed that the denoising performance of wavelet is better than Fourier, SVD and RSVD. And 
Fourier is better than SVD and RSVD. Again from the relative error the same scenario is observed. Here only 10% 
observation is used for denoising and wavelet has deleted almost all the noises and the image quality is also 
satisfactory. 
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4.4 Image Denoising using Wavelet Transformation, Fourier Transformation and Classical and Robust 
Singular Value Decomposition: Text Denoising 
 
In this section we use wavelet transformation, Fourier transformation, SVD and RSVD to denoise text from the 
image and compare their performance by visualization. Suppose there is some text inside in an image and we have 
to denoise it. Figure 11 shows the original image and noisy image of Lena. 
 

 
 

Fig. 11.Original and Noisy image of Lena. 
 

Figure 12 shows the denoised image of the text noisy image using different methods. 
 

 
 

Fig. 12.Denoising performance among wavelet, Fourier, SVD and RSVD. 
The following table shows the relative error wavelet, Fourier, SVD and RSVD. 

Table 4.Relative error of wavelet, Fourier, SVD and RSVD. 
 

Techniques Relative error 
Wavelet 0.0429 
Fourier 0.0402 
SVD 0.0421 

RSVD 0.0264 
The relative error of RSVD is the least and from figure 12 it is observed that RSVD deleted almost all the text noise. 
But Wavelet, Fourier and classical SVD could not delete the text noise from the image. Thus RSVD is better than 
wavelet, Fourier and SVD for text denoising. 
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5 Conclusion 
 
Finally we can conclude that the performance of wavelet is better than Fourier, classical SVD and robust SVD in 
image compression as well as random denoising. But for text denoising RSVD is better than Wavelet, Fourier and 
classical SVD. Wavelet, Fourier and SVD takes only several seconds whereas RSVD takes several minutes for 
computation purposes. That is, the computation time of RSVD is much more than wavelet, Fourier and SVD but it is 
more powerful than wavelet transformation, Fourier transformation and classical SVD for text denoising. Therefore 
among these techniques, we recommend to use wavelet transformation for image compression and random 
denoising and to use robust SVD for text denoising.  
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A DWT-Based Statistical Image Fusion Technique for Noisy Source Images 
Fatema Tuz Jhohura1, Tamanna Howlader21,2Institute of Statistical Research and Training, University of Dhaka, 

Dhaka-1000, Bangladesh 
Abstract. Image fusion deals with the integration of images from various sensors to obtain an image that has higher 
information content than the individual source images. Traditional image fusion algorithms assume that the input 
images are noise-free. However, in practice, this is rarely the case. The presence of noise in the source images 
introduces unwanted artefacts and distortion in the fused image. Thus fusion algorithms need be designed that 
operate robustly under noisy input conditions. The discrete wavelet transform is highly successful in the 
development of efficient image fusion and denoising algorithms. The purpose of this research work is to design a 
new DWT-based image fusion technique for noisy source images that takes into account the statistical dependency 
between the DWT coefficients of noisy source images as well as the noise-free fused image using a locally adaptive 
joint PDF. This is used as a prior function in the Bayesian MAP estimation technique to derive an estimator for the 
noise-free DWT coeffcient of the fused image. Experiments are carried out on a large number of test images to 
evaluate the performance of the proposed method as compared to commonly used fusion methods. Results show that 
the proposed method outperforms other methods in terms of standard performance metrics such as the structural 
similarity, peak signal-to-noise ratio, and cross-entropy. 
Keywords:  Discrete wavelet transforms, Image fusion, Maximum a posteriori estimation, Statistical model, 
Denoising, Multivariate Gaussian probability density function 
1 Introduction 
Image fusion can be defined as the process by which several images, or some of their features, are combined 
together to form a single image. It is often desirable to fuse images from different sources, acquired at different 
times, or otherwise having different characteristics because fused image from different sensors create new images 
that are more suitable for the purposes of human/machine perception, and for further image-processing tasks such as 
segmentation, object detection or target recognition [1]. The successful fusion of images acquired from different 
modalities or instruments is of great importance in many applications such as medical imaging, microscopic 
imaging, remote sensing, computer vision, concealed weapon detection, battle field monitoring and robotics [1]. 
Most of the existing methods for fusion assume that the source images are noise free. But images are often corrupted 
by noise. In image processing, noise is considered as undesirable information that contaminates the image data. It 
produces undesirable random variation in image brightness and may cause artefacts that distort the information 
contained in the image. Hence, development of an efficient fusion algorithm for noisy images is essential [2],[3]. 
Image fusion can be performed both in pixel domain and as well as in the transform domain. The pixel based fusion 
methods often produce poor results in comparison to the transform based methods because the salient features of an 
image are more clearly depicted in transformed domain and due to the nature of the transform, image processing 
tasks can be performed more efficiently. Transforms that have been used in image fusion include the pyramid 
transform [4], discrete wavelet transform (DWT) [5-8, 10 11], complex wavelet transform (CWT) [12-13], curvelet 
transform [14], morphological wavelet [15], maximal gradient wavelet [16] etc. In general, the DWT-based fusion 
methods perform better than any of the pyramid transform-based methods [17]. The success of the DWT based 
fusion method can be attributed to the efficient representation of significant features of images such as edge and 
texture, and the ease with which detailed information can be extracted from the source image to produce the fused 
image. Although the CWT, contourlet, and curvelet transforms possess shift-invariance property and improved 
directional selectivity as compared to the DWT and, therefore, are useful for the development of an efficient image 
fusion algorithm, the increased computational complexity of these transforms cannot be ignored. Hence, the DWT-
based fusion techniques are still preferable when massive volumes of image data need to be merged quickly. Apart 
from its success in developing image fusion algorithms, the DWT has been widely used in performing other key 
image processing tasks such as image denoising and compression [18]. Thus, the routines for DWT-based image 
fusion can be seamlessly embedded into the routines of other image processing operations resulting in a fast image 
processing algorithm. Furthermore, any fusion rule designed in the DWT domain can be easily extended for 
application in other wavelet-like transform domains. 
 
Fusion of noisy source images produces a noisy fused image from which accurate information cannot be obtained. 
Traditional methods for noise-free images could be used by first denoising the source images. However 
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er this does not ensure the best fusion results even with sophisticated denoising algorithms and requires more 
computer time. Moreover an increase in the number of sensors used in a particular application leads to the 
proportional increase in the amount of image data [19] for which a fast image fusion and denoising algorithm is 
required for real time applications. In this paper, we propose a new DWT-based fusion rule for two source images 
that requires a very simple or crude denoising algorithm to obtain a fused image of very good quality. The method 
can be extended for K source images. It involves less computational complexity and saves the time required for 
implementation. The method is based on a locally adaptive joint statistical model for the DWT coefficients of the 
noisy source images and the noise-free fused image. This PDF is then used to derive a Bayesian Maximum a 
posteriori (MAP) estimator for the noise-free DWT coefficient of the fused image. Extensive simulation experiments 
are performed to compute the performance of the proposed algorithm with commonly used methods for image 
fusion with respect to three standard performance matrices, namely, cross entropy (CEN) [21,22], structural 
similarity (MSSIM) [20] and peak signal to noise ratio (PSNR) considering various noise levels. It is expected that 
the method will be useful in real time applications. This paper is organized as follows. Section II includes a brief 
review of the 2D-DWT. In Section III, the proposed DWT-based fusion method for noisy images is given. 
Simulation results are presented in Section IV. Finally, Section V provides the conclusion. 
2 The 2D-DWT: a brief review 
The DWT is a particular form of multiresolution analysis that is used extensively in image processing. Let 
𝑔𝑔(𝑖𝑖, 𝑖𝑖), 𝑖𝑖 =  1, 2,···,𝑁1, 𝑖𝑖 =  1, 2,··,𝑁2represent a pixel of an image of size 𝑁1×𝑁2, where (i, j )is the two-dimensional 
index. The DWT of the image is given by [23] 
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+
1

�𝑁1𝑁2
��� � 𝑥𝑥𝑙𝐻

𝑁2

𝐾2=1

𝑁1

𝐾1=1

(𝑘1;  𝑘2){2𝑙𝜓(2𝑙𝑖𝑖 − 𝑘1)𝜙(2𝑙𝑖𝑖 − 𝑘2)}
𝐽

𝑙=1

+ � � 𝑥𝑥𝑙𝑉
𝑁2

𝐾2=1

𝑁1

𝐾1=1

(𝑘1;  𝑘2){2𝑙𝜙(2𝑙𝑖𝑖 − 𝑘1)𝜓(2𝑙𝑖𝑖 − 𝑘2)}

+ � � 𝑥𝑥𝑙𝐷
𝑁2

𝐾2=1

𝑁1

𝐾1=1

(𝑘1;  𝑘2){2𝑙𝜓(2𝑙𝑖𝑖 − 𝑘1)𝜓(2𝑙𝑖𝑖 − 𝑘2)}�                                                                    (1) 

where𝑥𝑥𝐽𝐴denotes the approximate coefficients in the largestlevel J,  𝑥𝑥𝑙𝑂(𝑂 ∈ 𝐻,𝑉,𝐷)denote the detail coefficients 
inthe level 𝑙(𝑙 ∈ 1, 2, . . . , 𝐽) of orientation O, and 𝜙 and 𝜓,respectively, are the scaling and wavelet functions. The 
coefficientsare arranged into groups or subbands of different levelsand orientations. The subbands𝐻𝐿𝑙 , 𝐿𝐻𝑙, and 
𝐻𝐻𝑙(𝑙 ∈ 1, 2, . . . , 𝐽),  contain the detail coefficients of the horizontal, vertical, and diagonal orientations, viz.,𝑥𝑥𝑙𝐻, 𝑥𝑥𝑙𝑉 
and 𝑥𝑥𝑙𝐷 respectively. Here, H represents the high pass filter and L the low pass filter for realizing 𝜙 and 𝜓[23]. The 
subband𝐿𝐿𝐽is the lowest resolution residual that contains𝑥𝑥𝐽𝐴. The functions 𝜙 and 𝜓are chosen in such a way that 
these subbands can be reassembled to reconstruct the original image without error. 
3 Fusion of Noisy Images in DWT domain 
Let 𝑓𝑓1(𝑖𝑖, 𝑖𝑖)and 𝑓𝑓2(𝑖𝑖, 𝑖𝑖) be pixels of two noise free source images where, 𝑖𝑖 =  1, 2,···,𝑁1and 𝑖𝑖 =  1, 2,··,𝑁2. Then the 
noisy pixels may be represented as 
𝑔𝑔1(𝑖𝑖, 𝑖𝑖)= 𝑓𝑓1(𝑖𝑖, 𝑖𝑖)+ 𝜖(𝑖𝑖, 𝑖𝑖) 
𝑔𝑔2(𝑖𝑖, 𝑖𝑖)= 𝑓𝑓2(𝑖𝑖, 𝑖𝑖)+ 𝜖(𝑖𝑖, 𝑖𝑖) 
where𝜖(𝑖𝑖, 𝑖𝑖) are noise-samples at the reference location. We assumed that the source images were corrupted with 
white gaussian noise with zero mean and variance𝜎𝜎𝜖2. The standard deviation 𝜎𝜎𝜖indicates the strength of noise. Let 
𝑥𝑥1(𝑖𝑖, 𝑖𝑖) and 𝑥𝑥2(𝑖𝑖, 𝑖𝑖)denote the DWT coefficients of the noise-free source images respectively, at spatial location 
(𝑘1, 𝑘2)of a given subband. Since the DWT is a linear transform, the noisy coefficients of the images at that spatial 
location can be written as 

𝑦𝑦1(𝑘1, 𝑘2)  =  𝑥𝑥1(𝑘1, 𝑘2)  +  𝑛(𝑘1,𝑘2) 
𝑦𝑦2(𝑘1, 𝑘2)  =  𝑥𝑥2(𝑘1,𝑘2)  +  𝑛(𝑘1, 𝑘2) 

 

where𝑛(𝑘1,𝑘2) represents the noise coefficients of the source images with variance 𝜎𝜎𝑛2. If 𝜎𝜎𝑛 is unknown, it may be 
estimated by applying the median absolute-deviation method [24] in the highest frequency subband of the noisy 
DWT coefficients. Since the DWT coefficients of images in a subband are spatially non-stationary [25], the random 
variables of the coefficients are index-dependent. Let 𝑥𝑥1(𝑘1, 𝑘2)and 𝑥𝑥2(𝑘1, 𝑘2)be the samples of the random 
variables 𝑋1(𝑘1,𝑘2)and 𝑋2(𝑘1,𝑘2), respectively. Similarly, we define the random variables 𝑌1(𝑘1,𝑘2)and 
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𝑌2(𝑘1,𝑘2). On the other hand, the wavelet coefficients of noise are spatially stationary and, therefore, the 
corresponding random variable𝑁 are index independent having i.i.d. N(0, 𝜎𝜎𝑛2) distribution.  Let 𝑋𝑓(𝑘1, 𝑘2)denote the 
random variable for the noise-free DWT coefficient of the fused image at the same spatial location. We would like 
to find an estimate of the detailed DWT coefficient of fused image 𝑥𝑥�𝑓(𝑘1, 𝑘2)by utilizing a priori information 
regarding the random variables𝑌1(𝑘1,𝑘2), 𝑌2(𝑘1,𝑘2), and 𝑋𝑓(𝑘1,𝑘2)via a Bayesian statistical estimation approach. 
Specifically, the maximum a posteriori (MAP) estimator is derived for 𝑋𝑓(𝑘1, 𝑘2), which is the mode of the 
posterior density function𝑝𝑋𝑓|𝑌1,𝑌2�𝑥𝑥𝑓�𝑦𝑦1,𝑦𝑦2�. For notational convenience, the indices (𝑘1, 𝑘2)are suppressed in the 
remainder of the paper, unless stated otherwise. Thus, the fused wavelet coefficients of the detailed subbands of a 
given decomposition level can be obtained using the MAP estimate as 

𝑥𝑥�𝑓 = arg maxxf 𝑝𝑋𝑓|𝑌1,𝑌2�𝑥𝑥𝑓�𝑦𝑦1,𝑦𝑦2� 

= arg maxxf
𝑝𝑌1,𝑌2,𝑋𝑓(𝑦1,𝑦2,𝑥𝑓)

𝑝𝑌1,𝑌2,(𝑦1,𝑦2)
 

                                                                   = arg maxxf 𝑝𝑌1,𝑌2,𝑋𝑓(𝑦𝑦1,𝑦𝑦2,𝑥𝑥𝑓)(2) 
 
where𝑦𝑦1,𝑦𝑦2 and 𝑥𝑥𝑓are the observed values of the index dependent random variables 𝑌1,𝑌2 and 𝑋𝑓 respectively, and 
𝑝𝑌1,𝑌2,𝑋𝑓(𝑦𝑦1,𝑦𝑦2,𝑥𝑥𝑓) is their joint PDF.  
 
There are two very important issues that have to be considered in choosing an appropriate joint probabilistic model 
for  𝑌1,𝑌2and 𝑋𝑓. First, the model should provide an adequate fit to the data to be fused. Secondly, it should be 
mathematically tractable so that a fast fusion algorithm can be obtained for merging several source images in a real-
time application. Since source images to be fused are captured from the same scene using different sensors or 
modalities of an imaging system, intuitively, these images should be correlated with each other in the pixel domain. 
In such a case, it is expected that the local neighboring DWT coefficients of a given subband of the source images 
will be correlated due to the fact that the DWT is a linear transform. In order to verify the existence of such a linear 
dependency, the test of significance for the correlation between the local neighboring DWT coefficients of two noisy 
source images is performed using the standard test based on the t distribution [26]. Table 1 shows the average 
percentage of 𝑌1 and 𝑌2 in each subband that are significantly correlated for three commonly-used test images, 
namely, MRI, SAR, and Clock  [27]. The test is performed for the correlation between 𝑌1 and 𝑌2at a given spatial 
location by using the local neighboring DWT coefficients within a 3 × 3 window centered at that location. The level 
of significance used for this test is 5%. It is seen from Table 1 that at least 50% of the coefficients within the 
subbands of source images are significantly correlated with each other at a decomposition level l = 4 for the images 
Clock, MRI and SAR at noise level 𝜎𝜎𝑛=10.  In addition, the percentages of coefficients having significant 
correlations in the subbands of other decomposition levels are also non-negligible. The results obtained using other 
noise levels (i.e.𝜎𝜎𝑛=20, 30,…), other window sizes and for other test images are similar to those given in Table 1. 
Thus, the correlation that exists between the local neighboring DWT coefficients of a given subband of the noisy 
source images cannot be neglected. 
Table 1.Average percentage of 𝑌1 and 𝑌2 that are significantly correlated in various subbands using the test based on 
the t distribution [26] at noise level 𝜎𝜎𝑛=10 
Image                                   Clock                      MRI                 SAR 
Level   l=1       l=2        l=3         l=4    l=1       l=2        l=3         l=4   l=1       l=2       l=3       l=4   

Su
bb

an
d 𝐻𝐻𝑙   6           8           17          53   6          30         36          50   6          10        28        50 

𝐻𝐿𝑙   5           9           23          56    7          29         31          55  6          16        41        67 
𝐿𝐻𝑙   6          10          21          54   6          29         30          52  6          12        31        61 

Since the image is a 2D random signal, the DWT coefficients of images are also random variables. The PDF of the 
DWT coefficients can be used to describe the stochastic nature of images and to extract important features for 
constructing more efficient denoising and fusion algorithm. The PDF for local neighboring DWT coefficients of 
natural images is very often chosen as zero-mean Normal [28]. Roy et al. [9] showed that the joint PDF of 𝑋1,𝑋2 and 
𝑋𝑓 follows trivariate Gaussian. Then the joint prior function of 𝑌1,𝑌2 and 𝑋𝑓 can be derived from 𝑝𝑋1,𝑋2,𝑋𝑓(𝑥𝑥1, 𝑥𝑥2,𝑥𝑥𝑓) 
using transformation of variables. Since the noise is independent of the signal, we can write 𝑝(𝑥𝑥1, 𝑥𝑥2 ,𝑛, 𝑥𝑥𝑓)  = 
𝑝(𝑥𝑥1, 𝑥𝑥2 , 𝑥𝑥𝑓) × 𝑝𝑁(𝑛)where 𝑁 is distributed as N(0,𝜎𝜎𝑛2). Hence by using transformation technique we obtain the 
joint density of 𝑝(𝑦𝑦1,𝑦𝑦2 ,𝑛, 𝑥𝑥𝑓)  and then integrating out noise term the joint density of 𝑝(𝑦𝑦1,𝑦𝑦2 , 𝑥𝑥𝑓)  becomes 
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𝑝�𝑦𝑦1,𝑦𝑦2 , 𝑥𝑥𝑓� =
1

(2𝜋)3/2√𝜎𝜎11√𝜎𝜎22�𝜎𝜎𝑓𝑓√𝜗
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(1 − 𝜌𝜌122 )
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𝑦𝑦1
√𝜎𝜎11
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− 2�𝜌𝜌1𝑓 − 𝜌𝜌12𝜌𝜌2𝑓�
𝑦𝑦1
√𝜎𝜎11

𝑥𝑥𝑓
�𝜎𝜎𝑓𝑓

− 2�𝜌𝜌2𝑓 − 𝜌𝜌12𝜌𝜌1𝑓�
𝑦𝑦2
√𝜎𝜎22

𝑥𝑥𝑓
�𝜎𝜎𝑓𝑓

��

× 𝑚1 exp �
𝑚2
2

2𝑚3
�                                                                         (3) 

where𝑚1 =
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𝜎11
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�1−𝜌1𝑓
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𝜎22
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𝜎11
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�𝜎11�𝜎22
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 ,𝜗 = 1 + 2�𝜌𝜌12𝜌𝜌1𝑓𝜌𝜌2𝑓 − 𝜌𝜌122 − 𝜌𝜌1𝑓2 − 𝜌𝜌2𝑓2 �,  and 
 
{𝜎𝜎11,𝜎𝜎22,𝜎𝜎𝑓𝑓}and{𝜌𝜌12,𝜌𝜌1𝑓,𝜌𝜌2𝑓} are the variance and correlation parameters, respectively, that are estimated using 
the local neighboring DWT coefficients of the noise-free images. The parameter 𝜌𝜌𝑢𝑣in (3) measures the strength of 
linear dependency betweenthe DWT coefficients of the image 𝑢and 𝑣,where (𝑢, 𝑣) ∈ (1,2, 𝑓𝑓). We may now use the 
PDF in (3) to obtain the MAP estimator given in (2). The estimator is obtained by solving the likelihood equation, 
𝜕
𝜕𝑥𝑓

�ln𝑝𝑌1,𝑌2,𝑋𝑓(𝑦𝑦1,𝑦𝑦2,𝑥𝑥𝑓)� = 0, which takes the form  
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Solving for 𝑥𝑥𝑓in the above equation gives 
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where𝑎 = 𝜎𝑛2

�
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√𝜎11
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�𝜌2𝑓−𝜌12𝜌1𝑓�

√𝜎22
 are constants. 

The fused wavelet coefficients of the approximate subband in the 𝐽𝑡ℎlevel of decomposition 
are calculated as 

𝑥𝑥�𝑓𝐴 =
1
2

[𝑦𝑦1𝐴 + 𝑦𝑦2𝐴]                                                                                                   (6) 
where𝑦𝑦1𝐴 and 𝑦𝑦2𝐴 are the approximate coefficients of two noisy source images. 
 
 
 
3.1 Estimation of parameters 
 
In order to obtain detailed coefficients of the fused image using (5), the parameters of the joint PDF in (3) are 
required to be estimated. These parameters depend on the spatial index (𝑘1, 𝑘2)and are estimated from the 
coefficients of a local neighborhood 𝒮(𝑘1, 𝑘2) which is chosen as a square-shaped window centered at 𝑥𝑥𝑓(𝑘1, 𝑘2) 
or 𝑦𝑦𝑘(𝑘1, 𝑘2) (𝑘 =  1, 2).  For the purpose of estimation, it is assumed that the coefficients within 𝒮(𝑘1, 𝑘2) are 
i.i.d. in nature. In other words, 𝜎𝜎𝑟𝑟(𝑤1,𝑤2)=𝜎𝜎𝑟𝑟(𝑘1, 𝑘2) (𝑟 ∈ (1, 2, 𝑓𝑓))and 𝜌𝜌𝑟𝑠(𝑤1,𝑤2) = 𝜌𝜌𝑟𝑠(𝑘1, 𝑘2)(𝑠 ∈



615 
 

(1, 2, 𝑓𝑓), 𝑟 ≠ 𝑠)for all indices (𝑤1,𝑤2) ∈ 𝒮(𝑘1, 𝑘2).In such a case, the parameters may be estimated using the 
method of maximum likelihood as [29] 

𝜎𝜎�𝑟𝑟(𝑘1,𝑘2) = max�
1
𝑀

� 𝑦𝑦𝑟2(𝑤1,𝑤2)
𝒮(𝑘1,𝑘2) 

− 𝜎𝜎𝑛2, 0�                                                                                                       (7) 

𝜌𝜌�𝑟𝑠(𝑘1, 𝑘2) = max�min�
1

𝜎𝜎�𝑟𝑟(𝑘1,𝑘2)𝜎𝜎�𝑠𝑠(𝑘1,𝑘2)
1
𝑀

× � 𝑦𝑦𝑟
𝒮(𝑘1,𝑘2) 

(𝑤1,𝑤2)𝑦𝑦𝑠(𝑤1,𝑤2)

− 𝜎𝜎𝑛2, 1� ,−1�                                                                                                                                          (8) 

where𝑀is the total number of coefficients in 𝒮(𝑘1, 𝑘2). However, in order to estimate 𝜎𝜎�𝑓𝑓2 (𝑘1, 𝑘2) and 𝜌𝜌�𝑟𝑓(𝑘1, 𝑘2) 
using (7) and (8), respectively, an initial estimate of the detailed coefficients of the noise-free fused image denoted 
as 𝑥𝑥�𝑓0isrequired. In such a case, one may use any simple DWT-based fusion algorithm to obtain the initial estimate 
of fused image. In the proposed algorithm,we have obtained the initial estimate of fused coefficients according to the 
formula 

𝑥𝑥�𝑓0 =
1
2
�𝑥𝑥�𝑘(𝑘1;  𝑘2)
2

𝑘=1

(9) 

where𝑥𝑥�𝑘(𝑘1;  𝑘2) (𝑘 =  1, 2)are the estimated noise-free DWT coefficients of the source images which can be 
obtained by using any simple DWT- based denoising algorithm. A block diagram of the proposed method for 
obtaining the fused image 𝐼𝐼𝑓from the twosource images 𝑔𝑔𝑘(𝑘 = 1, 2) is given in Fig. 1.  
4 Experimental results 
Extensive experimentations are carried out on a variety of commonly-used test images in order to compare the 
performance of the proposed fusion method with that of the recent methods in the literature. In this section, 
representative results are given for three sets of two source images, viz., Clock, and SAR and MRI. All the test sets 
comprise grayscale images. The source images can be obtained from the website: http://www.imagefusion.org. The 
test set Clock consists of multifocus images of size 256 × 256. The second set SAR represents a set of multisensored 
and multispectral images of size 512 × 512. The third set, MRI consists of two images of size 256×256 captured 
using the same imaging system, but at two modes. 

     [𝑔𝑔1,𝑔𝑔2]                                       [𝑦𝑦1, 𝑦𝑦2]                                                      𝑥𝑥�𝑓𝑓                                     𝐼𝐼𝑓𝑓  
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                                                                                                     𝑥𝑥�𝑓𝑓𝑜𝑜     

  

  2D-DWT Proposed MAP           
estimator 

2D-DWT-1 

    Denoising Parameter estimation 
(ML) 

 

𝑥𝑥�1 + 𝑥𝑥�2
2  

  
Fig. 1. Block diagram of the proposed fusion algorithm for the noisy detailed DWT coefficients 

Here noisy images are generated synthetically by adding Gaussian noise to the noise free images considering three values of  
𝜎𝜎𝑛viz. 10, 20,and 30. The proposed fusion method is compared with four popular wavelet-based image fusion methods, namely, 
the wavelet maxima [33], variance feature [34], contrast measure [35], and adjustable parameter method [36]. The parameters of 
the fourth method are adjusted in such a way that the highest possible fusion performance of the method can be obtained. The 
wavelet coefficients in all the experiments are obtained by employing a 4-level DWT, wherein the orthogonal Symlet filter of 
length 8 is used. Results of the proposed method are given for a 3×3 window size for estimating the local variance and correlation 
parameters, since an increase of the window size does not provide any significant change in fusion performance except an 
increasing computational burden. For a fair comparison, the same window size is used for the variance feature [34] and contrast 
measure [35] methods to calculate the local variance. The performance of the fusion methods are compared with respect to three 
commonly used metrics, viz., SSIM [20], PSNR, and CEN [21,22]. For a given image set, these metrics are calculated from each 
pair of the fused and source image, and then the final value of the metric is obtained by averaging over the number of source 
images. A better fusion method should provide a higher value of SSIM and PSNR, and a lower value of CEN [37]. 
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Table 2. Comparison of various DWT-based fusion methods for noisy source images with respect to standard 
metrics and implementation time at different noise levels1 
Noise level Images       Methods Metrics Time 

(sec.) MSSIM CEN PSNR 
 

 
 
 
 
 
𝜎𝜎𝑛=10 

 
 

    Clock 

Wavelet maxima [33] 0.8791 8.0679 69.6124 1.4530 
Variance feature [34] 0.8783  8.0482  69.5426  1.4210 
Contrast measure[35] 0.8751  8.0069 70.9398 1.1930 
Adjustable parameter[36] 0.8668 7.9685 72.9184 1.1720 
Proposed method 0.9241  7.7778 73.4304 1.5000 

 
 

SAR 

Wavelet maxima [33] 0.7854  7.0796  66.3452  1.5460 
Variance feature [34] 0.7824  7.0541 66.3949 1.4840 
Contrast measure[35] 0.7999 6.9836 67.4442 1.0780 
Adjustable parameter[36] 0.7718  6.9770 67.0277 1.2030 
Proposed method 0.8337  6.6983 68.6716 1.5470 

 
 

MRI 

Wavelet maxima [33] 0.3879  6.9823 47.2304 0.3280 
Variance feature [34] 0.3711  7.0167 47.2211 0.2960 
Contrast measure[35] 0.4161  6.7765 48.4693 0.2650 
Adjustable parameter[36] 0.3374  6.7839 48.2418 0.3120 
Proposed method 0.4405  6.1512 49.5394 0.3130 

 
 
 
 
 
 
 
𝜎𝜎𝑛=20 

 
 

   Clock 

Wavelet maxima [33] 0.8310  8.2010 68.4236 1.4530 
Variance feature [34] 0.8352  8.2182 68.5149 1.4220 
Contrast measure[35] 0.7982  8.1892 69.3586 1.0160 
Adjustable parameter[36] 0.7907  8.1621 69.9170 1.1090 
Proposed method 0.8977  7.9074 71.9082 1.5000 

 
 

SAR 

Wavelet maxima [33] 0.7357  7.1604 65.2886 1.4690 
Variance feature [34] 0.7348  7.1389 65.3448 1.4210 
Contrast measure[35] 0.7092  7.0997 65.9100 1.0160 
Adjustable parameter[36] 0.6875  7.0913 65.5114 1.1250 
Proposed method 0.7850  6.8663 66.9599 1.5150 

 
 

MRI 

Wavelet maxima [33] 0.3669  7.0401 47.2719 0.3120 
Variance feature [34] 0.3542  7.0390 47.2565 0.2970 
Contrast measure[35] 0.3799  6.8767 48.3263 0.2350 
Adjustable parameter[36] 0.3144  6.8360 48.1361 0.2660 
Proposed method 0.4234  6.3288 49.3878 0.3120 

Table 2 shows the values of these metrics that are obtained from the four DWT-based fusion algorithms considered in the 
experiments as well as the proposed method and the time required for implementation. It can be seen from the table that the 
proposed method consistently provides a higher value for SSIM and PSNR and lower value for CEN for all the test images. 
Hence the proposed method is superior to the other methods because it yields fused images with higher information content and 
less distortion by noise. Moreover, the time required for implementation is not significantly higher than the other methods. In 
contrast, the other methods require more sophisticated denoising methods to generate noise-free source images and to achieve the 
same initial estimates for noisy source images were obtained using SureShrink method level of fusion performance. This in turn 
would result in increased computational complexity and time for implementation. Thus, the method proposed in this paper holds 
great promise for realtime applications and for combining images of large size and poor quality. It may be mentioned that 
although the results in Table 2 were obtained by using the SureShrink method to estimate noise-free source images, other 
denoising methods, such as VisuShrink and NeighCoeff yielded similar results. 

 
Fig. 2. Results of multifocus image fusion for noisy Clock images (𝜎𝜎𝑛=10) using various DWT-based fusion 

methods. The images are (a) Noisy source image (focused on right), (b) Noisy source image (focussed on right). 
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Fused images are obtained using (c) Wavelet maxima, (d) Variance features method, (e) Contrast measure, (f) 
Adjustable parameter method (g) proposed method. 

 
Fusion performance may also be assessed through visual comparison of the fused image of the proposed method 
with that of the methods. Figure 2 shows the two source images of the test set Clock and their fused images obtained 
using the wavelet maxima [33] Variance features [34], Contrast measure [35], Adjustable parameter method [36], 
and proposed methods. It is apparent from this figure that the fused image obtained using the proposed method has 
all objects in focus and  significantly less noise contamination compared to fused images 

 
Fig. 3. Results of DWT-based multimodal image fusion for noisy MRI images (𝜎𝜎𝑛=20). (a) Noisy source image 1, 
(b) Noisy source image 2, (c) Noisy source image 3. Fused image obtained using (d) Variance features method, (e) 

Contrast measure, (f) proposed method 
obtained using the other methods. On the other hand, Figure 3 shows the noisy source images of  the test set MRI 
and the fused images obtained using the wavelet maxima [33] Variance featuresmethod [34], Contrast measure [35], 
Adjustable parameter method [36], and proposed methods. It can be seen from this figure that the proposed method 
combines the structural details of the source images and suppresses noise and artifacts more efficiently than the 
competing methods. 
5 Conclusions 
Image fusion techniques are widely used for combining several source images, captured using different sensors or at 
different modes of the imaging system, so that the resulting image contains more detail than any of the individual 
source images. But in practice, the images to be fused are noisy due to the non-ideal characteristics of imaging 
systems. Most of the image fusion methods in the literature assume that the source images are noise-free and 
produce poor quality images when used with noisy source images. The wavelet transform has shown significant 
success in the development of both the fusion and denoising algorithms for images. The motivation for the 
decimated DWT is that, it is non-redundant and therefore fast to implement. Most of the existing methods do not 
consider a probabilistic approach to developing a fusion algorithm. In addition, they do not give proper treatment to 
the correlation that exists between the noisy source images and in between the noisy source images and the fused 
image. In this paper we considered these aspects in designing an efficient fusion algorithm for two noisy source 
images in the DWT domain. More specifically, a joint PDF is derived for the DWT coefficients of the noisy source 
images as well as DWT coefficients of the noise-free fused image. This is used as a prior function in the Bayesian 
MAP estimation technique to derive an estimator for the DWT coefficient of the noise-free fused image. The 
unknown parameters in the formula for the estimator are determined locally using ML estimation. An important 
feature of the proposed estimator is that it has the effect of suppressing noise in addition to producing good fusion 
results and can easily be extended for K source images. Moreover existing methods require the noisy source images 
to be pre-processed using a sophisticated denoising algorithm while the proposed method can produce superior 
fusion results with a simple or crude denoising rule. Extensive experiments were conducted to compare the 
performance of the proposed method with commonly used image fusion techniques with respect to the image fusion 
performance metrics MSSIM, CEN and PSNR. The experiments which were performed on several types of source 
images at different noise levels showed that, the proposed technique provides better fusion results than the 
competing methods. As a final comment, it can be said that the proposed method is likely to be very useful for real-
time implementation. 
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Abstract. Independent Component Analysis (ICA) is a powerful statistical method for blind source separation 
(BSS) from the mixture data. It is widely used in signal processing like audio signal processing, image processing, 
biomedical signal processing as well as processing any time series data. However, most of the ICA algorithms are 
not robust against outliers. In this paper we propose a new outlier rejection rule for robustification of ICA algorithms 
using β-weight function. The values of the tuning parameter β play the key role in the performance of the proposed 
method. A cross validation technique is used as an adaptive selection procedure for the tuning parameter β. The 
performance of the proposed method is investigated in a comparison of the popular robust FastICA algorithms using 
natural image signals. Simulation and experimental results show that the proposed method improves the 
performance over the existing robust FastICA algorithms. 
Keywords:  Independent component analysis (ICA), Minimum β-Divergence Estimator, β-selection, β-Weight 
function, Outliers and Image signals. 
1 Introduction 
ICA aims to maximize the non-goussianity or minimize the dependency among the variables as it seeks to recover 
the sources that are as independent of each other as possible [5]. The independence is a much stronger property than 
uncorrelatedness [5]. Thus ICA becomes more superior to the principle component analysis (PCA). There are two 
popular model based robust ICA algorithms (a) FastICA algorithms [4] and (b) minimum β-divergence method [7].  
In the case of minimum β-divergence method for ICA, Gaussianity of source signals should be known in advance, 
otherwise it may produce misleading results. This method suggests two contrast function, where one works to 
recover  sub-Gaussian signals and the other one works to recover super-Gaussian signals. For example, image 
signals are sub-Gaussian signals and audio signals are super-Gaussian signals. Therefore, in the case of image 
processing or audio signal processing, minimum β-divergence method may works well. In other cases where source 
signals are unknown as sub-Gaussian or super-Gaussian, minimum β-divergence method may gives misleading 
results. On the other hand, robust FastICA algorithm suffers from the non-robust prewhitening procedure and some 
outliers those make perpendicular direction with recovering vectors, where non-robust prewhitening can be 
overcome by β-prewhitening [8], but the later one problem exist yet in the robust FastICAalgorithms. Therefore, a 
user or researcher may feel inconvenience to select an appropriate ICA algorithm in some situations. So, in this 
paper, our proposal is to use outlier rejection rule[10, 11] for robustification of ICA algorithms based on the β-
weight function [9] instead of existing robust ICA algorithms. 
2  Independent Component Analysis (ICA) 
Independent component analysis (ICA) is a statistical tool for revealing hidden factors that underlie sets of random 
variables or signals. For given set of  observations of  random variables, 𝒙(𝑡) = �𝑥𝑥1(𝑡), 𝑥𝑥2(𝑡), … . . , 𝑥𝑥𝑚(𝑡)�𝑇 ,   where 
t is  the time  or sample index, assume that they are generated as a linear mixture of independent components then 
ICA model is given by: 

⎝

⎜⎜
⎛

𝑥𝑥1(𝑡)
𝑥𝑥2(𝑡).

.

.
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⎟⎟
⎞
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⎛

𝑠1(𝑡)
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⎟⎟
⎞

 

 
𝒙(𝑡) = 𝐴𝒔(𝑡),   𝑡 = 1,2, … . ,𝑛         (2.1) 

where, Ais some unknown matrix. The aim of ICA is to estimate both the matrix Aand the s(t), when we only 
observe the x(t). The ICA of a random vector x(t) consists of finding a linear transform 

𝒚(𝑡) = 𝑊𝒙(𝑡),   𝑡 = 1,2, … . ,𝑛         (2.2) 
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so that components of  y(t)  are as mutually independent as possible, where W transformation matrix obtained by 
ICA algorithm [1-6]. It is also known as recovering matrix or unmixing matrix or pseudo inverse of A or generalized 
inverse of A. The components of a random vector y(t)are said to be independent of each other if and only if the 
density function of yis factorized as 

 

𝑝(𝒚) = �𝑝𝑖(
𝑚

𝑖=1

𝑦𝑦𝑖) 

where, pi (yi) = ∫ p(y),…dy1,…dyi-1 dyi+1,… dym  is the marginal density of  yi, (i = 1, 2, ...,m). If components of y are 
independent of each other, then most important property of their independence is 
 

𝐸 ��ℎ𝑖(
𝑚

𝑖=1

𝑦𝑦𝑖)� = �𝐸{ℎ𝑖(
𝑚

𝑖=1

𝑦𝑦𝑖)} 

 
where,hi(yi) is any measurable function of  yi.  
3 Outlier Rejection Rule for ICA Based on β-weight Function (New Proposal) 
Mahalanobis distance (D2) is a popular measure for detection of multivariate outliers. It works well in presence of 
few outliers. However, in presence of large number of outliers, it produces misleading results. To overcome this 
problem, in this paper we propose β-weight function as a new alternative measure for outlier detection.     
This β-weight function is originated from the minimum β-divergence estimators for the mean vector µ and variance- 
covariance matrix V 

𝝁𝑡+1 =
∑ 𝜑𝛽(𝒙𝑖|𝝁𝑡 ,𝑽𝑡𝑛
𝑖=1 )𝒙𝑖
∑ 𝜑𝛽(𝒙𝑖|𝝁𝑡 ,𝑽𝑡𝑛
𝑖=1 )

and 

 

𝑽𝑡+1 =
∑ 𝜑𝛽(𝒙𝑖|𝝁𝑡 ,𝑽𝑡𝑛
𝑖=1 )(𝒙𝑖 − 𝝁𝑡)(𝒙𝑖 − 𝝁𝑡)𝑇

(1 + 𝛽)−1 ∑ 𝜑𝛽(𝒙𝑖|𝝁𝑡 ,𝑽𝑡𝑛
𝑖=1 )

 

where,   𝜑𝛽(𝒙|𝝁,𝒗) = exp �−
𝛽
2

(𝒙 − 𝝁)𝑇𝑽−1(𝒙 − 𝝁)� 
which is known a β-weight function [9]. It produces smaller weight for each contaminated data vector and larger 
weight for each uncontaminated data vector. Our intention is to use this weight function to separate the data into two 
parts bad (outliers/unusual) data points and good (usual) data  points . To detect outliers, we compute the  β-weight 
as follows: 

𝜑𝛽�𝒙��̂�𝛽 ,𝑉�𝛽� = 𝑒𝑥𝑥𝑝 �−
𝛽
2

(𝒙 − �̂�𝛽)𝑇𝑉�𝛽
−1(𝒙 − �̂�𝛽)� 

and then we construct a criteria to test the contaminacy of a data vector as follows: 
 

𝜑𝛽�𝒙��̂�𝛽 ,𝑉�𝛽�  = �𝑙𝑎𝑟𝑔𝑔𝑒𝑟 (𝑏𝑢𝑡 ≤ 1),   𝑖𝑖𝑓𝑓 𝒙 𝑖𝑖𝑠 𝑛𝑜𝑜𝑡 𝑐𝑜𝑜𝑛𝑡𝑎𝑚𝑖𝑖𝑛𝑎𝑡𝑒𝑑
𝑠𝑚𝑎𝑙𝑙𝑒𝑟 (𝑏𝑢𝑡 ≥  0),   𝑖𝑖𝑓𝑓 𝒙 𝑖𝑖𝑠  𝑐𝑜𝑜𝑛𝑡𝑎𝑚𝑖𝑖𝑛𝑎𝑡𝑒𝑑         (2.4)    

Using the proposed test criteria, we take the decision that a data vector x is said to be contaminated by outliers if 
𝜑𝛽�𝒙��̂�𝛽 ,𝑉�𝛽� ≤ 𝛿, 

where we choose the threshold value of 𝛿by 
𝛿=(1-η) min𝜑𝛽�𝒙��̂�𝛽,𝑉�𝛽� +η max 𝜑𝛽�𝒙��̂�𝛽 ,𝑉�𝛽� 

x∈𝓓S𝒙 ∈ 𝓓𝑺 
with heuristically η  = 0.10, where 𝓓S is the dataset. It was also used in [7,9] for choosing the threshold value.  Then 
we reject or remove the contaminated data points from the dataset and we can apply any ICA algorithms to the clean 
dataset to recover source signals from the robustness points of view. In this paper we consider FastICA algorithm to 
demonstrate the performance of the proposed rejection rule in a comparison of the classical  Mahalanobis distance 
approach. 
4 Simulation Study  
To demonstrate the performance of the proposed method in a comparison of some existing methods, we consider the 
following synthetic data sets. 
1. Two-dimensional 1000 random samples were drawn from uniform distribution with mean zero and variance 

one. Figure 1a represents the scatter plot of this source data points. Then we mixed these data points by a 
random mixing matrix  
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1.01    0.8
;

0.4      0.9
A

 
=  
   

Figure 1b represents the scatter plot of this  mixed data points. 
2. 700 outliers (*) are added to data set 1to make 1700 samples in total. For convenience of presentation, we took 

last 700 observations  as outliers out of 1700. Figure 2a represents the scatter  plot of this data set. 
Let us consider data set 1 described above. To remove outliers, first we select tuning parameter β using cross 

validation [8].  Figure 1c shows the plots of 0 ( )Dβ β
∧

. In this plot asterisks (*) are 0 ( )Dβ β
∧

and a circle outside the 

asterisk indicates the smallest value. Dotted lines are 0 0
( )D SDβ ββ

∧

± . Plot of  0 ( )Dβ β
∧

shown in the Figure 1c 

suggest β = 0  for 0β = 0.5 by ”One Standard Error” rule. Thus adaptive selection procedure suggests there is no 
outliers in the data set 1. Figure 1d shows the scatter plot of recovered sources by FastICA. Comparing Figures 1a 
and 1d, we see that recovered sources are independent with each other with non-Gaussian Structure. 

  Simulation with Uniformly Distributed Datasetin Absence of Outliers 
 

 
 
Figure 1. (a) Scatter plot of source signals generated from uniform distribution, (b) Scatter plot of mixed signals, (c) 

Plots of 0 ( )Dβ β
∧

 for selection of β , (d) Recovered Sources by FastICA. 
 
To investigate the performance of the proposed method in presence of outliers (*), we consider data set 2 shown in 
figure 2a. To remove outliers by the proposed method, we select the values of the tuning parameter β by K-fold CV 

(k=10) as before. We computed 0 ( )Dβ β
∧

for β  varying from 0 to 1 by 0.5 with 0β = 0.5. Figure 2b show the plots 

of 0 ( )Dβ β
∧

.  In this plot the asterisk (*) are 0 ( )Dβ β
∧

 and the smallest value is indicated by a circle outside the 

asterisk. Dotted lines are 0 0
( )D SDβ ββ

∧

±
. Plots of  0 ( )Dβ β

∧

shown in the Figure 2b have elbow shape and 
suggested β = 0.8 for β0 = 0.5 by  ”One Standard Error” rule. Thus adaptive selection procedure suggests that 
outliers corrupt the data set 2, which is true as shown in figure 2a. Figure 2c shows the recovered sources by 
FastICA using data set 2 before removing the outliers. Clearly we see that recovered sources are not similar to the 
original sources. Then we remove outliers from data set 2 using Mahalanobis distance. Figure 2d shows  

Mahalanobis
2D for each data points. Figure 2e shows the mixed data after removing the outliers by Mahalanobis 

2D with 
2
1,0.95 3.84χ =

. Clearly we see that all outliers are not removed based on Mahalanobis distance. Figure 2f 

shows the recovered sources by FastICA after removing outliers by Mahalanobis 
2D .  Clearly we see that 

recovered sources are not similar to the original sources as shown in 1a. 
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Simulation with Uniformly Distributed Datasetin Presence of Outliers 

 

Figure 2. (a) Scatter plot of mixed signals with outliers (*), (b) Plots of 0 ( )Dβ β
∧

for selection of β , (c) Recovered 
Sources by FastICA before removing outliers, (d) Mahalanobis distance for each data points with cut-off point  

2
1,0.95 3.84χ =

, (e) Mixed data after removing outliers using Mahalanobis distance, (f) Recovered sources by 
FastICA after removing outliers by Mahalanobis distance, (g) β -weight for each data point, (h) Mixed data after 
removing outliers using β-weight function , (i) Recovered sources by FastICA after removing outliers by β-weight 
function. 
Then we remove outliers from data set 2 using our proposed method. The Figure 2g shows the β-weight for each 
data points. Figure 2h shows the mixed data points after removing outliers by proposed method. Clearly we see that 
almost all outliers are removed by our proposed method. Figure 2i shows the recovered sources by FastICA after 
removing outliers by our proposed method. Clearly we see that recovered sources are similar to the originals sources 
as shown in 1a. 
4.1   Images Processing 
To demonstrate the performance of the proposed method for image processing, we considered two 256×256 pixels 
original images of flower and Gaussian noise as shown in figure (3a-3b), respectively. Figure 3c represents the 
scatter plot of these two original images. Then we mixed these two original images using the linear ICA model. 
Figures (3d-3e) represent the mixture of flower image and Gaussian noise image respectively. Figure 3f represents 
the scatter plot of these two mixed images. To recover original images from the mixture, we first apply well known 
FastICA algorithm. Figure (3g-3h) shows the recovered images of flower and Gaussian noise, respectively by 
FastICA. Figure 3i represents the scatter plot of these two separated images. Then we apply FastICA algorithm to 
recover the original images using our proposed method again from the same mixture. Figure (3j-3k) shows the 
recovered images of flower and Gaussian noise, respectively by our proposed method. In absence of outliers, clearly 
we see that performance of robust FastICA and our proposed method based FastICA is good and recovers almost 
similar images. 

Image Source Separation in Absence of Outliers 
 

 
 
Figure 3. (a) Original flower image, (b) Original Gaussian noise image, (c) Scatter plot of original images, (d) 
Mixture of flower image, (e) Mixture of Gaussian noise image, (f) Scatter plot of two mixed images, (g) Flower 
image recovered from the mixed images by FastICA, (h) Gaussian noisy image recovered from the mixed images by 
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FastICA, (i) Scatter plot of two recovered images by FastICA, (j) Flower image recovered from the mixed images 
by proposed method, (k) Gaussian noisy image recovered from the mixed images by proposed method, (l) Scatter 
plot of two recovered images by proposed method. 
To investigate the performance of FastICA in presence of outliers in a comparison of Mahalanobis distance, we 
added 256×6 pixel values with each mixed images from Gaussian distribution as outliers. Figures (4a-4b) represent 
the mixture of flower image and Gaussian noise image in presence of outlying pixel values (+), respectively. Figure 
4c shows scatter plot of two mixed images in presence of outliers. To recover original images from the mixture in 
presence of outliers, we first apply FastICA algorithm after removing outliers by Mahalanobis distance. Figure (4d-
4e) shows the recovered images by Mahalanobis D2. Figure 4f shows scatter plot of two recovered images by 
Mahalanobis distance. Clearly we see that performance of FastICA using Mahalanobis distance is not good in 
presence of outliers and recovered images cannot recognize the original images of flower and Gaussian noise. Then 
we apply the FastICA algorithm after removing outliers by our proposed method with β= 0.1 to recover the original 
images again from the same mixture. Figure (4g-4h) shows the recovered images of flower and Gaussian noise, 
respectively. Obviously, it is seen that the performance of robust FastICA using our proposed method is good and 
recovered images can easily recognize the original image of flower and Gaussian noise. 

Image Source Separation in Presence of Outliers 
 

 
Figure 4. (a) Mixture 1 with 256×6 pixels outliers, (b) Mixture 2 with 256×6 pixels outliers, (c) Scatter plot of two 
mixed images in presence of outliers (+), (d) Flower image recovered by FastICA using Mahalanobis D2, (e) 
Gaussian noise image recovered by FastICA using Mahalanobis D2, (f) Scatter plot of two recovered images by 
FastICA using Mahalanobis D2, (g) Flower image recovered from the mixed images by FastICA using proposed 
method, (h) Gaussian noisy image recovered from the mixed images by FastICA using  proposed method, (i) Scatter 
plot of two recovered images by FastICA using  proposed method. 
5  Conclusion 
The two popular robust ICA algorithms are minimum βdivergence method [7] and FastICA algorithm [5]. But when 
the data contains outlier they do not work well as usual. In this paper we discuss the robustification of ICA using an 
outlier rejection rule [10]-[11]based on β-weight function [9]. The values of the tuning parameter β play the key role 
in the performance of the proposed method.  A cross validation technique is discussed as an adaptive selection 
procedure for the tuning parameter β [9].  If adaptive selection procedures produce β> 0, then data set is corrupted 
by outliers. If adaptive selection procedure produce β = 0, then data set is not corrupted by outliers. Both simulation  
and real image data results show that FastICA algorithm is able to recover all hidden signals properly after removing 
outliers by our proposed method. But FastICA algorithm is not able to recover all hidden signals properly after 
removing outliers by Mahalanobis distance.  
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Abstract.This paper explores the use of Support Vector Machines (SVM) to topic spotting. This is a kind of text 
categorization, or more precisely, the task of automatically sorting a set of documents into categories from a 
predefined set. Although recently SVM based topic spotting is used in English language for text categorization with 
good performance, relatively few studies have been done on Bangla language. Hence we analyze the efficiency of 
SVM for Bangla based topic spotting. In order to validate, Bangla articles corpus from various sites are used as 
examples for the experiment of this paper. For Bangla, empirical results support that SVM attain good performance 
over the currently other performing methods including decision tree, Naive Bayes (NB), K-Nearest Neighbor (KNN) 
and behave robustly in terms of high dimensional and relatively noisy document feature vectors. 
Keywords: SVM, Text categorization, Bangla aricles corpus, topic spotting 
1 Introduction  
Topic spotting is an active research area of text mining where the documents are categorized with supervised 
knowledge. For this purpose a number of statistical and machine learning techniques has been developed  including 
regression model, k-nearest  neighbor , decision tree, Naïve Bayes, Support Vector Machines (Cortes and Vapnik, 
1995), using n-grams  and so on (Berry and Castellanos, 2007). Despite of the fact that these techniques are being 
used in English text analysis, many scopes have been revealed for Bangla language as Bangla based electronic 
documents both in online and offline have been being emerged very quickly.  
In this paper, we study how the information from bangle online text documents can be categorized into five different 
classes and then classify using Support Vector Machine (SVM). In our experiments we use LIBSVM (Chang and 
Lin, 2001) package for the sigmoid kernels. For better topic spotting, we firstly preprocess training documents by 
some sequential steps: tokenization, digit removal, punctuation removal, and stop words removal. After that, each 
token is transformed by character n-gram technique. Secondly, feature extraction is performed by statistical 
approach. Finally, we construct models from the entire training data .For all data sets, 10-fold cross-validation is 
used for testing and training set. In our experiment we compare SVM with other three prevalent methods KNN, 
Decision Tree and NB in terms of categorization of these documents. Result shows that SVM outperform those two 
methods, achieving 91.18% accuracy. 
2 Related Works 
Traditionally, many text categorization tasks have been solved manually, but such manual classification is expensive 
to scale and also labor intensive. Therefore, most popular approach is to categorization of text using machine 
learning automatically (Sebastiani, 2002) .Considerable work has been done in text categorization of the English 
documents (Jin-Shu et al., 2006). In addition to English language there are many  studies in European languages 
such as French, German, Spanish (Ciravegna et al., 2000) and  in Asian languages such as Chinese and Japanese 
(Peng et al. 2003).For some Southern Indian Languages Naïve Bayes , Neural networks have been applied to news 
articles to automatically categorized predefine classes(Rajan et al. 2009 ). Nevertheless little works has been done 
on under resourced language Bangla due to lack of resources, annotated corpora, name dictionaries, morphological 
analyzer. One of the works is applying n-gram technique to categorize bangle news paper corpus (Monsur et al., 
2006). 
3 Proposed Dataset  
A corpus we used for topic spotting contains 150 Bangla text documents- all in Unicode encoding. These documents 
are taken from the Bangla news web sources such as prothom-alo.com, online_dhaka.com, bdnews24.com, 
dailykalerkantha.com, bbc.co.uk/Bengali, ittefaque.com  etc, but all the documents are specific subject  related.   As 
topic spotting is a supervised learning, meaning we have predefined classes, so we have 5 classes for this corpus, 
these  are:  বািণজয (business),  েখলা (sports),  �া�য (health),  �যুি� (technology),  িশ�া (education) .  Each class 
contains approx. 20-25 documents. 
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4 Methodology 
4.1 Pre-processing 
Choosing an appropriate representation of words in text documents is crucial to obtaining good classification 
performance. Therefore, feature extraction or transforming the input data into the set of features in indispensable. It 
is expected that proper feature extraction   will extract the relevant information from the input data, and due to the 
high dimensionality of feature sets, feature extraction can be performed to reduce the dimensionality of the feature 
space and improve the efficiency (Forman and Kirshenbaum, 2008). 
But before extracting features from the documents, we have to do some preprocessing. In preprocessing phase we 
represent each original text document as “Bag of words”. Then following operations are done on each document: 

 Tokenization: 
Tokenization is the process of breaking the sentences as well as the text file into word delimited by white space 
or tab or new line etc. Outcome of this tokenization phase is a set of word delimited by white space. 
 Digit Removal:  
A general Bengali text file may contain Bengali as well as English digits. But as meaningful Bengali words do 
not contain digits, we remove these digits by using their Unicode representation. 
 Punctuation Removal: 
Remove punctuation marks, special symbols (<,>, :,{,},[,],^,&,*,(,) , | etc.) from the Bengali text documents. 
Also, if a document contains excess use of spaces, tabs, shift, remove them. 
 Stop words Removal:  
Stop words are the frequently occurring set of words which do not aggregate relevant information to the text 
classification task. Therefore, we have to remove these words from the text documents. We have made a list of 
Bengali language stop words from the dataset. This corpus contains around 364 words. Besides, there exist a lot 
of words having a single letter. Most of these Single-Letter-Words have little value. As a step of our processing 
the stop-words need to be removed before further processing. So the Single-Letter-Words are removed in this 
phase.  
 n-Gram:  
Now these refined words in documents are transformed by n-Gram approach. Character n-Gram creates all 
possible n-Grams of each token in a document. HereCharacter sequence of length n is fixed for our corpus of 
documents and this is 3.  

4.2 Feature Extraction 
 

After pre-processing phase we have documents with less numbers of words, and extracting features from these 
words now become easier. The collection of words that are left in the document after all those steps are considered 
as a formal representation of the document, and we call the words in this collection terms. This is our text corpus. 
Various types of statistical approaches can be used to extract features from this text corpus. We use normalized 
(term frequency–inverse document frequency) TFIDF weighting with length normalization to extract the features 
from the document (Joho and Sanderson, 2007) as this method performs better than may other methods. 

 
A combination of term frequency and inverse document frequency called TFIDF is commonly used to represent 
term weight numerically. The weight for a term i in terms of TF-IDF is given by 
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Where N is total number of documents and niis document  frequency of term i. 
4.3 Support Vector Machine Implementation 
SVM has been successfully used on text classification. SVM was introduced by Cortes and Vapnik (1995) as a class 
of supervised machine learning techniques which is actually a binary classifier. It is based on the principle of 
structural risk minimization. In linear classification, SVM creates a hyper plane that separates the data into two sets 
with the maximum-margin. A hyper plane with the maximum-margin has the distances from the hyper plane to 

points when the two sides are equal. Mathematically, SVMs learn the sign function )()( bwxsignxf += , where 
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w is a n weighted vector in 
nR  . SVMs find the hyper plane bwxy += by separating the space 

nR  into two half-
spaces with the maximum-margin. This Linear SVMs can be generalized for non-linear and multi class problem. 
The former is done by mapping data into another space H and performing the linear SVM algorithm over this new 
space, while the latter is done by decomposing the multi class problem into k binary problems.  
Once the features are extracted and normalized, using SVM we have to train a data set to obtain a model and 
secondly, using the model to predict information of a testing data set. For implementing SVM, a Software called 
LIBSVM by Chung Chang and Chih-Jen Lin was used. LIBSVM is integrated software for support vector 
classification, regression and distribution estimation. This LIBSVM is also an implementation of the SVM classifier 
algorithm that supports multiclass classification. According to our preliminary tests, the best results were achieved 
by the C-SVC method with the sigmoid kernel and we use this configuration. The values from the testing file are fed 
into the LIBSVM tool for training and predicting the data set and analysis is done.We keep the parameters that 
obtain the best accuracy using a10-fold Cross Validation on the training set. 
Like SVM we use popular text classification algorithms including probabilistic algorithms NB, instance based 
algorithm KNN, decision tree classifier based on C4.5  on same bangla text corpus so as to assess performances in 
comparison with SVM. 
5 Experiments and Results 
In this section some preliminary results will be illustrated and discussed. Tests were performed on four classifiers: 
NB, k-NN Classifier, Decision tree(C4.5) and SVM. For  each  experiment  we  measured  the  classification  
accuracy  (ratio  between  correctly  and  incorrectly  classified  articles) and the evaluation was performed as “X-
validation” (x=10) with stratified sampling. Among four classifiers applied on five corpora, SVMs achieved the 
highest average accuracy (91.18%), then NB with average accuracy of 87.22% and DT with average accuracy of 
80.65%.  KNN was the worst with average accuracy of 58.24%. Figure 1 shows the classifiers average performance.  

 
Fig 1  Average classification accuracy for four classifiers 

Table 1 shows the percent accuracy obtained from 10-fold cross-validation by each method on the five corpora. 
These results demonstrate that topic spotting with our SVM improves text classification performance. This 
improvement is seen across different classification methods and different corpora sets. 

Table 1  Text classification performance in percent accuracy 
Classifiers বািণজয(busin

ess)    
েখলা(spor

ts) 
�া�য(heal

th)   
�যুি� 
(technology) 

িশ�া(educati
on) 

DT 82.35 86.49 80.56 63.29 90.57 
KNN 54.23 59.33 51.69 51.59 74.24 
NB 95.25 84.21 91.79 73.11 91.75 
SVM 93.11 95 99.56 74.5 93.75 

Training time is also an important factor for building any classification system. Due to nature of high dimensionality 
of text dataset, training takes time. Figure 2 shows training time in seconds for the four text classifiers. SVMs and 
NB variants classifiers take shortest time for training, while DT required the longest training time. DT  is not 
scalable in high dimensional dataset,  and  it requires very long training time. 

 
Fig 2 Average classifiers training time 
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6 Conclusions and Future Direction  
This paper presented the results of topic spotting of Bangla text documents on five different Bangla corpora by using 
recognized machine learning techniques. A tool was implemented for feature extraction and selection. Besides, the 
performance of four popular classification algorithms C4.5, NB, KNN, and SVM has been evaluated on categorizing 
Bangla corpora; SVM classifier, in general, gives better performance. In our future work, we plan to introduce other 
classification algorithms in addition to those used here. Additionally, we plan to utilize other feature selection and  
weighting methods and compare them with the methods already used. Finally, we will continue to investigate the 
effect of each factor on the accuracy of the classification of Bangla text. Due to very high dimensionality of text 
data, popular dimensionality reduction techniques include term stemming and pruning might be added extra benefits 
of Bangla text mining.  
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Abstract. The success of any Intrusion Detection System (IDS) is a complicated problem due to its nonlinearity and 
the quantitative or qualitative network traffic data stream with many features. To get rid of this problem, several 
types of intrusion detection methods have been proposed and shown different levels of accuracy. This is why, the 
choice of the effective and robust method for IDS is very important topic in information security. Support vector 
machine (SVM) has been employed to provide potential solutions for the IDS problem. However, the practicability 
of SVM is affected due to the difficulty of selecting appropriate kernel and its parameters. Thus, this paper is aimed 
to use different kernel on the NSL-KDD Dataset and find out which is best for SVM based intrusion detection 
system. NSL-KDD dataset is new version of KDD’99 dataset and has some advantages over KDD’99. The 
experimental results indicate that polynomial kernel can achieve higher detection rate and lower false negative rate 
than others kernel like Linear and RBF kernels in the same time.  
Keywords: Intrusion detection, support vector machine, Kernel, KDD’99, NSL-KDD 
1 Introduction 
Along with the benefits, the Internet also created numerous ways to compromise the stability and security of the 
systems connected to it. Although static defense mechanisms such as firewalls and software updates can provide a 
reasonable level of security, more dynamic mechanisms such as intrusion detection systems (IDSs) should also be 
utilized [1]. Intrusion detection is the process of monitoring events occurring in a computer system or network and 
analyzing them for signs of intrusions. IDSs are simply classified as host-based or network-based. The former 
operates on information collected from within an individual computer system and the latter collect raw network 
packets and analyze for signs of intrusions. There are two different detection techniques employed in IDS to search 
for attack patterns: Misuse and Anomaly. Misuse detection systems find known attack signatures in the monitored 
resources. Anomaly detection systems find attacks by detecting changes in the pattern of utilization or behavior of 
the system [2]. 
As network attacks have increased in number and severity over the past few years, Intrusion Detection Systems 
(IDSs) have become a necessary addition to the security infrastructure of most organizations [3]. Deploying highly 
effective IDS systems is extremely challenging and has emerged as a significant field of research, because it is not 
theoretically possible to set up a system with no vulnerabilities [4]. Several machine learning (ML) algorithms, for 
instance Neural Network [5], Genetic Algorithm [6], Fuzzy Logic [4, 7, 8, 9], clustering algorithm [10] and more 
have been extensively employed to detect intrusion activities from large quantity of complex and dynamic datasets.  
In recent times, Support Vector Machine (SVM) has been extensively applied to provide potential solutions for the 
IDS problem. But, the selection of an appropriate kernel and its parameters for a certain classification problem 
influence the performance of the SVM because different kernel function constructs different SVMs and affects the 
generalization ability and learning ability of SVM. There is no theoretical method for selecting kernel function and 
its parameters. Literature survey showed that, for all practical purposes, most of the researchers applied Gaussian 
kernel to build SVM based intrusion detection system [ 11, 12, 13, 14] and find its parameter value using different 
technique which is not unique and some research paper did not mention its value [13]and some uses the default 
value of the software package [15 ]. But there are many other kernel functions which are not yet applied in intrusion 
detection. Other kernels should also be used in comparison to find optimal results for applying SVM based approach 
depending upon the nature of classification problem [13]. This motivated us to apply different kernel functions of 
SVM apart from RBF for IDS classification purpose which may provide better accuracy and detection rate 
depending on different nonlinear separations. We have also tried to find out parameter value to the corresponding 
kernel. In this paper, we provide a review of the SVM and its kernel approaches in IDS for future research and 
implementation towards the development of optimal approach in intrusion detection system with maximum 
detection rate and minimized false alarms.  
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The remainder of the paper is organized as follows. Section 2 provides the description of the KDD’99 and NSL-
KDD dataset. We outline mathematical overview of SVM in Section 3. Experimental setup is presented in Section 4 
and Preprocessing, Evaluation Metrics and SVM model selection are drawn in Section 5, 6 and 7 respectively. 
Finally, Section 8 reports the experimental result followed by conclusion in Section 9. 
2 KDDCUP’99 vs NSL-KDD Dataset: 
Under the sponsorship of Defense Advanced Research Projects Agency (DARPA) and Air Force Research 
Laboratory (AFRL), MIT Lincoln Laboratory has collected and distributed the datasets for the evaluation of 
researches in computer network intrusion detection systems [16]. The KDD’99 dataset is a subset of the DARPA 
benchmark dataset prepared by Sal Stofo and Wenke Lee [17]. The KDD data set was acquired from raw tcpdump 
data for a length of nine weeks. It is made up of a large number of network traffic activities that include both normal 
and malicious connections. A connection in the KDD-99 dataset is represented by 41 features, each of which is in 
one of the continuous, discrete and symbolic form, with significantly varying ranges. The KDD99 data set includes 
three independent sets; ‘‘whole KDD’’, ‘‘10% KDD’’, and ‘‘corrected KDD’’.  Most of researchers have used the 
‘‘10% KDD’’ and the ‘‘corrected KDD’’ as training and testing set, respectively [18].  The training set contains a 
total of 22 training attack types. Additionally the ‘‘corrected KDD’’ testing set includes an additional 15 attack types 
and therefore there are 37 attack types that are included in the testing set, as shown in Table I and Table II. The 
simulated attacks fall in one of the four categories [1, 18]: (a) Denial of Service Attack (DoS),  (b) User to Root 
Attack (U2R), (c) Remote to Local Attack (R2L), (d) Probing Attack. 

Table I. Attacks in KDD’99 Training dataset 
Classification of 

Attacks 
Attack Name 

Probing Port-sweep, IP-sweep, Nmap, Satan 

DoS Neptune, Smurf, Pod, Teardrop, Land, Back 

U2R Buffer-overflow, Load-module, Perl, Rootkit 
R2L Guess-password, Ftp-write, Imap, Phf, Multihop, spy,  warezclient, Warezmaster, 

 
Table II. Attacks in KDD’99 Testing dataset 

Classification of 
Attacks 

Attack Name 

Probing Port-Sweep, Ip-Sweep, Nmap, Satan, Saint, Mscan 
DoS Neptune, Smurf, Pod, Teardrop, Land, Back, Apache2,Udpstorm, Processtable,Mail-Bomb 
U2R Buffer-Overflow, Load-Module, Perl, Rootkit, Xterm, Ps, Sqlattack. 
R2L Guess-Password, Ftp-Write, Imap, Phf, Multihop, Spy, Warezclient, Warezmaster, 

Snmpgetattack, Named, Xlock, Xsnoop, Send-Mail, Http-Tunnel, Worm, Snmp-Guess. 
 
Statistical analysis on KDD’99 dataset found important issues which highly affects the performance of evaluated 
systems and results in a very poor evaluation of anomaly detection approaches [Principle Component Analysis, 13]. 
To solve these issues, researchers have proposed a new data set, NSL-KDD, which consists of selected records of 
the complete KDD data set [15]. The NSL-KDD dataset does not include redundant records in the train set, so the 
classifiers will not be biased towards more frequent records.  The numbers of records in the train and test sets are 
reasonable, which makes it affordable to run the experiments on the complete set without the need to randomly 
select a small portion. Consequently, evaluation results of different research works will be consistent and 
comparable. 
3 SVM classification 
The theory of Support Vector Machine (SVM) is from statistics and the basic principle of SVM is finding the 
optimal linear hyperplane in the feature space that maximally separates the two target classes [19, 20]. There are two 
types of data namely linearly separable and non-separable data. To handle these data, two types of classifier, linear 
and non-linear, are used in pattern recognition field. 
3.1 Linear Classifier 
Consider the problem of separating the set of training vectors belong to two linear separate classes, 
(𝑥𝑥1,𝑦𝑦1), (𝑥𝑥2,𝑦𝑦2), … … , (𝑥𝑥𝑛,𝑦𝑦𝑛)where 𝑥𝑥𝑖 ∈ 𝑅𝑛,𝑦𝑦𝑖 ∈ {−1, +1} with a hyperplane 𝑤𝑇𝑥𝑥 + 𝑏 = 0. Finding a separating 
hyperplane can be posed as a constraint satisfaction problem. For this problem, the constraint problem can be 
defined as follows find w and b such that 

 



630 
 

𝑤𝑇𝑥𝑥𝑖 + 𝑏 ≥ 1 𝑖𝑖𝑓𝑓 𝑦𝑦𝑖 = +1 
𝑤𝑇𝑥𝑥𝑖 + 𝑏 ≤ −1 𝑖𝑖𝑓𝑓 𝑦𝑦𝑖 = −1 
𝑤ℎ𝑒𝑟𝑒 𝑖𝑖 = 1,2,3, … … ,𝑛 

Considering the maximum margin classifier, there is hard margin SVM, applicable to a linearly separable dataset, 
and then modifies it to handle non-separable data. This leads to the following constrained optimization problem: 

𝑚𝑖𝑖𝑛𝑖𝑖𝑚𝑖𝑖𝑧𝑒𝑤,𝑏
1
2
‖𝑤‖2 

Subject to:  𝑦𝑦𝑖(𝑤𝑇𝑥𝑥𝑖 + 𝑏) ≥ 1, 𝑖𝑖 = 1,2,3, … … ,𝑛              (1) 
The constraints in this formulation ensure that the maximum margin classifier classifies each example correctly, 
which is possible since we assumed that the data is linearly separable. In practice, data is often not linearly separable 
and in that case, a greater margin can be achieved by allowing the classifier to misclassify some points. To allow 
errors, the optimization problem now becomes: 

𝑚𝑖𝑖𝑛𝑤,𝑏
1
2
‖𝑤‖2 + 𝐶�𝜉𝑖

𝑛

𝑖=1

 

Subject to:                          𝑦𝑦𝑖(𝑤𝑇𝑥𝑥𝑖 + 𝑏) ≥ 1 − 𝜉𝑖,𝑖𝑖 = 1,2,3, … … . ,𝑛           (2) 
𝜉𝑖 ≥ 0  , 𝑖𝑖 = 1,2,3, … … ,𝑛 
The constant C > 0 sets the relative importance of maximizing the margin and minimizing the amount of slack. This 
formulation is called the soft-margin SVM [19, 20]. Using the method of Lagrange multipliers, we can obtain the 
dual formulation which is expressed in terms of variables 𝛼𝑖 [19, 20]: 

𝑚𝑎𝑥𝑥𝑖𝑖𝑚𝑖𝑖𝑧𝑒𝛼�𝛼𝑖 −
1
2
��𝛼𝑖𝛼𝑗𝑦𝑦𝑖

𝑛

𝑗=1

𝑦𝑦𝑗𝑥𝑥𝑖𝑇𝑥𝑥𝑗

𝑛

𝑖=1

𝑛

𝑖=1

 

Subject to:           ∑ 𝑦𝑦𝑖𝛼𝑖 = 0,𝑛
𝑖=1 0 < 𝛼𝑖 < 𝐶 for all 𝑖𝑖 = 1,2,3, … … ,𝑛                      (3) 

 
The dual formulation leads to an expansion of the weight vector in terms of the input examples: 

𝑤 = �𝛼𝑖𝑦𝑦𝑖𝑥𝑥𝑖

𝑛

𝑖=1

 

Finally, the linear classifier based on a linear discriminant function takes the following form 
𝑓𝑓(𝑥𝑥) = ∑ 𝛼𝑖𝑥𝑥𝑖𝑇𝑥𝑥 + 𝑏𝑛

𝑖                                    (4) 
3.2 Non-linear Classifier 
In many applications a non-linear classifier provides better accuracy.  The naive way of making a non-linear 
classifier out of a linear classifier is to map our data from the input space X to a feature space F using a non-linear 
function ∅:𝑋 → 𝐹. In the space F, the discriminant function is: 

𝑓𝑓(𝑥𝑥) = 𝑤𝑇∅(𝑥𝑥) + 𝑏. 
Now, examine what happens when the nonlinear mapping is introduced into equation (3). We have to optimize 

𝑚𝑎𝑥𝑥𝑖𝑖𝑚𝑖𝑖𝑧𝑒𝛼�𝛼𝑖 −
1
2
��𝛼𝑖𝛼𝑗𝑦𝑦𝑖

𝑛

𝑗=1

𝑦𝑦𝑗∅(𝑥𝑥𝑖)𝑇∅(𝑥𝑥𝑗)
𝑛

𝑖=1

𝑛

𝑖=1

 

Subject to:∑ 𝑦𝑦𝑖𝛼𝑖 = 0𝑛
𝑖=1 ,0 < 𝛼𝑖 < 𝐶   for all 𝑖𝑖 = 1,2,3, … … ,𝑛                      (5) 

Notice that the mapped data only occurs as an inner product in the objectives. Now, we can apply a little 
mathematically rigorous magic known as kernels. By Mercer’s theorem, we know that for certain mapping ∅(𝑥𝑥) and 
any two points 𝑥𝑥𝑖  and 𝑥𝑥𝑗, the inner product of the mapped points can be evaluated using the kernel function without 
ever explicitly knowing the mapping [21] . The kernel function can be defined as 

𝑘�𝑥𝑥𝑖 , 𝑥𝑥𝑗� = ∅(𝑥𝑥𝑖)𝑇∅(𝑥𝑥𝑗) 
Substituting the kernel in the equation 5, the optimization takes the following form: 

𝑚𝑎𝑥𝑥𝑖𝑖𝑚𝑖𝑖𝑧𝑒𝛼�𝛼𝑖 −
1
2
��𝛼𝑖𝛼𝑗𝑦𝑦𝑖

𝑛

𝑗=1

𝑦𝑦𝑗𝑘�𝑥𝑥𝑖 , 𝑥𝑥𝑗�
𝑛

𝑖=1

𝑛

𝑖=1

 

Subject to:   ∑ 𝑦𝑦𝑖𝛼𝑖 = 0 𝑛
𝑖=1 ,0 < 𝛼𝑖 < 𝐶 for all 𝑖𝑖 = 1,2,3, … … ,𝑛                      (6) 

Finally, in terms of the kernel function the discriminant function takes the following form: 

𝑓𝑓(𝑥𝑥) = �𝛼𝑖𝑘(𝑥𝑥, 𝑥𝑥𝑖) + 𝑏
𝑛

𝑖
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3.3 Kernel and its parameters selection: 
A kernel function and its parameter have to be chosen to build a SVM classifier [14]. In this work, three main 
kernels have been used to build SVM classifier. They are 
 

1. Linear kernel:    𝐾�𝑥𝑥𝑖 , 𝑥𝑥𝑗� =< 𝑥𝑥𝑖 , 𝑥𝑥𝑗 > 
2. Polynomial kernel: 𝐾(𝑥𝑥𝑖 , 𝑥𝑥𝑗) = (< 𝑥𝑥𝑖 , 𝑥𝑥𝑗 > +1)𝑑, d is the degree of polynomial. 

3. Gaussian kernel: 𝐾�𝑥𝑥𝑖 , 𝑥𝑥𝑗� = exp (−
�𝑥𝑖−𝑥𝑗�

2

2𝜎
), 𝜎𝜎 is the width of the function. 

Training an SVM finds the large margin hyperplane, i.e. sets the parameters 𝛼𝑖 (c.f. Equation 6). The SVM has 
another set of parameters called hyperparameters: The soft margin constant, C, and any parameters the kernel 
function may depend on (width of a Gaussian kernel or degree of a polynomial kernel)[22]. The soft margin constant 
C adds penalty term to the optimization problem. For a large value of C, a large penalty is assigned to errors/margin 
errors and creates force to consider points close to the boundary and decreases the margin. A smaller value of C 
(right) allows to ignore points close to the boundary, and increases the margin. 
Kernel parameters also have a significant effect on the decision boundary [22]. The degree of the polynomial kernel 
and the width parameter σ of the Gaussian kernel control the flexibility of the resulting classifier. The lowest degree 
polynomial is the linear kernel, which is not sufficient when a non-linear relationship between features exists. 
Higher degree polynomial kernels are flexible enough to discriminate between the two classes with a sizable margin 
and greater curvature for a fixed value of the soft-margin constant. On the other hand in Gaussian Kernel, for a fixed 
value of the soft-margin constant, small values of σ the decision boundary is nearly linear. As σ increases the 
flexibility of the decision boundary increases and large values of σ lead to over fitting [22]. 
A question frequently posed by practitioners is "which kernel should I use for my data?". There are several answers 
to this question. The first is that it is, like most practical questions in machine learning, data-dependent, so several 
kernels should be tried. That being said, we typically follow the following procedure: Try a linear kernel first, and 
then see if we can improve on its performance using a non-linear kernel [22].  
3.4 Multiclass support vector machine 
Support vector machines are formulated for two class problems. But because support vector machines employ direct 
decision functions, an extension to multiclass problems is not straightforward [12]. There are several types of 
support vector machines that handle multiclass problems. We used here only one-vs-all multiclass support vector 
machines for our research work. The One-Vs-All techniqueis extended from the binary two-class problem to 
perform classification tasks with k > 2 classes. In this approach, the base classifier (in our case - SVM) is trained on 
K copies of the K-class original training set, with each copy having the K-th label as the positive label, and all other 
labels as the negative label (combined class).  We denote the optimal separating hyperplane discriminating the class 
j and the combined class as 

𝑔𝑔𝑗 = xTw� j + b� j,           j = 1, ,2,3, … . , k 
where the superscript in 𝑤�𝑗 stands for the class which should be separated from the other observations. After finding 
the all k optimal separating hyperplanes, the final classifier has been defined by 

𝑓𝑓𝑘(𝑥𝑥) = 𝑎𝑟𝑔𝑔𝑚𝑎𝑥𝑥𝑗(𝑔𝑔𝑗(𝑥𝑥)) 
In this approach the index of the largest component of the discriminant vector (𝑔𝑔1(𝑥𝑥),𝑔𝑔2(𝑥𝑥), … … ,𝑔𝑔𝑘(𝑥𝑥)) is 
assigned to the vector x. In other words, each input is classified by all K models, and the output is chosen by the 
model with the highest degree of confidence. 
4 Dataset and Experimental setup 
Investigating the existing papers on the anomaly detection which have used the KDD data set, we found that a 
subset of KDD’99 dataset has been used for training and testing instead of using the whole KDD’99 dataset [13, 15, 
23, 24]. Existing papers on the anomaly detection mainly used two common approaches to apply KDD [15].  In the 
first, KDD’99 training portion is employed for sampling both the train and test sets. However, in the second 
approach, the training samples are randomly collected from the KDD train set, while the samples for testing are 
arbitrarily selected from the KDD test set. The basic characteristics of the NSL-KDD and the original KDD 99 
intrusion detection datasets in terms of number of samples is given in Table III. Although the distribution of the 
number of samples of attack is different on different research papers, we have used the Table I and II to find out the 
distribution of attack [1, 3, 18]. In our experiment, whole NSL-KDD train set (KDDTrain+) has been used to train 
our classifier and the NSL-KDD (KDDTest+) test set has been used to test the classifier. All experiments were 
performed using Intel core i5 2.27 GHz processor with 4GB RAM, running Windows 7. 
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To select the best model in model selection phase, we have drawn 10% samples from the training set (KDDTrain+) 
to tune the parameters of all kernel and another 10% samples from the training set (KDDTrain+) to validate those 
parameters, as shown in Table III. In our experiment, three different types of kernel have been used.  

Table III. Number of Samples of Each Attack in Dataset 
Dataset Normal DoS Probing R2L U2R Total 

Whole KDD (Original KDD) 972780 3883370 41102 1126 52 4898430 
10% KDD (Original KDD) 97278 391458 4107 1126 52 494021 
KDD corr (Original KDD) 60593 229853 4166 16347 70 311029 
KDDTrain+ (NSL-KDD) 67343 45927 11656 995 52 125973 
KDDTest+ (NSL-KDD) 9711 7458 2421 2887 67 22544 
Train Set ( For Model Selection) 6735 4593 1166 100 6 12600 
Validation Set (For Model Selection) 6735 4593 1166 100 6 12600 

5 Pre-processing 
SVM classification system is not able to process NSLKDD dataset in its current format. Hence preprocessing was 
required before SVM classification system could be built. Preprocessing contains the following processes: SVM 
requires that each data instance is represented as a vector of real numbers. The features in columns 2, 3, and 4 in the 
NSLKDD or KDD’99 dataset are the protocol type, the service type, and the flag, respectively. The value of the 
protocol type may be tcp, udp, or icmp; the service type could be one of the 70 different network services such as 
http and smtp; and the flag has 11 possible values such as SF or S2. Hence, the categorical features in the KDD 
dataset must be converted into a numeric representation. This is done by the usual binary encoding – each 
categorical variable having possible m values is replaced with m-1 dummy variables. Here a dummy variable have 
value one for a specific category and having zero for all category.  After converting category to numeric, we got 119 
variables for each samples of the dataset. Some researchers used only integer code to convert category features to 
numeric representation instead of using dummy variables which is not statistically meaningful way for this type of 
conversion [13, 18]. The final step of pre-processing is scaling the training data, i.e. normalizing all features so that 
they have zero mean and a standard deviation of 1. This avoids numerical instabilities during the SVM calculation. 
We then used the same scaling of the training data on the test set.  Attack names were mapped to one of the five 
classes namely Normal, DoS (Denial of Service), U2R (user-to-root: unauthorized access to root privileges), R2L 
(remote-to-local: unauthorized access to local from a remote machine), and Probe (probing: information gathering 
attacks). 
6 Evaluation Metrics 
Apart from accuracy, developer of classification algorithms will also be concerned with the performance of their 
system as evaluated by False Negative Rate, False Positive Rate, Precision, Recall, etc. In our system, we have 
considered both the precision and false negative rate. To consider both the precision and false negative rate is very 
important in IDS as the normal data usually significantly outnumbers the intrusion data in practice. To only measure 
the precision of a system is misleading in such a situation [25]. The classifier should produce lower false negative 
rate because an intrusion action has occurred but the system considers it as a non-intrusive behavior is very cost 
effective. 
7 SVM Model Selection 
In order to generate highly performing SVM classifiers capable of dealing with real data an efficient model selection 
is required. In our experiment, Grid-search technique has been used to find the best model for SVM with different 
kernel. This method selects the best solution by evaluating several combinations of possible values. In our 
experiment, Sequential Minimization Optimization with the following options in Matlab, shown in Table IV, has 
been used. We have considered the range of the parameter in the grid search which converged within the maximum 
iteration using the train set (For Model Selection) and validation set (For Model selection) shown in Table III. 

Table IV. Sequential Minimization Optimization Options 
Option Value 
MaxIter 1000000 
KernelCacheLimit 10000 

For linear kernel, to find out the parameter value C, we have considered the value from 2-8 to 28 as our searching 
space. The resulting search space for linear kernel is shown in Fig. I. We took parameter value C=16 for giving us 
99.56% accuracy in the validation set to train the whole NSL-Kdd train data (KDDTrain+) and test the NSL-Kdd 
test data (KDDTest+). 
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Fig. I: Tuning Linear Kernel Fig. II: Tuning Polynomial Kernel 
For polynomial kernel, to find the parameter value C (penalty term for soft margin) and d (poly order), we have 
considered the value from 2-8 to 28 for C and from 1 to 3 for d as our searching space. The resulting search space for 
polynomial kernel is shown in Fig. II. We took parameter value d=2 and C=0.0625 for giving us 99.24% accuracy in 
the validation set to train the whole NSL-Kdd train data (KDDTrain+) and test the NSL-Kdd test data (KDDTest+). 
 
 
 
 
 
 
 

 
Fig. III: Tuning Radial Basis Kernel 

For radial basis kernel, to find the parameter value C (penalty term for soft margin) and sigma, we have considered 
the value from 2-8 to 26 for C and from 2-15 to 25 for sigma as our searching space. The resulting search space for 
radial basis kernel is shown in Fig. III. We took parameter value C=32 and sigma=2 for giving us 99.01% accuracy 
in the validation set to train the whole NSL-Kdd train data (KDDTrain+) and test the NSL-Kdd test data 
(KDDTest+). 
8 Obtained Result 
The final training/test phase is concerned with the production and evaluation on a test set of the final SVM model 
created based on the optimal hyper-parameters set found so far in the model selection phase [19]. After finding the 
parameter, we built the model using NSL-Kdd train set for each of the kernel tricks and finally we have tested the 
model using NSL-Kdd test set. The training and testing results are given in Table V according to the classification 
accuracy.  From the results it is observed that the test accuracy for polynomial kernel is better than linear and radial 
basis kernel. 

Table V: Training and Testing Accuracy 
Kernel Training Accuracy Testing Accuracy 
Linear 86.56 63.60 

Polynomial 99.31 73. 54 
Radial Basis 99.80 56.88 

For the test case, the confusion matrix for each of the kernel is given in Table VI, VII and VIII respectively. Going 
into more detail of the confusion matrix, it can be seen that Linear kernel performs better on probing attack detection 
and polynomial kernel performs well on Dos, R2L, and U2R detection. 

Table VI: Confusion matrix for Linear Kernel 

Pr
ed

ic
tio

n 

Actual 
 Dos Normal Probing R2L U2R % 

Dos 3095 107 180 22 23 90.31 
Normal 1382 9324 331 2784 31 67.31 
Probing 2977 262 1910 51 5 36.70 

R2L 4 13 0 2 2 9.52 
U2R 0 5 0 28 6 15.38 

% 41.50 96.01 78.89 0.07 8.96  
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Table VII: Confusion matrix for Polynomial Kernel 
Pr

ed
ic

tio
n 

Actual 
 Dos Normal Probing R2L U2R % 

Dos 5410 66 538 15 3 89.69 
Normal 1222 9192 364 2304 34 70.08 
Probing 823 431 1515 113 7 52.44 

R2L 0 16 1 447 9 94.50 
U2R 3 6 3 8 14 41.18 

% 72.54 94.66 62.58 15.48 20.90  
 

Table VIII: Confusion matrix for Radial Basis Kernel 

Pr
ed

ic
tio

n 

Actual 
 Dos Normal Probing R2L U2R % 

Dos 2198 10 0 0 0 99.55 
Normal 3903 9395 1250 2815 65 53.91 
Probing 1357 304 1171 7 0 41.25 

R2L 0 2 0 58 2 93.55 
U2R 0 0 0 7 0 0 

% 29.47 96.75 48.36 2.01 0  
We also considered the false negative rate and precision for each of kernel and as shown in Table IX and X 
respectively. The polynomial kernel gives lower average false negative rate and high precision than other kernels. 

Table IX: False Negative Rate of Different Kernels for each of the attack types. 
Kernel Dos Probing R2L U2R Average False Negative Rate 
Linear 18.53 13.67 96.43 46.27 43.73 

Polynomial 16.36 15.04 79.81 50.75 40.49 
Radial Basis 52.33 51.63 97.50 97.01 74.61 

 
Table IX: Precision of Different Kernels for each of the attack types. 

Kernel Dos Probing R2L U2R Average Precision 
Linear 0.90 0.37 0.10 0.15 0.38 

Polynomial 0.90 0.52 0.96 0.41 0.70 
Radial Basis 0.99 0.41 0.94 0 0.59 

 
9 Conclusion 
 In this research work, we developed an intrusion detection system using support vector machines as classifier. The 
performances of the different kernel based approaches have been observed on the basis of their accuracy, false 
negative rate and precision. The results indicate that the ability of the SVM classification depends mainly on the 
kernel type and the setting of the parameters. Research in intrusion detection using SVM approach is still an ongoing 
area due to good performance. The findings of this paper will be very useful for future research and to use SVM 
more meaningful way in order to maximize the performance rate and minimize the false negative rate. 
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Abstract.This paper presents a data adaptive filtering technique to extract seasonal cycles of different climate 
signals using discrete wavelet transform (DWT). The fractional Gaussian noise (fGn) is used here to determine 
adaptive threshold without any prior training. The climate signal and fGn are decomposed into a finite number of 
subband signals using DWT. The subband energy of fGn and its confidence intervals are computed and the upper 
bound of the confidence interval is used as the threshold. The lowest order (higher frequency) subband of the 
climate signal exceeding the threshold is determined as the starting subband to represent signal trend i.e. seasonal 
cycle. All the higher order subbands are summed up to extract the seasonal cycle. The experimental results illustrate 
the efficiency the proposed data adaptive approach to separate the seasonal cycle of the climate signals. 
Keywords: Climate signal, discrete wavelet transform, subband representation, time domain filtering. 
1 Introduction 

The term ‘climate variability’ denotes the inherent characteristic of climate which manifests itself in changes of 
climate with time. The degree of climate variability can be described by the differences between long-term statistics 
of meteorological elements calculated for different periods. Climate variability is often used to denote deviations of 
climate statistics over a given period of time such as a specific month, season or year from the long-term climate 
statistics relating to the corresponding calendar period.  To mitigate the effects of climate change risk 
assessmentsare being required more frequently by policy makers [1]. Climate is currently changing inways that 
mirror the effects of global warming. There is also increasing demand forclimate change information, particularly 
from policy makers for impact assessment studies [2]. Several linear statistical models have been applied to climate 
records, but the answersare not conclusive due to the high sensitivity of model results to model parameters [3-
5],especially when stochastic processes are taken into account. Various approaches havebeen employed to develop 
climate change scenarios at different scales [6]. 

The seasonal cycle of any climate signals represents are good measure of climate variability. The variation of 
such cycle from the mean stream can be used to illustrate the variation of climate. If we consider the seasonal cycle 
for a year it can be termed as annual cycle. It is commonly estimated from observational data or model output by 
taking the average of all Januaries, all Februaries, and so forth. If the observational record is long enough and 
conditions are stationary (i.e. there is no significant long-term trend), a meaningful seasonal cycle will result that can 
be used to calculate an anomaly time series [7]. In the analysis of climate variability, the annual cycle refers to every 
twelve month (consecutive) length of data.    
In this paper, the seasonal (annual) cycle of several climate signals are extracted using data adaptive filtering 
approach. The annual cycle is treated as the trend in the climate signal. It is required to develop a method to extract 
the trend representing the cycle using a data adaptive technique without affecting the other parts of the signal [7]. It 
needs a mathematical function used to divide a given function or time series into different scale components i.e. sub-
bands [8]. The traditional approach – Fourier transform can be used to decompose the climate time series into 
several sub-bands to extract the trend of the signal [9]. Fourier transforms for representing functions that have 
discontinuities and sharp peaks and for accurately deconstructing and reconstructing finite, non-periodic and non-
stationary signals. The discrete wavelet transform (DWT) is the representation of a function by wavelet which is 
very efficient to decompose the signal in a data adaptive nature [10]. Wavelet transform have advantages over 
traditional Fourier transform. In this study we attempt to obtain a better understanding of the variability through the 
analysis of seasonal climate cycles of different climate signals say rainfall, humidity with wavelet transform. The 
climate signal is decomposed into several subbands using wavelet. The subbands representing the trend are 
determined by comparing their energies with that of the reference signal. The fractional Gaussian noise is used here 
as the reference signal to separate the seasonal cycle in a data adaptive way.  
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2 Wavelet Based Subband Decomposition 
The climate signal is considered as fully non-linear and non-stationary and hence wavelet transform is more 

suitable technique to be analyzed. The wavelet transform is computed by changing the scale of the analysis window, 
shifting the window in time,multiplying by the signal, and integrating over all times. The filters of different 
cutofffrequencies are used to analyze the signal at different scales [11]. The coefficients are usually sampled on 
adyadic grid, i.e., s0 = 2 and t0 = 1, yielding s=2j and t=k*2j. 

The DWT analyzes the signal atdifferent frequency bands with different resolutions by decomposing the signal 
into a coarse approximationand detail information. DWT employs two sets of functions, called scaling functions and 
wavelet functions,which are associated with low pass and highpass filters, respectively. The decomposition of the 
signal intodifferent frequency bands is simply obtained by successive highpass and lowpass filtering of the 
timedomain signal. The original signal x(n) is first passed through a halfband highpass filter g(n) and a lowpassfilter 
h(n). After the filtering, half of the samples can be eliminated according to the Nyquist’s rule, since thesignal now 
has a highest frequency of π/2 radians instead of π. The signal can therefore be subsampled by2, simply by 
discarding every other sample. This constitutes one level of decomposition and canmathematically be expressed as 
follows: 
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∑
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whereyhigh(k) and ylow(k) are the outputs of the highpass and lowpass filters, respectively, aftersubsampling by 2.This 
decomposition halves the time resolution since only half the number of samples now characterizes theentire signal. 
However, this operation doubles the frequency resolution, since the frequency band of the signal now spans only 
half the previous frequency band, effectively reducing the uncertainty in the frequency by half.  

The above procedure, which is also known as the subband decomposition, can be repeated for 
furtherdecomposition. At every level, the filtering and subsampling will result in half the number of samples 
(andhence half the time resolution) and half the frequency band spanned (and hence double the frequency 
resolution) [11]. The number of detail (d) subbands is equal to the decomposition levels and one approximation (a), 
hence total of (m+1) subbands for m decomposition levels. The frequencies that are most prominent in the original 
signal will appear as high amplitudes in that region of the DWT signal that includes those particular frequencies. 
The difference of this transform from the Fourier transform is that the time localization of these frequencies will not 
be lost. However, the time localization will have a resolution that depends on which level they appear. A toy signal 
and its different subbands obtained by applying DWT are shown in Fig. 1.  

 
Fig. 1.A toy signal and different subbands obtained by DWT 

 
The reconstructed signal by wavelet synthesis is illustrated in Fig. 2. The energy of the error signal (sample-wise 
difference) is negligible (in the order of 10-11) and hence it is stated that the perfect reconstruction is possible from 
DWT based subband decomposition.  From the above mentioned explanation, it is clear that the wavelet based 
subband decomposition is to be used as data adaptive filter bank technique with perfect reconstruction. The climate 
signal is a non-harmonic time series and hence this type of data adaptive method is suitable for decomposition. 
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Fig. 2.The original toy signal (top), the reconstructed signal using wavelet synthesis (middle) and the error between those two (bottom) 

3Seasonal Cycle Extraction Method 
The seasonal (annual) cycle is considered as the low frequency and relatively higher energy trend of climate 

signals. The trends of the recorded climate signals are detected using the energy distribution of the signalover the 
individual subbands. The cycle is retrieved here by partial reconstruction ofthe subbands in the wavelet domain. 
Usually the modes contain a mixture of frequencies and thesemixed modes are much more difficult to interpret. 
Since we are not interested in intra-seasonalvariations, a minimal amount of pre-smoothing is performed so that 
single or multiple modescollectively contain the annual cycle. The subbands will generally be ordered from high to 
lowfrequency. It is important to determine the significanceof the subbands. We should not expect all bands to be 
significant to separate the seasonal cycle.  
The aim of the first step of the analysis is to find low frequency signal from the original climate signal. We 
decomposed the original signal into subband signals using discrete wavelet transform. The analyzingclimate signal 
s(n) consists a slowly varying trend superimposed to a fluctuating process y(n), the trend is expected to be captured 
by subband signals of large indices. A process of de-trending s(n), which corresponds to estimating ζ(n), may 
therefore relate to compute the partial, fine-to-coarse, reconstruction 
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whereK is the largestsubband index prior the remaining subbands representing signal trend contamination. For the 
subbands dk(n); k=1, 2, …,K, a rule of thumb, so the choice of K is based on observation of the evolution of the ζ(n) 
energy as a function of a test order k. The optimized k=K is chosen when the energy index departs significantly from 
the energy of the reference signals [12]. The starting index of the subband to separate the trend i.e. the low 
frequency components of the climate signal is determined by comparing the subband energy with that of the 
reference signal. The fractional Gaussian noise (fGn) is used here as the reference signal. There is a subband of 
climate signal exceeding the upper limit of 95% confidence interval of the corresponding subbands’ energies of fGn. 
That subband is selected as the lower bound of the low frequency component of the climate signal. All the lower 
order subbands starting from the bound are summed to construct the low frequency trend y(n)=s(n)- ζ(n) 
representing the seasonal cycle.  

The fractional Gaussian noise (fGn) is a generalization of ordinary white noise. It is a versatile model of 
homogeneously spreading broadband noise without any dominant frequency band, is an intrinsically discrete-time 
process, and may be described as the increment process of fractional Brownian motion (fBm) since fBm is the only 
self-similar Gaussian process with stationary increments [12]. Consequently the statistical properties of fGn are 
entirely determined by its second-order structure, which depends solely upon one single scalar parameter, Hurst 
exponent. The energies of the subbands of fGn are decreased linearly with increasing its order. Such property of fGn 
is very much applicable to determine the trend of the analyzing signal by comparing the energies of its subbans. The 
normalized fGn is decomposed only once and then each of the climate signals using DWT. The scaling factor of 
each signal is reused to obtain the original scale in the wavelet domain. The steps of the proposed algorithm are as 
follows: 
1. Apply DWT based subband decomposition on the fGn. Compute Log energy of individual subband and its upper 

and lower bound with 95% confidence interval. 
2. Apply the same decomposition on any climate signal. Compute the Log energy of its subbands.  
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Find the subband with energy exceeding the upper limit of 95% confidence interval derived in step 1 say it 
nthsubband. The selected nthsubband is the starting index of constructing trend i.e. seasonal cycle. The seasonal cycle 
is separated by summing up the higher order (lower frequency)subbands starting from nthone of the climate signals. 
Thus obtained low frequency trend with higher energy represents the seasonal cycle of the respective climate signal. 
It illustrates the non-linear nature of the climate variable.  
4Experimental Results and Discussion 
The performance of the proposed seasonal cycle extraction method is evaluated by real climate data collected at 
different regions in Bangladesh. Only the data collected in Dhaka region from Jan, 1981 to Dec, 2011 are used in 
this analysis. Two climate variables – daily rainfall and humidity are considered here. All the weather parameters are 
measured with sufficiently efficient instruments. Both of the climate signals (daily rainfall and humidity) and the 
fGn are decomposed into 11 subband (10 levels decomposition) signals using DWT with db4 wavelet as illustrated 
in Fig. 3, 4 and 5 respectively.  
According to the proposed algorithm, the energy of each subband of the fGn is computed then the 95% confidence 
interval (CI) of the energy curve (of fGn) is determined. The energy of each subband of the climate signal (daily 
rainfall) is compared with the upper bound of the CI which is used here as data adaptive threshold. Find the subband 
with energy exceeding the upper limit of CI; say it nth band which is selected as the turning index of detecting the 
trend i.e. the seasonal cycle. The energy based index thresholding is shown in Fig. 6 for the daily rainfall. The 8th 
subband of the daily rainfall signal is selected as the turning index of trend detection. Similarly, the turning index 
determination of daily humidity signal is illustrated in Fig. 7 where the 8th one is selected as the starting subband of 
seasonal cycle. 

 
Fig. 3. The fGn and its different subbands obtained by applying DWT 

 
Fig. 4. The daily rainfall data and its different subbands obtained by applying DWT 

The seasonal cycle is separated by summing up the higher order subband signals starting from nth one up to the last 
subband of climate signals. The daily rainfall, the separated seasonal cycle and the residue signals (suppressing the 
seasonal cycle from the original signal) are illustrated in Fig. 8. The separation of seasonal cycle for daily humidity 
is shown in Fig. 9. 
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Fig. 5. The daily humidity data and its different subbands obtained by applying DWT 

 

 
Fig. 6.Selection of starting subband to extract seasonal cycle of daily rainfall. The 8th subband is selected 

 

 
Fig. 7.Selection of starting subband to extract seasonal cycle of daily humidity. The 8th subband is selected 

 

 
Fig. 8. Seasonal cycle separation results; daily rainfall data (top), extracted seasonal cycle (middle) and residue 

after suppressing seasonal cycle (bottom) 
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Fig. 9. Seasonal cycle separation results; daily humidity data (top), extracted seasonal cycle (middle) and residue 

after suppressing seasonal cycle (bottom) 
The proposed seasonal cycle extraction method is fully data adaptive. No training is required to determine the 
threshold. Thus obtained seasonal cycle is carries necessary properties for further processing of the climate 
variables. Climate signals always represent non-stationary data. It is not possible to assume such data the sum of 
harmonics and hence Fourier based transformation is not suitable for analysis of climate signals. The DWT is highly 
data adaptive and efficient for nonlinear and non-stationary time series. 
5Conclusions 
In this paper wavelet based data adaptive time domain filtering technique is implemented to extract the seasonal 
cycle of climate signals. The main superiority of this method are to apply the DWT method yielding subband signals 
based on local properties of the signal, which eliminate the need for spurious harmonics to represent non-linear and 
non-stationary signals. The DWT is a well known approach to many researchers in climate research. This study 
plays a vital role for analysis the properties of non-linear and non-stationary daily rainfall and humiditytime series 
data. The analysis of the correlation among different subbanbs of the climate signals is the future extension of this 
study. 
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Abstract: Entropy is a nonparametric alternative of variance and has been used as a measure of risk in 
portfolio analysis. Although attractive features of entropy are pronounced in a number of papers, it is still 
not popular among practitioners. In this paper, we compare entropy-based portfolio models and 
benchmark against Markowitz mean-variance portfolio. The computation of entropy from a given set of 
data is discussed through with illustration. We discuss density estimation and entropy calculation from 
real data in R environment. We find that entropy and variance may give different interpretation of risk 
and hence, the portfolio based on entropy may differ from that based on variance. We propose a natural 
extension of the mean entropy portfolio to make it more general and diversified. This new model 
performs equivalently to the mean-entropy portfolio when applied to real and simulated data, and offers 
higher return if no constraint is set for the desired return; also it is found as the most diversified portfolio 
model. 

Key Words: Entropy, Kernel density estimation, Portfolio optimization, Diversification. 
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Abstract. In multi-state model interval censored data are widely available due to discrete follow-up of 
observation scheme. Interval of follow-up is arbitrarily chosen. In this paper an algorithm is presented to 
choose optimal interval using simulation based on magnitude of bias. 

Some key words: Discrete follow-up; Continuous follow-up; Multi-state model. 

 

Statistical learning algorithm for automatic Bat identification from motion sensor camera images 
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Abstract 

Bat, the natural reservoir of Nipah Virus (NiV), contaminates date palm sap while harvesting by licking 
the shaved part of tree. Raw sap consumption is the potential risk factor of NiV infection to human. To 
research onbat contaminating date palm sap at night, researchers from icddr,b used motion censored 
cameras which can capture 60-14000 photos per night per tree. They extract data on time and frequency 
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of Bat visit manually by observing each of the photos which is pain staking, time consuming and costly. 
Our objective was to develop a computer algorithm that will extract the data of interest from those 
images. 

 

We developed an image processing rule and extracted features from the processed image. In pilot phase, 
we selected a random sample of images of size 500 from a single tree and labeled those photos as 
presence/absence and we extracted 2 features of each images. After that we developed a statistical 
learning model using double bagged logistic regression. We test our algorithm on a set of test images 
from that tree. In second phase, we repeat the procedure based on images on multiple trees of 42 different 
camera-nights. After that we tested our algorithm on full data set. . 

In pilot phase our proposed algorithm identified the presence or absence of bats with 90% accuracy. In the 
testing phase for all data, our algorithm provided 78.2% accurate prediction of presence and absence of 
bat. 

In pilot phase, the result seems promising regarding the reduction of time and cost of data extraction from 
images but, we need to explore further, the reasons of reduction of efficiency in generalizing the 
algorithms efficiency in broader perspective.  
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Abstract 

The main Results: Let M be a 2-torsion free semi prime Γ -ring satisfying a certain assumption and θ  
be an endomorphism of M . Let MMT →: be an additive mapping such that 

)()()()( xyTxxyxT βθαθβα =  holds for all Myx ∈, and Γ∈βα , . Then we prove that T  is 
a θ -centralizer. We also show that T is a θ -centralizer if M  contains a multiplicative identity 1. 

Keywords: semi-primeΓ -ring, left centralizer, centralizer, Jordan centralizer, left θ -centralizer, θ -
centralizer, Jordan θ -centralizer. 
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ABSTRACT 

Women’s health after childbirth is an area that is under-investigated. Although many studies have been carried out 
about health seeking behavior of women during pregnancy, none have focused on after childbirth, particularly 
regarding middle class women of urban areas. In this study an attempt has been made to explore the health seeking 
behavior of middle class women after childbirth in Rajshahi City Corporation. Qualitative method and techniques 
were used to explore health seeking behavior. All the respondents of the study were selected through the purposive 
sampling from the study area and semi structured interview, in-depth interview were conducted with one FGD. It is 
found that, the perception of health care after childbirth is not satisfactory and given little attention although they 
acknowledged the importance. In case of after childbirth, some physical health problems are common of women 
after childbirth and it may continue one-two months. Again, few physical symptoms have been suffered for long 
time in some cases. The health seeking behavior of women is influenced by mainly senior family members and it is 
seen that, in post-partum complications, most of the cases women don’t go to doctor for treatment rather they taken 
advice from experienced women. In this decision making process and health seeking behavior of women after 
childbirth, some influential socio-cultural factors played the vital role which is upheld in this study. 

KEYWORDS:  health seeking behavior, childbirth, maternal health, postpartum health.  
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ABSTRACT 

Introduction: All major urban centers in Bangladesh have slums and squatter settlements, the largest concentrations 
being in Dhaka, followed by Chittagong, Khulna and Rajshahi. In Winter and in Rainy season, the weather becomes 
extreme at Rajshahi making people more difficult, even more for slum dwellers. We aimed to evaluate the 
extremeness of the seasonal variation to various seasonal diseases. 

Key Words: Descriptive statistics, Chi-square test, Logistic Regression 

Methods: Our data was from a pilot study of 250 respondents of a survey on “Health Status of Slum Dwellers in 
Rajshahi City”. Original sampling method is two-stage PPS. First stage units are 35 wards of Rajshahi city and 
second units are the slum dwellers (per household basis) of the wards. Study area for the pilot survey was ward 
number 28 and 30. Study population was adult slum dwellers. Data collection period was Nov 2010 to Jan 
2011.Descriptive statistics (mean with standard deviation, median with IQR or percentage where appropriate) were 
primarily observed. Using cross table technique, chi-square test (Pearson or LR whichever applicable) was used next 
to find association of various covariates to diseases. Logistic model was fitted to main outcome variable (diseases) 
for advanced analysis. 

Results: We found that mean age of the respondent was 30.88 yrs with standard deviation10.68. Of the respondent 
female was 56%; maximum of the respondents were illiterate (56.08%) following with primary level 34.46% and 
with secondary level 9.46%; maximum of them are Muslim (97.30%). Some of their citable professions are daily 
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labor (21.62%), pulling rickshaw (10.81%) small business (7.43%) etc. Mean family income was tk 90493 per year 
with standard deviation (sd) 67068; on an average family savings per year was tk 1182 with sd 1705. Among the 
respondents, 93% manage their worm cloths by themselves; 95% store their worm cloths after winter; among the 
common communicable diseases, 88% suffer from Cold, 56% suffer from Flue, 14% suffer from Asthma in Winter, 
whereas 38% suffer from cold, 37% suffer flue, 12% suffer asthma in Rainy season. Results suggested that none of 
the covariates had significant effect on Cold in Winter, but in Rainy season, Profession had significant association 
with it (p-value=0.019). It was also found that respondent of profession daily labor (OR=0.25, 95%CI=0.06, 1.03) 
and pulling rickshaw (OR=0.57, 95%CI=0.13, 2.58) were less likely to suffer from it and of profession small 
business (OR=3.70, 95% CI=0.72, 18.94) was more likely than other professions. For the slum dwellers, profession 
and family status had significant effect on suffering from Flue in Winter season which also revealed that daily 
laborer (OR=17.41, 95%CI=3.04, 99.71), small businessmen (OR=2.63, 95%CI=0.36,19.17) and rickshaw puller 
(OR=6.55, 95%CI=1.05, 41.02) are more likely than other professions and  respondents with unique family 
(OR=0.17, 95%CI=0.05,0.56) are less likely to suffer from it than combined family. But in Rainy season, it was 
found that only family status had significant effect on it and respondents with unique family (OR=0.25, 
95%CI=0.08,0.76) are less likely to suffer from it than combined family.  However, none of the covariates were 
found to have significant effect to Asthma in both Winter and Rainy season. 

Conclusions: By means of feasible action plans focused on a broad urban development vision that will lead to 
lasting and meaningful improvements in the health and lives of slum dwellers. 
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Abstract. Adolescence is a transitional period from childhood to adulthood characterized by significant 
physiological, psychological and social changes. In this paper we especially considered for the married female 
adolescents, as they have to enter early into marital life that pushes them to bear the consequence of childbearing.  
Although adolescents have knowledge on contraceptives, but their use of contraceptives is low. Quantitative data on 
1,348 married female adolescents revealed that almost cent per cent of the married adolescent are aware of at least 
one contraceptive method. But the current use rate is low (27.0%).  There are many socio-economic and 
demographic factors those are significantly associated with contraceptive use. In view of multiple logistic regression 
analysis, it is evident that the explanatory variables such as respondent’s education, husbands lives in house, type of 
place of residence, region, husband’s occupation, husband’s education, age of respondents and access to mass media 
are important on the ever use of contraception. On the other hand, age of respondents and marital duration are 
important on the current use of contraception.  Multiple logistic regression analysis estimates that the current age of 
respondent and marital duration have direct influences on contraceptive use. 

Key words: Contraception, Adolescent, Knowledge and Bangladesh.  

 

Female sex workers HIV/AIDS harm reduction for awareness:  A review in Rajshahi City Corporation, 
Bangladesh 
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Abstract. Unsafe female sex trade and their clients who dominate unsafe sex are the major causes to spread out 
HIV/AIDS in Bangladesh. In under developing country like Bangladesh may be some significant factors are 
engaged to increase the number of HIV/AIDS infected people day by day. The purpose of the present study was to 
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know unsafe female sex trades HIV/AIDS harm reduction for awareness in Rajshahi City Corporation, Bangladesh. 
Primary data were collected from 200 female sex workers in Rajshahi City Corporation from February to September 
2012. Samples were selected by simple random sampling. The age range of the female sex workers was 16 to 41 
years with average age 24.52 ± 6.26 years, and 84.4% were married. More than 88% sex workers agreed that client 
dominate sex without condom, this factor was significantly associated with female marital status (p<0.01), and 62% 
females sexual contacted with client without condom for money and forced by client.  More than 32% sex workers 
did not test HIV/VCT and this factor was significantly associated with education level (p<0.01), age (p<0.01) and 
economical condition (p<0.05). 89.5% respondents did not interest to ask their new client about HIV/VCT test and 
this variable was associated with sex workers residence (p<0.05), age (p<0.05) and economical condition (p<0.01). 
Education, age and economical condition are most important factors for making awareness about HIV/AIDS for 
female sex workers.   

Keywords: Female sex worker (FSW), STI/STD, HIV/AIDS, Awareness, Female sex trade. 

 

Projected population with non-communicable diseases in the perspective of Bangladesh 

Aziza Sultana Rosy Sarkar, Md. Aminul  Hoque  and Md. Nurul Islam 

Department of Statistics, Faculty of Science, University of Rajshahi, Rajshahi-6205, Bangladesh. 

 

Abstract 

Objectives: The projection of population affected with non-communicable diseases in Bangladesh and setting the 
targets to control non-communicable diseases as a future plan in health sectors. 

Methods: Exponential model and polynomial regression model are used to project populations. 

Results: Among the age groups, circulatory system related diseases and neoplasm greatly affect the age group 45-59 
and above for male. More specifically, circulatory system related diseases have the highest percentage (34.01%) for 
the age group 70-79 and neoplasm contributes the highest percentage (34.38%) for the age group 60-69 for male. 

Among the age groups like the male person circulatory system related diseases, respiratory related diseases and 
neoplasm greatly affect the age group 45-59 and above for female. More specifically, circulatory system related 
diseases have the highest percentage (38.65%) for the age group 70-79, neoplasm contributes the highest percentage 
(29.41%) for the age group 45-59 and the highest percentage is 32.69% for respiratory related diseases in the age 
group 60-69. 

Conclusions: It is recognized that a huge number of population will die because of non-communicable diseases. The 
number of person rapidly increases year by year at a large scale. Among non-communicable disease; mortality 
population due to circulatory system (stroke, ischemic heart disease and hypertensive disease) is most prominent in 
Bangladesh. The second major cause of death is neoplasm for the national population.    

Non-communicable diseases say, circulatory related disease was significantly higher as compared to other non-
communicable diseases.  

In case of national projected diseased population, the transition period is 2016 year. The diseased population shows 
decreasing trend before 2016 and after that year the diseased population gives increasing trend. Because the diseased 
population is a balance trend between national projected non-communicable male and national others population 
except non-communicable population. 

Key Words: Non-Communicable diseases (NCDs), exponential model, mortality rates, diseased population and 
population projection.  
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Abstract. Early childbearing is an important indicator for women’s health. Body mass index (BMI) is a 
good indicator of nutritional status in a population. In underdeveloped countries like Bangladesh, this 
indicator provides a method that can assist intervention to help eradicate many preventable diseases. The 
aim of the present study was to find the effect of socio-demographic factors on early childbearing 
mother’s health. Data was extracted from Bangladesh Demographic and Health Survey (BDHS)-2007. 
The age range of the sample was 15 to 24 years, with an average age of 20.29 ± 2.54 years. More than 
33% early childbearing mothers have been suffering from chronic energy deficiency (CED), among them 
35.4% from rural and 26.9% from urban. The coefficients and odds ratio of logistic regression analysis 
demonstrated that early childbearing mothers who were from rural areas, illiterate, employed, 
unemployed partner, poorest, non-caesarian, delivered at home, earlier age at first marriage, having two 
or more children were at higher risk for getting chronic energy deficiency. 

Keywords: BMI, CED, Logistic Regression, Undernutrition, Early childbearing mother 

Introduction 

Early childbearing mothers are the young adolescent (teenage) women who get baby before she is 
physically and/ or mentally not ready to give birth. Usefully woman becomes mother before 20 years old 
is called early child bearing mother. Early childbearing is an important indicator for women health1. Early 
childbearing mother is at higher risk for poor prenatal outcomes such as gestational diabetes, gestational 
hypertension and preterm deliveries than the general population2. Many researches 2-5 have captured 
teenage pregnancy and early childbearing both developed and developing countries in recent decades due 
to the socioeconomic and health consequences for both mother and their child. In the recent past decades, 
the patterns of early marriage and early childbearing are still persistent in Bangladesh despite substantial 
development in Human Development Indicators (HDI). Early childbearing is often associated with higher 
than average mortality rates.  In Bangladesh mortality rate for children born to adolescent mothers is 
10.4%5. The World Health Organization estimated that the risk of death following pregnancy is twice as 
great for women between 15 and 19 years than for those between the ages of 20 and 246. The maternal 
mortality rate can be up to five times higher for girls aged between 10 and 14 than for women of about 
twenty years of age6. Adolescent (teenage) childbearing is widely prevalent in Bangladesh: 76% of the 
first-born children were born to women before their 20th birthday5.  

Body mass index (BMI) is the best instrument for the assessment of health status of a given population7. 
A BMI value of over 30 kg/m2 has been shown to be a risk factor for hypertension, heart disease, diabetes 
mellitus, cardiovascular disease, gall bladder disease and various types of cancer. On the other hand, a 
low BMI (underweight BMI ≤18.5 kg/m2) has been associated with a higher risk of hip fracture in 
women8. Low birth weight and higher mortality rate has also been associated with a low BMI in pregnant 
mothers9.  
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Many researchers have investigated the relationship between health status/nutritional status and 
mortality9, socioeconomic and demographic factors10-12 of reproductive women in Bangladesh. Among the 
reproductive women, special attention is needed to be paid to early childbearing mothers because they 
face a lot of health and social problems compare to mothers who give child birth at a later stage of life. A 
healthy mother puts a potential influence on the family and their contribution to the nation’s workforce 
and productivity. It is important to detect the factors which are related to undernutritional/health problems 
(underweight) of early childbearing mothers in Bangladesh. To the best of our knowledge the study on 
health status of early childbearing mothers are poorly documented.  

The purpose of the present study was to find the effect of socio-economic and demographic factors on the 
health status of early childbearing mothers in Bangladesh.  

Materials and methods 

Materials: The total simple used in the present study consisted of 1908 currently non-pregnant young 
mother (age 15-24 years). This cross sectional data extracted from a sample of 10,996 ever married 
Bangladeshi women (age 15-49 years) were collected by the 2007 BDHS. The data set was checked for 
outliers/abnormal by the present authors using statistical techniques13, because these abnormal points can 
affect the interpretation of results.  Some missing values were also detected, and these cases were 
excluded. After removing outliers, cases with incomplete data, and excluding women who were above 24 
years old, currently pregnant, the data set was reduced to 1908 for the analysis in the present study. The 
sampling technique, survey design, survey instruments, measuring system and quality control have been 
described elsewhere14. Body mass index was defined and calculated as the ratio of weight in kilograms to 
height in meters squared.  

Methods: The BMI was classified according to most widely used categories of BMI for adults. These 
were: underweight/undernutrition (BMI≤18.5 kg/m2), normal weight (18.5 < BMI <25 kg/m2), 
overweight 25≤BMI < 30 kg/m2) and obese (BMI≥30 kg/m2)15. The subjects were also classified on the 
basis of chronic energy deficiency (CED) grades as follows:  (i) CED grade III (sever thinness) (BMI < 
16.0 kg/m2), (ii) CED grade II (moderate thinness) (16.0 ≤ BMI <17.0 kg/m2), (iii) CED grade I (mild 
thinness) (17.0 ≤ BMI < 18.5 kg/m2)4. 

Multiple logistic regression analysis: Multiple logistic regression was used to examine the relative 
importance of socio-demographic factors on early childbearing mothers’ health. In this model, body size 
(BMI) was considered as a dependent variable coded as 0= Normal and overweight (BMI≥18.51) and 1= 
Underweight (BMI≤18.50/malnutional). The underlying multiple logistic regression models 
corresponding to each variable are: 

 . .. [1] 

where, p = the probability of underweight (BMI≤18.50) (coded 1) 

1-p = the probability of normal and overweight (BMI≥18.51) (coded 0) 
X1= type of place of residence (coded; urban=0, rural=1) 
X2 = respondent’s (woman) educational level (coded; no education=0, school education=1, higher 

education=2) 
X3= partner’s (husband) educational level (coded; no education=0, school education=1, higher 

education=2)   
X4= respondent’s occupation (coded; housewife=0, hard labor=1) 
X5 = partner’s occupation (coded; employed=0, farmer/worker=1) 
X6 = wealth index (coded; poorest=1, poorer=2, middle=3, richer=4, richest=5) 
X7= delivery system (coded; non-caesarian=0, caesarian=1) 
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X8 = place of delivery (coded; hospital/clinic=0, home=1) 
X9= age at first marriage 
X10= respondent age at first birth  
X11= total number of children ever born  

β0= intercept term, and β1, β2,…,β11 are unknown coefficients. Multicollinearity problem among the 
predictor variables were checked by standard error (SE). If the magnitude of the SE lies between .001 and 
.05, suggested that there is no evidence of Multicollinearity problem16.  

All the statistical analysis should carried out using Statistical Package for Social Scientists (SPSS version 
17.0) software. 

Results 

A total of 1908 early childbearing currently non-pregnant young mothers were analyzed in the current 
study. The age of subjects varied from 15 to 24 years, with a mean age of 20.29 ± 2.54 years (95% CI: 
20.17–20.40). The range of age of first birth was 12 to 19 years with mean age 16.46 ± 1.67 years (95% 
CI: 16.38-16.53).  The average weight was 44.96± 7.09 kg (95% CI: 44.64-45.27) with range 27.50 kg to 
88.00 kg. The mean height was150.32 ± 5.42 cm (95% CI: 150.08-150.56) with range 129.60 to 168.20 
cm. BMI varied from 11.95 kg/m2 to 37.79 kg/m2, with mean of 19.86 ± 2.70 kg/m2 (95% CI: 19.74-
19.98) (Table1).  

Table 1. Descriptive statistics for age of first birth, height, weight and BMI of early childbearing young 
mothers in Bangladesh 

Variable Mean SD SE 95% CI for mean Minimum Maximum 

Lower Upper 

Age  20.29 2.54 0.06 20.17 20.40 15 24 

Age of first  birth 16.46 1.67 0.04 16.38 16.53 12 19 

Weight(kg) 44.96 7.09 0.16 44.64 45.27 27.50 88.00 

Height(cm) 150.32 5.42 0.12 150.08 150.56 129.60 168.20 

BMI(kg/m2) 19.86 2.70 0.06 19.74 19.98 11.95 37.79 

Table 2 shows the frequency distribution of body size (BMI category). More than 60% women in the 
current study had normal weight (61.6%), while 33.3% were undernourished (underweight). Some 
women were overweight (4.3%) and a few (0.8%) participants were obese.  

Table 2. Frequency distribution of body size (BMI category) of early childbearing mothers 

BMI category N (%) 

Underweight (BMI ≤ 18.5 km/m2) 636 (33.3%) 

Normal weight (18.5 <  BMI < 25 km/m2) 1175 (61.6%) 

Overweight (25≤BMI<30 km/m2) 82 (4.3%) 

Obese (BMI ≥30 km/m2) 15 (0.8%) 
 

The underweight and obese of the study population are depicted graphically by residence. The numbers 
(percentages) of underweight rural mothers were more than that of urban mothers, while the number of 
obese were higher in urban than in rural environment (Fig.1). 
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Frequency distribution of chronic energy deficiency (CED) showed that about 33.3% early childbearing 
mothers were suffering from chronic energy deficiency (BMI ≤ 18.5) (Table2). Among them 10.69% 
mothers had sever thinness (CED grade III), while 22.01% had moderate thinness (CED grade II) and 
67.30 % had mild thinness (CED grade I) (Table 3).  
 

Table 3. Frequency distribution of chronic energy deficiency (CED) mothers among CED grades 

BMI category N (%) 

CED grade III (sever thinness) (BMI< 16.0 kg/m2) 68 (10.69%) 

CED grade II (moderate thinness) (16.0 kg/m2≤BMI<17.0 kg/m2) 140 (22.01%) 

CED grade I (mild thinness) (17.0 kg/m2≤BMI≤18.5kg/m2) 428 (67.30%) 
 

The logistic regression coefficients and odds ratios demonstrated that the participants who came from 
rural environment, had a chance to get undernutrition 41.6% [(1.416-1)*100] (p<0.001) higher than urban 
mothers. Illiterate mothers had a chance to get undernutrition 0.661 and 0.328 times higher than 
secondary educated (p<0.01) and higher educated (p<0.01) mothers, respectively. Similar result was 
found for partner’s/husband’s educational level (Table 4). These results suggest that both women’s and 
her husbands’ educations are important factors for women health status. Mothers who were involved with 
hard labor had [(1.298-1.00) x 100] = 29.8% higher risk of having undernourished than mothers who were 
housewife (p<0.05). On the other hand, the women whose partners were unemployed had [(1.466-1.00) x 
100] = 46.6% high risk of getting undernutrition than mothers whose partners were employed (p<0.01). 
Regarding economic condition, poorest mothers had a chance to get undernutrition 0.703 (p<0.05), 0.663 
(p<0.05), 0.615 (p<0.05), and 0.363 (p<0.001) times higher than poor, middle, rich and richest mothers, 
respectively.  These results suggest that wealth index can play an important role among young mothers 
towards improvement of health status. The risk of becomes undernourished of non-caesarian mothers 
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Fig1: Difference between urban and rural in the percentage of underweight and 
obese mothers 
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were 0.335 times higher than caesarian mothers. Also, mother who delivered at home had a chance to get 
undernutrition [(2.219-2.00) x 100] = 21.9% higher than mothers who delivered at hospital/clinic. Age at 
first marriage and age at first birth was negatively related to underweight and both were statistically 
significant. Young mothers had risk for getting undernutrition [(1.057-1.00) x100] = 5.7% higher at every 
single birth compared to the previous birth.   

Table 4: Estimates of the odds ratios for selected socio-economic and demographic characteristics 
through Logistic regression analysis 

Variable Coefficient SE Wald p-value Odds 
Ratio 

95% CI for odds ratio

Lower Upper 

Place of Residence 0.346 0.107 10.401 0.001 1.414 1.146 1.745 

Respondent education level Secondary Vs 
No educated  

--- 
-0.414 

--- 
0.129

23.495 
10.342

0.000 
0.001 

--- 
0.661 

--- 
0.514 

--- 
0.851 

Higher Vs No educated -1.114 0.371 9.040 0.003 0.328 0.159 0.678 

Partner education level 
Secondary Vs No educated 

--- 
-0.359 

--- 
0.107

30.446 
11.155

0.000 
0.001 

--- 
0.699 

--- 
0.566 

--- 
0.862 

Higher Vs No educated -0.948 0.220 18.554 0.000 0.387 0.252 0.596 

Respondent’s Occupation 0.261 0.119 4.787 0.029 1.298 1.028 1.639 

Partner’s Occupation 0.382 0.098 15.306 0.000 1.466 1.210 1.775 

Wealth Index 
Poor Vs Poorest 
Middle Vs Poorest 
Rich Vs Poorest 
Richest Vs Poorest 

--- 
-0.352 
-0.270 
-0.485 
-1.013 

--- 
0.150
0.151
0.156
0.175

35.633 
5.515 
3.212 
9.727 

33.364

0.000 
0.019 
0.043 
0.002 
0.000 

--- 
0.703 
0.663 
0.615 
0.363 

--- 
0.524 
0.568 
0.454 
0.257 

--- 
0.943 
0.826 
0.835 
0.512 

 Delivery System -1.093 0.248 19.424 0.000 0.335 0.206 0.545 

 Place of Delivery 0.756 0.152 24.708 0.000 2.129 1.580 2.868 

Age at First Marriage -0.071 0.022 10.522 0.001 0.932 0.893 0.972 

Age at First Birth -0.044 0.022 4.002 0.045 0.957 0.917 0.999 

Children Ever Born 0.055 0.020 7.955 0.005 1.057 1.017 1.098 

 

Discussion and Conclusions  

The data used in this study, gathered by the 2007 BDHS, are nationally representative, covering both 
urban and rural areas. The present study demonstrated that early childbearing are still common and deeply 
entrenched among Bangladeshi women. Among Asian countries the incidence of early childbearing is 
highest in Bangladesh3. Bangladeshi women become mother at their very early ages with the large 
majority of women started bearing children before they reach at the age of twenty17. In the present study 
we looked the health status of early childbearing mother, age ranged of the subject 15 to 24 years. 
Previous studies in Bangladesh examined the factors affecting adolescent motherhood in Bangladesh 
using the 2007 Bangladesh Demographic and Health Survey data 3reported that women’s education, 
husband’s education, place of residence, ever use of contraceptive method, religion, wealth and region 
were important determinants of adolescent motherhood in Bangladesh. Other two previous studies 11-12 

examined the association of BMI with age, mortality, level of education, wealth index and other social 
variables. More recently10 examined the association of BMI with socio-demographic factors and also 
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showed the trend in BMI over last three decades. The above studies, authors examined women health 
impact using the indicator BMI but their sample aged 15-49 years, not especially early childbearing 
young mothers.     

The present study demonstrated that the mean BMI of Bangladeshi early childbearing young mother was 
19.86 kg/m2. More than half of the mothers (61.60%) were of normal weight. Undernourished mothers 
constituted 33.3%, while overweight mother constituted 4.30%. Only 0.8% was considered obese. This 
information is consistent with other studies on Bangladeshi women. A study on Bangladeshi women 
living in an urban area reported that 15.7% were overweight and 3.9% were obese11, while another study 
on women living in the slum area of Dhaka reported that 54% of women were underweight18. More 
recently10 investigated on BMI of Bangladeshi reproductive women (age 15-49) and found that 57.73% 
women were of normal weight, while 28.66% underweight, 11.45% overweight and 2.16% obese of their 
population. A relatively similar pattern was also observed in a large population study in neighboring 
India, where 56.9% of married women were reported to be of normal weight, 31.2% were underweight, 
9.4% were overweight and 2.6% were obese4. 

The findings in the current study suggest that adolescent marriage is a common phenomenon in 
Bangladesh. Early childbearing is directly associated with early marriage. Poor economic conditions, 
illiteracy, early age at marriage, early age at first delivery, insufficient medical facilities lack of suitable 
work and tendency to getting more children in rural areas are the main causes of being underweight of 
early childbearing young mothers in Bangladesh.  

Government and non-government origination should take care of women about their health especially in 
rural area and they may take policies; 

 To make aware the general population for following the ordinance of legal age at marriage of 
Bangladesh Government should be properly implemented.  

 Adolescents and their guardians should be made more aware of the adverse health outcome, 
social and economic consequences of early marriage and early childbearing. 

 Develop a policy that will be helped to reduce the literacy rate.   

 Increase medical facilities in rural area. 

 To make aware the married people about family planning. 

 Take policy to remove unemployment from Bangladesh.   

Other possible influences on the young mothers health includes smoking habits, weight goals, weight-loss 
methods, body-shape perceptions, eating attitudes and behaviors, self-concept and physical activity and 
age at menarche. Clearly, more research is required.  
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